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Preface

This book contains an exposition of the basic ideas and techniques of the
theory of groups, starting from scratch and gradually delving into more pro-
found topics. It is not intended as a treatise in group theory, but rather as a
text book for advanced undergraduate and graduate students in mathematics,
physics and chemistry, that will give them a solid background in the subject
and provide a conceptual starting point for further developments. Both finite
and infinite groups are dealt with; in the latter case, the relationship with
logical and decision problems is part of the exposition.

The general philosophy of the book is to stress what according to the au-
thor is one of the main features of the group structure: groups are a means
of classification, via the concept of the action on a set, thereby inducing a
partition of the set into classes. But at the same time they are the object of
a classification. The latter feature, at least in the case of finite groups, aims
at answering the following general problem: how many groups of a given type
are there, and how can they be described? We have tried to follow, as far as
possible, the road set for this purpose by Holder in his program. It is possible
to give a flavor of this research already at an elementary level: we formulate
Brauer’s theorem on the bound of the order of a group as a function of the
order of the centralizer of an involution immediately after the introduction of
the basic concepts of conjugacy and that of centralizer.

The relationship with Galois theory is often taken into account. For in-
stance, after proving the Jordan-Holder theorem, which is the starting point
for the classification problem, we show that this theorem arises in Galois the-
ory when one considers the extensions of a field by means of the roots of two
polynomials. When dealing with the theory of permutation groups we will
have an opportunity to stress this relationship.

Groups of small order can be classified using the concepts of direct and
semidirect product; moreover, these concepts provide a first introduction to
the theory of extensions that will be considered in greater detail in the chapter
on the cohomology of groups. The problem of finding all the extensions of a
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group by another is one half of Holder’s program, the other half being the
classification of all finite simple groups.

A large section is devoted to the symmetric and the alternating groups,
and to the relevance of the cycle structure for the determination of the auto-
morphism group of the symmetric group. The notion of an action of a group
on a set is thoroughly dealt with. An action provides a first example of a
representation of a group, in the particular case of permutation matrices, and
of notions like that of induced representation (Mackey’s theorem is considered
in this framework). These notions are usually introduced in the case of linear
representations over the complex numbers (a whole chapter is devoted to this
topic); we think that important concepts can already be introduced in the
case of permutation representations, allowing a better appreciation of what
is implied by the introduction of linearity. For instance, two similar actions
have the same character, but the converse is false in the case of permutation
representations and true in the case of the linear ones.

Among other things, the notion of an action is used to prove Sylow’s the-
orem. Always in the vein of the classification problem, this theorem can be
used to prove that many groups of small order, or whose order has a special
arithmetic structure, cannot be simple. A section is devoted to prove that
some projective groups are simple, and to the proof of the simplicity of the
famous Klein group of order 168.

The classification of finite abelian groups has been one of the first achieve-
ments of abstract group theory. We show that the classification of finitely
generated abelian groups is in fact a result in linear algebra (the reduction of
an integer matrix to the Smith normal form). This allows us to introduce the
concepts of a group given by generators and relations, first for abelian groups
and then in the general case.

Infinite groups play an important role both in group theory and in other
fields of mathematics, like geometry and topology. The concept of a free group
is especially important: a large section is devoted to it, including the Nielsen-
Schreier theorem on the freeness of a subgroup of a free group. As already
mentioned, infinite groups allow the introduction of logical and decision prob-
lems, like the word problem. Among other things, we prove that the word
problem is solvable for a finitely presented simple group; Malcev’s theorem
on hopfian groups is also proved. The analogy between complete theories in
logic, simple groups and Hausdorff spaces in topology is explained.

This kind of problem is also considered in the case of nilpotent groups;
the word problem is solvable for these groups. A detailed analysis of nilpotent
groups is given, also in the finite case. The notion of nilpotence is shown to be
the counterpart of the same notion in the theory of rings. In the finite case,
nilpotent groups are generalized to p-nilpotent groups: the transfer technique
is employed to prove Burnside’s criterion for p-nilpotence. The relationship
between the existence of fixed-point-free automorphisms and p-nilpotence is
also illustrated.
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A whole area of problems concerns the so-called local structure of groups,
a local subgroup being the normalizer of a p-subgroup. A major breakthrough
in this area is Alperin’s theorem, which we prove; it shows that conjugacy has
a local character.

Solvable groups are a natural generalization of nilpotent groups, although
their interest goes far beyond this property, especially for the role they play
in Galois theory. Among other things, we explain what is the meaning in Ga-
lois theory of the result on the solvability of the transitive subgroups of the
symmetric group on a prime number of elements.

The technique of using a minimal normal subgroup for proving results on
solvable groups is fully described and applied, as well as the meaning of the
Fitting subgroup as a counterpart of the center in the case of nilpotent groups.
Carter subgroups are also introduced, and the analogy with the Cartan sub-
algebras of Lie algebras is emphasized.

The last two chapters are more or less independent of the rest of the book.
Representation theory is a subject in itself, but its applications in group theory
are often unavoidable. For instance, we give the standard proof of Burnside’s
theorem on the solvability of groups divisible by at most two primes, a proof
that only needs the first rudiments of the theory, but that is very difficult and
involved without representation theory.

Finally, the cohomology theory of groups is dealt with. We give a down
to earth treatment mainly considering the aspects related to the extensions
of groups. We prove the Schur-Zassenhaus theorem, both for the interest it
has in itself, and to show how cohomological methods may be used to prove
structural results. Schur’s multiplier and its relationship with projective rep-
resentations close the section and the book.

Every section of the book contains a large number of exercises, and some
interesting results have been presented in this form; the text proper does not
make use of them, except where specifically indicated. They amount to more
than 400. Hints to the solution are given, but for almost all of them a complete
solution is provided.

Rome, September 2011 Antonio Machi



Notation

[a], 24 GG, G, 82 N¢(H), 60

A, 181 G/H, 42 n,, 100

[a,b], 82 [G: HJ, 25 o(a), 16

a9, 87 G, 237 0,(G), OP(G), 114
ab, 88 GL(V), 12 Out(G), 52

a’, 6 GL(n,K), GL(n,q),12 Q, Q", Q*, 5

A", 79 G/p, 24 Qr, 22

Aut(G), 34 G™, 289 Q. 159

Bl(Xv Y)a 292 Vg> 51 Rv R+(')a R*, 5
B?(X,Y), 305 I;(G), 206 ps, 253

B+, 182 [T, G], 206 (S), 11

C,C*5 h(zx), 182 SL(V), 12

Ceg(x), 51 H, 162 SL(n,K), SL(n,q), 12
Cc(H), 60 HY(X,Y), 292 S8

Cq(m), 289 H?(X,Y), 305 Syl, (@), 100
Cq(H/K), 215 H-K,39 526

Xp» 259 H<G H<G,9 S8

X1, la, 259 HJG, H<G, 42 U(n), 21

cl(z), 50 HxK,H&K, 68 V,13

Cpn, 19 Hx, K, 74 [z1, T2, ..., 2y, 205
Cpoe, 22 H~ K, 59 x ~y, 50

A(G), 86 H*, 59 (X | R), 172

D, 13 [H, K], 205 Z, 4

Do, 75 [Hy,H,,... H,),205  Z(G), 53

End(G), 46 Hom(X,Y), 299 Z:, 206

F(G), 214 Hom, (X,Y), 299 Zn, 5

F,, 12 Im(yp), 47 Zr, 297

o(n), 21 I(G), 52 z(7), 136

®(G), 160 Ir, 299 ZYX,Y), 292

|G, 3 ker(p), 47 Z%(X,Y), 305

G, 89 M (), 312



Contents

1 Introductory Notions .......... .. .. .. .. .. .. . .. .. .. ..... 1
1.1 Definitions and First Theorems............................ 1
Exercises . ... 22
1.2 Cosets and Lagrange’s Theorem ............. ... ... ... .... 24
EXerCISes .o 33
1.3 AutomorphiSms . ... ...t 34
Exercises . ... 37

2 Normal Subgroups, Conjugation and Isomorphism

Theorems. . ... 39
2.1 Product of Subgroups . ......... .. .. i 39
2.2 Normal Subgroups and Quotient Groups ................... 40
ExXercises ... 49
2.3 Conjugation . .........c..iiiii 50
2.3.1 Conjugation in the Symmetric Group ................ 55
EXercises ... 58
2.4 Normalizers and Centralizers of Subgroups.................. 59
Exercises . ... 62
2.5 Holder’s Program. ............. i 63
2.6 Direct Products ........ ... . . 67
EXercises . ..o 72
2.7 Semidirect Products ........ .. .. . 73
2.8 Symmetric and Alternating Groups ........................ 78
Exercises ... ... 81
2.9 The Derived Group . .. .....cooiiin i 82
ExXercises ... 85
3 Group Actions and Permutation Groups................... 87
3.1 Group actions. ... ..... ..ot 87

B XerCiSes ..o 97



XII

Contents

3.2 The Sylow Theorem ..........c..iuiiiiiiniinininaon.. 99
EXercises ... 113
3.3 Burnside’s Formula and Permutation Characters ............ 117
EXErcises . ..o 122
34 Induced Actions...........c i, 125
EXercises . ... 127
3.5 Permutations Commuting with an Action................... 128
Exercises .. ... 132
3.6 Automorphisms of Symmetric Groups...................... 134
EXercise ..o 135
3.7 Permutations and Inversions ............... ... ... . ...... 136
EXErcises . ..o 139
3.8 Some Simple Groups . ..« .ovvii i 143

3.8.1 The Simple Group of Order 168 ..................... 143

3.8.2 Projective Special Linear Groups .................... 147
EXercises . ..o 152
Generators and Relations . ............ .. ... .. ... . 155
4.1 Generating Sets .. ... 155
EXercises ... 158
4.2 The Frattini Subgroup ........ ... .. i i 160
EXercises . ..o 163
4.3 Finitely Generated Abelian Groups ............. ... ... .... 164
4.4 Free abelian groups . ...... .. .. . i i 170
4.5 Projective and Injective Abelian Groups. ................... 178
4.6 Characters of Abelian Groups . ...t 181
EXercises . ..o 182
4.7 Free Groups . .. vvvt et e e 183
EXercises ... 187
4.8 Relations . ...... .o 188
EXErcises . ..o 192

4.8.1 Relations and simple Groups........................ 192
4.9 Subgroups of Free Groups .......... ... ... . 194
Exercises . ... ... 198
4.10 The Word Problem .......... ... ... .. 198
4.11 Residual Properties . ....... ... 200
EXercises ... 203
Nilpotent Groups and Solvable Groups .................... 205
5.1 Central Series and Nilpotent Groups ....................... 205
EXErCises . ..o 221
5.2 p-Nilpotent Groups ...t 223
EXercises . ... 228
5.3 Fusion ... 229

B XerCISES .. 231



Contents  XIII

5.4 Fixed-Point-Free Automorphisms and Frobenius Groups. ... .. 232
Exercises ... ... 237

5.5 Solvable Groups . ... ... ..ot 237
ExXercises .. ... 249

6 Representations ........... .. .. ... 253
6.1 Definitions and examples .. ........ ... .. i, 253
6.1.1 Maschke’s Theorem ........... ... .. . ... oo, 257

6.2 CharaCterS. ... ....ouint ittt e e 259

6.3 The Character Table....... ... .. ... .. .. . ... ... ....... 275
6.3.1 Burnside’s Theorem and Frobenius Theorem .......... 280
ExXercises ... ... 284
6.3.2 Topological Groups ... .......couviuiiininninen. . 285

7 Extensions and Cohomology ............. ... ... ... ... ... 289
7.1 Crossed Homomorphisms .. ........ ... .. . o i, 289

7.2 The First Cohomology Group ............ ... ... 292
EXercises ... 295
7.2.1 The Group Ring Zm ....... .. .. i, 297
Exercises . ... ... e 301

7.3 The Second Cohomology Group .......... ..., 301
7.3.1 H! and EXtensions ..............oeeeiunueeeeannn.. 307

7.3.2 H?*(m, A) for 7 Finite Cyclic ........................ 308
EXerCiSes ..o 310

7.4 The Schur Multiplier......... .. ... ... . ... .. ... ... .... 312
7.4.1 Projective Representations ......................... 313

7.4.2 Covering Groups ... .......o.ueeuiiiniunenneennon.. 315

7.4.3 M(7m) and Presentations of m ....... ... ... ... . 320

8 Solution to the exercises . ........... .. ... .. .. .. ... .. .. 327
8.1 Chapter 1 ... 327

8.2 Chapter 2 ... ..o 329

8.3 Chapter 3 ... ... 335

8.4 Chapter 4 ... ... 346

8.5 Chapter 5 .. .. 351

8.6 Chapter 6 . ...t 358

8.7 Chapter 7 ... 360
References. ... ... . 363



1

Introductory Notions

1.1 Definitions and First Theorems

Definition 1.1. A group G is a non empty set in which it is defined a binary
operation, i.e. a function:

GxG—Gq,

such that, if ab denotes the image of the pair (a, b),

1) the operation is associative: (ab)c = a(bc), for all triples of elements a, b, ¢
€ G;

i7) there exists an element e € G such that ea = a = ae, for all a € G. This
element is unique: if €’ is also such that €¢’a = a = a€’, for all a € G,
ea = a implies, with a = €', that e¢’ = €/, and a = ae’ implies, with a = e,
that ee’ = e. Thus ¢/ = e;

1) for all a € G, there exists b € G such that ab = e = ba.

We then say that the above operation endows the set G with a group
structure.

The set G underlies the group defined in it. The element ab is the product
of the elements a and b (in this order); one also writes a- b, axb, aob, a +b
and the like, and G(-), G(+) if the operation is to be emphasized.

The element e is the identity element of the operation (it leaves an element
unchanged when combined with it). Other names are neutral element, unity,
zero (the latter when the operation is denoted additively); we shall mainly use
the notation 1, I or 0 (zero). If the group G reduces to a single element, nec-
essarily the identity, then G is the trivial group or the identity group, denoted
G ={1} or G ={0}.

From ¢),47) and #it) follows the cancellation law:

ab=ac=b=cand ba=ca=b=c.

Machi A.: Groups. An Introduction to Ideas and Methods of the Theory of Groups.
DOI10.1007/978-88-470-2421-2 1, © Springer-Verlag Italia 2012



2 1 Introductory Notions

Indeed, if ab = ac, let x € G be such za = e; from z(ab) = z(ac) it follows, by
1), (xa)b = (za)ec, so that eb = ec and b = ¢. The other implication is similar.
In particular, if ax = e = ay, then z = y, that is, given a, the element x of
iii) is unique. This element is called the inverse of a, and is denoted a~! (in
additive notation it is the opposite of a, denoted —a). From aa~! = e it follows
that a is an inverse for a~!, and therefore the unique one; hence (a=1)~! = a.
The cancellation law implies that multiplication by an element of the group
is a bijection, meaning that if S is a subset of GG, and x an element of G, the
correspondence S — Sz between S and the set of products Sz = {sz, s € S}
given by s — sz is a bijection. It is onto (sz comes from s), and it is injective
because if sz = s'x, then by the cancellation law s = s’. In particular, with
S = G we obtain, for each z € G, a bijection of G with itself, that is, a
permutation of the set G (see Theorem 1.8).

When a binary operation is defined in a set, and this operation is asso-
ciative, then one can speak of the product of any number of elements in a
fixed order, meaning that all the possible ways of performing the product of
pairs of elements yield the same result. For instance, a product of five ele-
ments a, b, ¢,d, e, in this order, can be performed as follows: first ab = u and
c¢d = v, then uv, and finally the product of this element with e: (uv)e. On
the other hand, one can first perform the products bc = = and de = y, then
the product zy, and finally the product of a with the latter element, a(zy).
By the associative law, a(zy) = (ax)y, i.e. (a(bc))y = ((ab)c)y = (uc)y, and
(uc)y = u(cy) = u(e(de)) = u((ed)e) = u(ve) = (uv)e, as above.

We now prove this in general.

Theorem 1.1 (Generalized associative law). All the possible products of
the elements a1, as,...,a, of a group G taken in this order are equal.

Proof. Induction on n. For n = 1,2 there is nothing to prove. Let n > 3; for
n = 3 the result is true because the operation is associative. Let n > 3, and
assume the result true for a product of less than n factors. Any product of
the n elements is obtained by multiplying two elements at a time, so that it
will eventually reduce to a product of two factors: (aj---a,) - (@ryp1 - an).
If (a1 -+ as) - (asq1---ayn) is another such reduction, we may assume without
loss that r < s. By induction,
rg1 o p = (Qry1-ag) - (asg1 - an)

is a well defined product, as well as
aL---ag = (al"'ar)(ar+1"'as)~
It follows:
(a1---ar) - ((@rg1---as) - (asg1---an)) = u(vt)
((ar---ar)(arsr -+ as))(asr - an) = (uv)t,

and the associativity of the operation gives the result. &
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In particular, if a; = a for all ¢, we denote the product by a”, and for m,n
we have:

setting a® = e. Writing a=™ = (a=!)™ (the product of m times a~!), the first
equality also holds for negative m and n; if only one is negative, the same
equality is obtained by deleting the elements of type aa~! (or a='a) that
appear. Moreover,

and
(a=™)™" = (&= 1™ )" = (@™)" = o),

Thus, the above equalities hold in all cases, with positive, negative or zero
exponents; in additive notation they become:

ma + na = (m + n)a,

m(na) = (mn)a.
Moreover,
ab-bta P =ab Nat=a-1-at=aa"t =1,

and therefore
(ab)™t=b"tat.

More generally,

(a1a2 N an)il = a;la;il e al_l
Definition 1.2. The order of a group G is the cardinality of the set under-
lying it, denoted |G|. If this is finite, G is a finite group; otherwise, G is an
infinite group.

Definition 1.3. A group G is commutative or abelian if ab = ba, for all pairs
of elements a,b € G.

If G is a finite group of order n, the multiplication table of G is a table like
the following:

al a9 Qp,
ap a;-aip ap-a2 ... aq - Qp
g G2-0A1 G2 -A2 ... A - Ay

Ay Gp Q1 Qp - A ... Oy - Gy



4 1 Introductory Notions

The table depends on the order chosen for the elements of the group; usually
one begins with the identity (a1 = 1). A group can be considered known when
its multiplication table is known: the table shows the result of the application
of the operation to any pair of elements a;, a; of the group (infinite tables can
also be considered).

If G(-) is a group, and G is a set whose elements are in a bijection ¢ with
those of G, a group structure can be given to GGy starting from that of G as
follows. Let z1,y1 € G1, 1 = ¢(x),y1 = ¢(y), and let z = x - y. Define the
product x1 * y1 as (z), that is, p(z) * ¢(y) = @(x - y). The two groups can
only differ by the nature of the elements and by the type of operation: the
way they combine is the same. Conversely, given two groups G(-) and G1(x),
if there is a bijection ¢ between them, such that for all z,y € G,

oz -y) = o(x) * (y), (1.1)
then two group structures are determined by each other.

Definition 1.4. Two group G(-) and G1(x) are isomorphic if there is a bi-
jection ¢ : G — G; such that (1.2) holds; write G ~ G4, and ¢ is called an
isomorphism.

It is clear the the isomorphism relation is an equivalence relation in the
set of all groups; therefore, we can speak of isomorphism classes. We shall
say that a property is a group theoretic property if together with a group G,
all groups isomorphic to G enjoy it. An isomorphism class is also called an
abstract group.

1, where 1

Theorem 1.2. If ¢ : G — Gy is an isomorphism, then (1)
_ -1

and 1’ are the units of G and Gy, respectively, and p(g~1) = v(g)

Proof. We have:
e(L)e(g) = ¢(1g) = »(9),

so that, by the uniqueness of the neutral element, ¢(1) = 1’. Moreover,
w97 elg) = vl97'g) = ¢(1),

and p(g~1) is the inverse of p(g), i.e. p(g~t) = p(g)~ L. O

Two isomorphic groups have the same multiplication table, up to the sym-
bols that denote the elements of the two groups and the order in which they
appear in the two tables.

Examples 1.1. 1. The integers are a group under addition, with 0 as neutral
element and —n the opposite of n. It is denoted by Z!. The multiples (posi-
tive, negative or zero) of a fixed integer m also form a group, with respect to

! From the German Zahl.
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the same operation of addition: hm + km = (h + k)m, and —(hm) = h(—m)
(by hm we mean the result of adding m to itself & times). The correspondence
@ :n — nm is a bijection, and

o(h+ k)= (h+k)m=hm+km = p(h) + ¢(k).

Therefore, ¢ is an isomorphism. The set consisting of the multiples of m is
denoted by (m). Observe that (m) = (—m). In particular, the whole group Z
is the set of the multiples of 1, or of —1: Z = (1) = (—1). With respect to
multiplication, however, the integers do not form a group: although the prod-
uct of two integers is again an integer, and a neutral element exists (the unity
1) an integer n # 1, —1 does not admit an inverse in the integers.

2. The rational numbers, the real numbers, and the complex numbers form a
group under the usual addition. They are denoted by Q, R, and C, respec-
tively (if the operation is to be emphasized, then one writes Q(+), etc.) By
removing the zero element, we have three groups under the usual ordinary
multiplication Q*, R* and C*, with neutral element 1 and 1/a the inverse
of a.

3. The positive real numbers also form a group under ordinary multiplication.
This group, denoted by R (+), is isomorphic to the group R: given a positive
real number a, the mapping ¢, which associates with a real number 7 its
logarithm, ¢, : r — log, r, is an isomorphism R¥(-) — R(+). Observe that a
is the element that under ¢, goes to 1. The inverse of ¢, is the exponential
function r — a”.

4. Similarly, the positive rationals form a group with respect to multiplication,
Q™ (-). However, unlike the case of the reals, this group is not isomorphic to
Q(+). Indeed, let ¢ : Q*(-) — Q(+) be an isomorphism, and let ¢(2) = =.
If #/2 is the image of a under ¢, then p(a?) = z, and therefore, ¢ being
injective, a? = 2, and a is not rational.

5. The congruence modulo an integer n splits the integers Z into equivalence
classes: two integers belong to the same class if they give the same remain-
der when divided by n, that is, if they differ by a multiple of n. The set of
these classes becomes an abelian group, denoted Z,,, when equipped with the
operation

[i] + [5] = [i + 7.

If h € [i] and k € [j] then by definition [h] + [k] = [h + k]. But h = i+ sn and
k =j+1tn, so that h+k =14+ j+ (s+ t)n, and therefore h + k and i + j

belong to the same class: [h + k] = [i + j]. In other words, the operation is
well defined (see Remark 1.1).

The possible remainders of the division by n are 0,1, ..., n—1; accordingly,
the classes are denoted by [0],[1],...,[n — 1] (see Theorem 1.10 below). This

is the group of residue classes mod n.
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6. The plane rotations r with a given center and angle 2k7/n, k=0,1,...,
n — 1, form a group under composition of rotations: the “product” of two
rotations is the rotation obtained by performing one rotation followed by the
other one, and then taking the result mod 27. The mapping

k—nre, k=0,1,2,...,n—1,

is an isomorphism between the group Z,, and this group. The n-th roots of
. . 2km ; .
unity in the complex field {e"» *, £k =0,1,2,...,n—1} form a group isomor-

phic to both the group Z,, and the group of rotations.

Remark 1.1. When one says that a mapping f, that is a function, is well defined,
what is meant is that one is actually defining a function, that is, an element cannot
have two different images under f. In other words, if x and y denote the same ele-
ment, then it must be f(z) = f(y), i.e. z =y = f(x) = f(y). In Ez. 5 above, the
mapping f : ([¢], [j]) — [+ 7] defining the sum of two classes is defined after a choice
of representatives of the two classes has been made. If different representatives h
and k are chosen, the classes being the same, the image must be the same.

In the examples above all the groups are commutative. Next, let us see a
non commutative group.

Definition 1.5. A permutation of a set {2 is a bijection of {2 to itself. The set
of permutations of {2 is denoted by S*.

Using a geometric language, the elements of {2 are often called points.

Let us denote by o the image of a € £2 under o € S. If 0,7 € S?, we
define the product ot as the composition of ¢ and 7, that is, the mapping
obtained by first applying o and then 73:

(see the product of rotations in Fz. 1.1 5). Let us show that the mapping
S92 x 8 — 82 defined by (o, 7) — o7 is again a permutation (that is, it has
values in S?). The mapping o7 is surjective: if a € §2, there exists 3 € (2 such
that « = (7, because 7 is surjective. Since o is also surjective, there exists
~ € £2 such that § = ~7. Thus,

o= /67' — (,YO')T :,)/O'T7

so that o7 is surjective. If a7 = 377, then (a”)” = (8)7, and therefore, T
being injective, a’ = §7, and ¢ being injective, « = (. This proves that o7
is injective.

2 Here and in what follows, Ez. means “example” and ez. “exercise”.
3 Some authors compute the product by first applying 7 and then o (see Re-
mark 1.2).
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We now prove that with this product, S is a group. The product is as-
sociative:
a7 = (TN = ((a®))T = (%) = T,

for all « € {2, and therefore (o7)n = o(Tn).
The identity permutation I : @« — « is a neutral element:

for all a € §2, so Io = o; similarly, 6] = 0.

As far as the inverse is concerned, given o and « there exists a unique
such that & = 3. The mapping 7 defined for all & by o™ = ( (that is, 7 sends
an element « to the element whose image under o is «/) is again a permutation
of (2. It is surjective: given «, 7 sends a? to the unique element § such that
(7 = a7; it follows that 0 = «, so that « is the image under 7 of a?. It is
injective: if o™ = 47, let « = 7 and v = 1. Then o = # and ¥™ = 7, so
that 8 = n; it follows that o = 7 = 17 = . Finally, a°" = (a%)” = q, for all
@, and similarly a7 = (a”)? = a. Therefore, o7 = I = 70, that is, 7 = 071,
and we have #ii) of Definition 1.1.

Definition 1.6. The group S of all permutations of a set {2 is called the
symmetric group on £2. A permutation group of 2 is a subgroup of S.

If o = «, a is a fized point of o.

The case in which {2 is finite is especially important. If | 2| = n, its element
are denoted by 1,2,...n. The order of | S| is n!. Indeed, o € S* is determined
once the images of the elements of {2 are assigned. There are n choices for the
image of 1; once such a choice has been made, there are n — 1 choices left for
the image of 2. Proceeding in this way, we have n — 2 choices for the image
of 3,..., 2 for the image of n — 1 and only one for that of n, for a total of
n(n—1)(n —2)---2-1=n! choices.

The usual notation for a permutation ¢ in the finite case is

(12.“n>
o=1{. . . ,
1112 ... 1p

where i is the image of k under o. It is clear that the order of the columns
is of no importance.
Let 2 ={1,2,3}, and consider the two permutations

(123 (123
7=\213)° 7" \321)"

123 123
231 312
first example of a non commutative group. If now 2 is any set, |£2| > 3, even
infinite, and we consider three element «, § and ~, let o be a permutation that

Then the product is o7 = ( )7 whereas 7o = < . This provides us a
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exchanges « and (8 and fixes all the other points, and 7 one that exchanges
« and v and fixes all the other points. Then o7 # 70, exactly as in the case
|£2| = 3 we have just seen; it follows:

Theorem 1.3. If |2| > 3, the group S is a non commutative group.

If 2 and {2, are two sets with the same cardinality, and ¢ is a bijection
2 — (21, then ¢ induces an isomorphism ¢ between the two groups S and
S given by:
b:0— ¢ log, oS

In other words, the mapping ¢(o) : 21 — (21 is defined by:
—1
HS 0205 0.

This shows that the isomorphism class of S only depends on the cardinality
of 2. This allows us to write SI’l instead of S, and S™ in the finite case
|2] = n.

Note that if 2 = 2, U2, and o, 7 € S are such that o fixes all the points
of {25 and 7 all those of {21, then it is clear that it makes no difference to let o
act before 7 or conversely. In other words, o and 7 commute: o7 = 70. More
generally, if 2 =2, U2 ...U 82 and 01,09, ...,0; are elements of S, such
that o; fixes all the points of 2\ (2;, then o,0; = 0j0;.

Let o € S™, and consider, starting from any element 41, the images o (1) =
i9, o) = i3, and so on. {2 being finite, there will eventually be a repetition:
for some iy, the element o(ix) = ix+1 has already been encountered. But the
first repetition can only be i1, i.e. 1x+1 = i1, because all the others already
appear as images under o. We write

Y1 = (i1,92, ..., 0k)

for the restriction of o to the subset {i1,4s2,...,ix} of 2. Since o permutes
cyclically the elements of this subset, in the written order, ~; is called a cy-
cle of o of length k or a k-cycle of o. A cycle of length 2 is a transposition.
Clearly, the same information on the action of ¢ is obtained if ~; is written

as (49,43, ...,%k,%1) OF (ig,i1,...,4k_2,%k—1), and this means that there are k
ways of writing a k-cycle. Observe that
m = (i1,0(i1),0°(0), .., 0" (i)

When k = n, all the elements of {2 appear in 7;. In this case, ¢ = ; and o
is itself a cycle, an n-cycle or a cyclic permutation. Otherwise, let j; be an
element not appearing in 7;, and form the cycle

Y2 = (jlaj?a s ajh)'
No js can be equal to any i; of the cycle 71, otherwise

sfl(

o (1) = js =i = 0" (i1)
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from which j; = o?7%(41), and j; would belong to ;. By proceeding in this
way, all the elements of {2 are exhausted, and ¢ can be written as the union
of its cycles:

=772 = (1,92, k) (J1sJ20 - - -5 Jn) - -

All the information needed to determine o is contained in this writing: for
each i we know its image under o. A fixed point yields a cycle of length 1, a
1-cycle. Summing up:

Theorem 1.4. Let o € S™. Then the set 2 = {1,2,...,n} splits into the
disjoint union of subsets:

N=MNUU...U
on each of which o is a cycle.

If ~y; is the cycle of o on §2;, we can extend ~; to a permutation of the whole
set (2, by setting v;(j) = j if j & §2;. If we keep denoting by ~; this permu-
tation of {2, o turns out to be the product of the v;’s, and these commute in
pairs. The previous theorem can then be rephrased by saying that every per-
mutation of S™ is the product of its own cycles. Such an expression is unique
up to the order in which the cycles appear and to circular permutations inside
them.

Example 1.2. Let n =7 and let
> (1234567)_
4275163
Then 2 ={1,2,...,7} splits into four subsets:
20 ={1,4,5}, 025 = {2}, 23 = {3, 7}, f4 = {6},
on each of which o is a cycle, and we write:
o=(1,4,5)(2)(3,7)(6).

Clearly, the same information is contained in any other expression like o =
(6)(5,1,4)(7,3)(2), or any other obtained as explained above.

Definition 1.7. A nonempty subset H of a group G is a subgroup of G if H
is a group with respect to the restriction to H of the operation of G. In other
words, H is a subgroup of G if it is a group with respect to the same operation
of G. We write H < G.

Lemma 1.1. Let H < G, then:
i) the unit of H is the same as that of G;
1) if h € H, the inverse of h in H equals the inverse of h in G.
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Proof. i) If 1’ is the unit of H, and h € H, then 1I’-h=h. But h € G, s0 1 -
h = h, where 1 is the unit of G. Hence 1’ - h = 1 - h, and by the cancellation
law 1’ = 1.

ii) If k is the inverse of h in H, then hk = 1. But hh™! =1, where A~ is
the inverse of h in G; cancelling h yields k = h~1. &

A group always admits two subgroups: the subgroup {1} reduced to the
identity, called the identity or the trivial subgroup, and the whole group G.
If H is a subgroup, and H # G, then H is a proper subgroup, and we write
H < G.

Lemma 1.2. Let H be a nonempty subset of a group G. Then H is a subgroup
of G if and only if:

i) h,hi € H= hhy € H (closure of H);

1) if 1 is the identity of G, then 1 € H;

iii) he H=h"'€ H.

Proof. If H is a subgroup, then, by definition, it satisfies the closure property,
that is 4). For 4i) and #i7) see the previous lemma. Therefore, these conditions
are necessary for H to be a subgroup. Conversely, if the three conditions are
satisfied, 7) says that the operation of G is defined in H, and i) and 4i7)
say that the identity and the inverse in G of an element of H belong to H.
Hence, H satisfies the requirements for the definition of a group, and since
the operation is the same as that of G, H is a subgroup of G. &

Theorem 1.5. A nonempty subset H of a group G is a subgroup of G if, and
only if, for each pair of elements h,hy € H, possibly equal, one has hhl_l € H.

Proof. It H < G and hy; € H then hl_1 € H and, by the closure property,
hhl_1 € H. Conversely, if the condition holds, with the pair h,h we have
1 € H, and with the pair 1, h, we have 1-h~! € H, so that the inverse of ev-
ery element of H belongs to H. As to the closure, if h, ' € H, then h/ = h]*,
so hh' = hhi' € H. &

Theorem 1.6. If H and K are subgroups of a group G, their intersection
H N K is again a subgroup of G. Their set-theoretic union H U K is a sub-
group if, and only if, one of the two subgroups is contained in the other.

Proof. As far as the intersection is concerned, the requirements of the previous
theorem are met. Now consider HUK; if HZ K and K € H let x € H\ K
and y € K \ H. Then zy ¢ H, otherwise, together with € H and therefore
also 27! € H, 27! -2y € H and y € H, contrary to assumption. Similarly,
zy € K, and HUK cannot be a subgroup. If H C K, then HUK = K, which
is a subgroup, and similarly in the other case. O

The same proof shows that the intersection of any family of subgroups is
a subgroup. In order to define a subgroup starting from the union of a family
of subgroups we need the notion of subgroup generated by a subset as given
in the following definition.
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Definition 1.8. Let S be a subset of a group G. The subgroup generated by
S, denoted (S), is the intersection of all the subgroups of G containing S. The
set S is a set or system of generators for the subgroup (S). If S is finite, the
subgroup (S) is finitely generated.

Note that the intersection of Definition 1.8 is never empty because there
is at least the group G that contains S. In every group G there exists a set
S such that (S) = G: just take S = G. The subgroup (S5), being contained in
every subgroup of G that contains the subset S, is often called the smallest
subgroup of GG containing S.

Given a family of subgroups we can now define their group-theoretic union
as the subgroup generated by the set-theoretic union of the subgroups of the
family.

The following theorem describes the nature of the elements of the subgroup
generated by a set.

Theorem 1.7. The subgroup generated by a nonempty set S in a group G is
the set of all the elements of G obtained as finite products of elements of S
and their inverses:

(S) = {s150---5p, 5, € SUST1},
n=0,1,2,..., and S™' = {s71, s € S}. If S is empty, (S) = {1}.

Proof. Let S = {sy1s9-+-8p, 8; € SUST1}. If H is a subgroup contain-
ing S, then it contains all products between the elements of S and their
inverses, so H D S, and (S) O S. Conversely, if s = s182---s, € S, then
s7l=s.1.-.s5 57 is also an element of S, and if ' = s}sh--- s/, € S, then
ss’ € S as well. Moreover, 1 € S (the empty product). This shows that S is
a subgroup, and therefore S D (S). If S = 0, all the subsets, and so all the
subgroups, contain S; in particular, {1} contains S. But all subgroups contain

{1}, and so does their intersection. The result follows. O

If S is a singleton, S = {s}, then (S) is the set of all powers (multiples)
positive, negative and zero of s. Such a group is a cyclic group, and since
powers (multiples) of an element commute, a cyclic group is commutative. As
we have already seen, this is the case of the group of integers Z, with S = (1)
or S = (—1). However, S = {2,3} also generates Z, (1 = —1-2+1-3, so
that every n is the sum of multiples of 2 and 3, n = —2n + 3n) and simi-
larly any finite set of integers having ged equal to 1. The expression in the
elements of S is by no means unique in general; in the previous example, we
have 6=3-240-3=6-2+ (—2) -3, etc.

Examples 1.3. 1. Subgroups of the integers. We have already observed
(Ez. 1.1, 1) that the multiples of an integer m form a group (m) with re-
spect to addition; therefore, this set a cyclic subgroup of Z. Let us show that
these are the only subgroups of Z. Let H < Z; if H = {0} there is nothing
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to prove (H can be thought of as the set of multiples of 0). Let H # {0};
since H is a subgroup, together with an integer it contains its opposite, and
therefore contains a positive integer. By the least integer principle there ex-
ists a least integer m > 0 in H. If n € H, by dividing n by m we have
n=gm+r, 0 <r <m, (¢gm means ¢ times m). H being a subgroup, gm
belongs to H, and so does —gm; therefore, n —gm € H,and r € H. If r > 0,
this contradicts the minimality of m. Thus r = 0, that is n is a multiple of m
and so H C (m). Since H contains m, it contains all the multiples of m, that
is, (m) C H, and therefore H = (m). We have seen (Ez. 1.1 1) that (m) is
isomorphic to Z.

2. Linear groups. Let V' be a finite or infinite dimensional vector space over
a field K. The invertible linear transformations of V in itself form a group.
It consists of the permutations ¢ of the set V' that preserve the vector space
structure

p(v+w) = p(v) + p(w), and p(kv) = kp(v), v,w €V, k € K.

This group is the general linear group over K, denoted GLk (V) or simply
GL(V). We now prove that the order of GL(V') equals the cardinal number
of the ordered bases of V. Fix a basis B = {vx}, A € A of V and let {w,},
A € A, be another ordered basis. A mapping ¢ : vy — w) uniquely extends
to an invertible linear transformation of V. Conversely, if ¢ € GL(V), then
¢ determines the ordered basis B’ = {p(vy)}. This proves that there is a
bijection between the elements of GL(V') and the the ordered bases of V.

If the field is finite and of order ¢ (it is well known that ¢ is a power of
a prime) it is denoted by F, or, if ¢ = p, a prime, also by Z,. If V is of
finite dimension n over F, then it is finite and consists of ¢" elements. Let
us determine the number of ordered bases in this case. The first element of a
basis can be chosen in ¢™ — 1 ways (any non zero vector), the second in ¢" — g
ways (any vector not depending on the first),..., the n-th one in ¢" — ¢"~!
ways (any vector not in the subspace generated by the first n — 1 vectors).
Thus,

IGLV)| = (" -1)(¢"—q) (" —¢"").

The n x n invertible matrices over a field K form a group GL(n, K) under
ordinary matrix multiplication. Once a basis has been chosen, with a linear
transformation of a space V' of dimension n there is associated a non singular
matrix. This correspondence is an isomorphism GL(V) — GL(n, K). The ma-
trices having determinant 1 form a subgroup, denoted SL(n, K)* (SL(n,q)),
and the corresponding subgroup in GL(V) is the special linear group, denoted
SL(V).

Matrices can also be defined over rings. The integer matrices having de-
terminant 1 or —1 form a group GL(n,Z).

* In practice, the notation GL(n, K) is also used in place of GL(V), and similarly
for the other linear groups.
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3. Permutation matrices. Among the linear transformations ¢ of a space of
dimension n there are those which permute the elements of a fixed basis {v;}.
The corresponding matrices have only one 1 in each row and column and 0
elsewhere ((¢,7)=1 if ¢(v;) = v;). If ¢(v;) = v;, then the diagonal entry (i,1)
equals 1, so that the sum of the diagonal entries (the trace) gives the number
of basis vectors fixed by ¢. Clearly, this matrix group is isomorphic to S™: the
correspondence associating with ¢ the permutation taking ¢ in j if ¢ takes v;
in v; (see ex. 26). In this way, GL(n, K) contains a copy of S™.

4. Klein group. The reflections with respect to the axes x and y and to the
origin 0 of a Cartesian coordinate system of the plane, denoted a,b and c,
respectively, form, together with the identity transformation I, an abelian
group of order 4 with product given by composition. The product of any two
nonidentity elements equals the third:

ab=ba = c,ac = ca =b,bc = cb = a.
The four transformations take a point of coordinates (x,y) to the points:

I: (l‘,y) - (x7y>’a: (xvy) - (:L', _y)vb: ($,y) - (—:L',y),C : (:L',y) - (_xv _y)

respectively. This group is the Klein group, or Klein four-group, and is de-
noted V.

5. More generally, in 3-dimensional Euclidean space the products of reflections
with respect to three mutually orthogonal planes and to the origin make up,
together with the identity, an abelian group of order 8, the eight elements be-
ing the transformations (z,y,2) — (£z, ty,+z). Similarly, in n-dimensional
Euclidean space, one has the abelian group of order 2" given by the transfor-
mations:

(1,22, ..., Tpn) — (Lx1, X0, ..., Txy).

6. Dihedral groups D,,. It is known from geometry that a regular polygon with
n vertices admits 2n symmetries (isometries), n of which are rotatory around
the center of the polygon, and are obtained as powers of a rotation of 27 /n.
The other n are azial symmetries. For n odd, the latter are flips across the n
axes passing through a vertex and the mid-point of the opposite side; if n is
even, we have n/2 axes passing through pairs of opposite vertices (diagonal
symmetries), and n/2 through the mid-points of opposite sides. In any case,
we have a total of n symmetries. Under the product given by composition
these 2n symmetries form a group, the dihedral group, denoted D,,. Observe
that D,,, considered as a group of permutations of the n vertices of the poly-
gon, is isomorphic to a subgroup of S™. Let 1,2,...,n be the n vertices. A
symmetry takes a fixed vertex, 1 say, to a vertex k, and since it preserves dis-
tances, it takes sides to sides, so that the images of two consecutive vertices

5 From the German Vierergruppe.
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are again consecutive. If the order of the vertices is preserved, the symmetry
is obtained by a rotation of 2(k — 1) /n around the center of the polygon; if
it is inverted, a flip is performed across the axis passing through the vertex 1
followed by a rotation of the same angle. The 2n symmetries can be described
as follows:

Irr?, . " Yaar ar?, .. ar™
a being the flip across an axis passing through a fixed vertex, r the rota-
tion of 2w /n and I the identity symmetry (also denoted by 1). Therefore, the
elements all have the form

a'r*, h=0,1, k=0,1,...,n— 1, (1.2)

where a"r* is the symmetry obtained by first performing a” and then 7*

(a® = r% = 1 is the identity symmetry). In particular, D,, is generated by the
two elements a and r. If, after ar, one performs once more flip a, the final re-
sult will be the same as that obtained by rotating the polygon in the opposite
sense, that is, ara = r~!. In general, the same argument gives arfa = r—*,
and since an axial symmetry equals its inverse, @ = a~!, we have rfa = ar—F.
All this should be clear for geometric reasons. In particular, D,, is a non-
commutative group. The previous equality allows the reduction of the product
of two elements of the form (1.2) to an element of the same form:
{ arFtt if s =0,

ahrk . aSTt _

atlrttRif s =1
(the exponents of a are taken modulo 2, and those of r modulo n).

D, is also generated by the two symmetries a and ar. Indeed, the smallest
subgroup of D,, containing a and ar also contains the product a - ar = r, and
therefore also a and r that generate D,. If n is odd, a and ar are symme-
tries with respect to axes joining two adiacent vertices; if n is even, ar is a
symmetry with respect to axes joining mid-points of opposite sides.

In Euclidean plane, with the polygon centered at the origin and the ver-
tices at the points (cos 287 sin 2k7

oT,sin “¥7), the n (counterclockwise) rotations are
obtained as linear transformations with matrices:

2km . 2km
cos —sin
n n
rk = L k=0,1,....n—1
. 2km 2km
sin cos
n n

and the axial symmetries (across an axis making an angle of km/n with the
x—axis) with matrices:

2km . 2km
cos sin
ark = " " ,k=0,1,....,n—1
2km 2km
sin — cos
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7. Rotational isometries of the cube. If 1,2,...,8 are the vertices of a cube,
an isometry takes 1 to ¢, say. There are eight choices for i, and for each of
these there are three choices corresponding to the three vertices lying on the
three sides meeting at ¢. Indeed, the cube can rotate of 2kw/3, k = 1,2, 3,
around the diagonal through i. This determines the isometry completely, for
a total of 8 -3 = 24 isometries. (By composing a rotation with a reflection one
obtains 24 additional isometries.)

Let now G be a group, = a fixed element of G. We have already seen that
by multiplying all the elements of G by z, the set of products one obtains
runs over all the elements of G, i.e. this multiplication is a permutation of the
set underlying the group. Let o, be the permutation induced by multiplying
on the right by z, and consider the mapping G — S given by x — o,. This
mapping is injective: if o, = o, then gr = gy for all g € G, and therefore
x = y (observe that it is sufficient that the equality gz = gy holds for one
element g in order that it holds for all the elements). From the associative
property g(zy) = (gz)y it follows that o,, = o,0,. We have proved the next
theorem.

Theorem 1.8 (Cayley). Every group is isomorphic to a group of permuta-
tions of its underlying set. In particular, if the group is finite, of order n, then
it is isomorphic to a subgroup of S™.

Definition 1.9. The isomorphism of Theorem 1.8 is called the right regular
representation of the group.

Corollary 1.1. S™ contains a copy of every group of order n.

The number of groups of order n is at most equal to the number of binary
operations that can be defined on a finite set GG of order n, that is the number
of functions G x G — G, i.e n" . The previous corollary yields a bound of
the same order of magnitude. Actually, the sought number is at most equal
to that of the subsets of cardinality n in S™, i.e (’:L') ~ ()" ~ (D) We
shall see (Theorem 1.23) that this bound can be lowered to n" 182",

Although multiplication on the left by an element x of the group also
gives a permutation 7 of the set GG, the mapping =z — 7, is not an isomor-
phism G — G since from (zy)g = z(yg) it follows 7, = 7,7, (the mapping
is an anti-isomorphism). In order to obtain an isomorphism it is necessary to
associate with x the permutation 7’ obtained by multiplying on the left by the

inverse 1, because then (zy)~lg = (y~loz71)g = y~1(27g), and therefore

Ty = TuT,- One obtains in this way the left regular representation.

Remark 1.2. We have defined the product of two permutations o7 as a°” = (a?)7,
i.e first o, then 7: this is the right action or action on the right . If the left action
is chosen, a°” = (a")?, one has two perfectly analogous theories: the right action
of o7 is the left action of 7o. If 0 and 7 commute, 70 = o7 and the two actions
coincide. A similar situation is that of the right and left modules over a ring: if the
ring is commutative, the distinction disappears.
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If G is a finite group, the powers a® of an element a € G cannot be all
distinct. Let a” = a* with h > k; then a"~* = 1. By the least integer prin-
ciple there exists a least n such that a™ = 1, and a has n distinct powers
a,a?,...,a" L a" =1.

Definition 1.10. Let a € G; the smallest integer n, if any, such that ¢ =1
is called the order or period of a, denoted o(a). In this case, a is of finite
order, and has n distinct powers a,a?,...,a" !,a™ = 1 which form the cyclic
subgroup generated by a. If for no k > 0 a* = 1, then a is of infinite order.
Note that o(1) = 1, and that 1 is the only element of order 1.

In the group of integers, if km = 0, k£ > 0, then m = 0: all non-zero el-
ements are of infinite order. In the multiplicative group of rationals, —1 has
period 2, and all the other elements (except 1) have infinite period. If o(a)
is finite, a is also called a torsion element. A group is a torsion group (or a
periodic group) if its elements are torsion elements, and a torsion free group
(or aperiodic) if no nontrivial element has finite order. The group is mized if
there are nontrivial elements of both types. If the order of the elements are
uniformly bounded, their lem is the exponent of the group.

Theorem 1.9. Let a € G; then:

1) if o(a) =n and a* = 1, then n divides k;

i) an element and its inverse have the same order;

1) if a and b are of finite order and commute, then o(ab) divides the lem
of o(a) and o(b);

w) if a and b are of finite order and commute, and have no nontrivial
powers in common (this happens in particular if (o(a),o(b)) = 1), then
o(ab) equals the lem of o(a) and o(b) (which equals the product o(a)o(b)
if (o(a),0(b)) = 1)°;

v) a nonidentity element is equal to its inverse if, and only if, it has order
2 (such an element is called an involution);

vi)  ab and ba have the same order;

vii) a and b='ab have the same order;

viii) if o(a) = n, then o(a¥) = n/(n,k), and in particular the order of a
power of an element divides the order of the element;

i) if ola) =n =rs with (r,s) = 1, then a can be written in a unique way
as the product of two commuting elements of order r and s.

Proof. i) Divide k by n: k = ng + r, with 0 < r < n. Then:
1=dFf =™ =q"q" = (a™)a" =a".

r > 0 contradicts the minimality of n. Thus » = 0 and k is a multiple of n.

ii) Let o(a) = n < oo; then (a™H)" = (a”)™! = 171 =1, so o(a™Y)|n
and o(a~!) is finite. With (a7!)~! = a we have, by symmetry, n =
o(a)o(a™'), and the result.

5 Here and in the sequel (a,b) stands for gcd(a, b).
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ii4) For all t, (ab)t = abab---ab=aa---abb---b = a’b. If t = m = lem(o(a),
o(b)), then a™ = ™ = 1 and therefore (ab)™ = 1, and o(ab)|m. It may
happen that o(ab) < m (take b =a™1).

iv) From (ab)! = 1 it follows that a'b® = 1, a® = b~ and, if a and b have
no nontrivial powers in common, a® = 1 e b= = b* = 1. Therefore ¢ is
a multiple of o(a) and o(b), and therefore ¢ > m = lem(o(a), o(d)). If
t = o(ab), then obviously (ab)! = 1, and o(ab) > m. However, o(ab)|m,
so that o(ab) = m. If (o(a),o(b)) =1, a and b have no nontrivial powers
in common. Indeed, if a” = b*, then (a)°(®) = pko®) = (po®))k =1, 50
o(a)|ho(b), and o(a) must divide h. Thus a" = 1.

v) If a = a™!, then by multiplying both sides by a we have a? = 1. Con-
versely, if a? = 1, multiplying both sides by a=! gives a = a1

vi) Let o(ab) =n < oo; then:

1= (ab)” = abab---ab = a(ba---ba)b = a(ba)"~'b.

Multiply on the right by b= and on the left by a~!; then (ba)"~! =
a~'b~1 and therefore, after multiplication of both sides by ba, (ba)"™ =
and o(ba)|n = o(ab). The same argument applied to ba yields o(ab)|o(ba),
and we have equality. Let o(ab) = oo; if o(ba) = n < 0o, we would have
o(ab)|n.

vii) If o(a) = n, then

(b~ tab)® = b tabbtab---b"tabb " ab
=b"ta(b Ha---a(bb~")ab
=bta"b=b"lb=1,

and therefore o(b~1ab) is finite and n|o(b~tab). If (b~tab)* =1, k < n
then, as above, 1 = (b~'ab)® = b~'a*b, from which a* = bb~! = 1,
against o(a) = n.

viii) We have (a*) @0 = (a ”)Uf’“) =1, o(ak)|(n7}k). But (ak)o(“k) = gho(a”)
= 1, and therefore n|ko(a”). It follows ko(a*) = nt; division of both mem-
bers by (n, k) gives (n’fk)o(ak) = (mpyt- Then " divides (nlfk) o(a*), and
being relatively prime to (n’fk), it must divide o(a®).

1

iz) With two integers u and v such that ru + sv = 1, we have a = a' =

qrutsy — grugsv Now, O( ) - n rs o = "% = r, because of
(n,sv) — (7"9 sv) s

viit) and the fact that r and v are relatively prime. Similarly, o(a™) = s,
and being (r,s) = 1 we have the result. As for uniqueness see ezx. 15. $

If o(a) = n, then the n powers of a: a,a?,...,a"" 1, ™ =1 are all distinct.

Indeed, if a® = a*, with h,k < n and h > k, we have a" % = 1, with h—k < n,
against the minimality of n. Observe that the n powers include the negative
ones since, if 0 < t < n, then a=! = a"~¢. Moreover, if k > n, let k = nqg +r,
with 0 < r < n. Then a* = a™*" = a™%a” = a”, with r < n. Therefore, if



18 1 Introductory Notions

o(a) = n the above mentioned powers are all the powers of a. Conversely, if a
has n distinct powers, the same argument shows that o(a) = n.

Examples 1.4. 1. The elements a, b and c of the Klein group are involutions,
as well as those of the group of order 2" of Fx. 1.3, 5.

2. In the dihedral group D,,, the n rotations are the n—th powers ¥ of r, the
rotation of 27/n, k = 1,2,...,n. Therefore, r¥ is the rotation of 2kw/n, of
period n/(n, k). Axial symmetries have period 2.

3. If two elements do not commute, #ii) of the preceding theorem does not
necessarily hold. Indeed, the two permutations on three elements mentioned
before Theorem 1.3 have order 2, whereas their product has order 3. The or-
der of the product of two non commuting elements of finite order can even be
infinite. For instance, the two matrices of SL(n,Z):

(7o) (4),

have orders 4 and 3, respectively; their product is ((1) }), whose order is infi-

k
11 1k
() = (5, bena

4. Let 0 = (1,2,...,n) € S™ be an n—cycle; o* takes i to i + k, i + k to
1+2k,..., and if r is the least integer such that rk = 0 mod n, then i+ (r—1)k
goes to 4, and the cycle to which i belongs closes. We know that r = n/(n, k)
(Theorem 1.9, viii)), so that the cycles of o* all have the same length n/(n, k);
therefore, their number is (n, k). Conversely, let T be a permutation whose cy-
cles all have the same length m:

nite:

T = (il,ig,...,im)(jl,jg,...,jm)...(kl,kz,...7km);
then 7 is a power of an n—cycle; more precisely,
T:(il,jl,...,kl,iQ,jQ,...,kz,..wl’m,jm,...,km);;'.

5. Let (a1, aq,...,a,) be an n-tuple of elements, not necessarily distinct. If by
circularly permuting k times the a;’s one obtains k distinct n—tuples, with the
(k+1)-st equal to the initial n-tuple, (a1, az, ..., an) = (a1, Cgt2, - -5 Aktn)s
then a1 = ax41 = agp41 = ... = ask+1, and similarly for the other a;’s. This
means that the a;’s are equal n/k by n/k (s +1 = 7, that is, sk +1 =
n — (k—1)), i.e. the n n-tuples obtained by the n circular permutations are
equal k by k; in particular, & divides n. Therefore, if n = p, a prime, k = 1
ork=p. If k=1, then a; = as = ... = a,, and there is only one p-tuple
(the converse is obvious: if the a;’s are all equal there is only one p-tuple); if
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k = p, there are p distinct p-tuples. We shall see later an application of this
result (Theorem 1.20).

6. If m < n, S™ contains subgroups isomorphic to S™ (fix n — m digits and
consider all the m! permutations of the remaining ones).

7. The non zero elements of a field K, considered as elements of the additive
group K (+), all have the same order. If the characteristic of K is p > 0 this
common order is p, otherwise is infinite. Conversely, if in an abelian group
all the elements a # 1 have order the same prime p, then the group can be
given the structure of a vector space over the field of residue classes mod p by
defining [h] -a =a+a+---+ a, h times.

Definition 1.11. A group G is cyclic if all its elements are powers a* of some
one element a of G, k € Z. In this case a is a generator of G, and G is said to
be generated by a.

If G is cyclic, G = (a), and z,y € G, then x = a",y = a*, some h and k,
so zy = a"tF = a**t" = yx, that is, a cyclic group is commutative (commuta-
tivity reduces to that of the sum of the integers).

If a group is cyclic, of order n, an element that generates the group has n
distinct powers, and therefore is of order n. We have already seen examples
of cyclic groups: the additive group Z,,, generated by the residue class 1, and
the additive group of integers Z, generated by 1 or —1. There are no other
examples, as the following theorem shows.

Theorem 1.10. A finite cyclic group of order n is isomorphic to Z,. An
infinite cyclic group is isomorphic to Z.

Proof. If G = (a) is a finite cyclic group of order n, then a has n distinct
powers: a,a?,...,a" ', a” = 1. The mapping G — Z, given by a’ — i is the
required isomorphism. If G is infinite, since the powers of a run over G, a is
of infinite order, and therefore G = {a*, k € Z}. The mapping G — Z given
by a* — k is the required isomorphism. &

The groups of n—th roots of unity and that of finite rotations are cyclic
groups. A finite cyclic group of order n is also denoted Cj,.

Theorem 1.11. The subgroups of a cyclic group G are cyclic.

Proof. Let H < G and let G = (a). The proof is similar to that for the integers
(1.21, ex. 1; but here we use multiplicative notation, so that multiples become
powers). Like all the elements of G, the elements of H are powers of a (in
the integers, every integer is a multiple of 1). Let a™ be the smallest positive
power of a that belongs to H (in the integers, this would be the smallest
positive multiple m of 1 that belongs to H, i.e. the smallest positive integer
belonging to H), and let a® be an element of H. Divide s by m: s = mq + r,
with 0 < r < m, and therefore a®* = a™97" = a™%a", i.e. a" = a*(a~™)4. This



20 1 Introductory Notions

is a product of two elements of H, and therefore a” € H. If r > 0, this con-
tradicts the minimality of m; then r = 0 and a® = a™? = (a™)4. Therefore,
every element of H is a power of o™, i.e. H is cyclic, generated by a™. &

For every m # 0, Z is isomorphic to {(m), so that Z is isomorphic to every
proper subgroup.

However, if all proper subgroups of a group are cyclic, the group is not
necessarily cyclic (and not even abelian). Here is an example.

Example 1.5. The quaternion group. The eight elements:
13 _17 i? _iajv _j7 ka —k
form a nonabelian group w.r.t. the product defined as follows:

ij =k, jk=1iki=7
ji=—kkj =—i,ik=—j
(£0)? = ()% = (£k)? = ~1.

This group is the quaternion group”, denoted Q. Note that the inverse of i is
—i = 4%, and similarly for j and k. Moreover, {1,4,—1,—i}, {1,7,—1,—j} and
{1,k,—1,—k} are subgroups (cyclic, of order 4, generated by i or —i, etc.)
having the subgroup {1,—1} in common. If {1} # H < Q and H # {1, -1},
let ¢ € H, say; then all the powers of 7 belong to H, and therefore |H| > 4.
If |H| > 4, H must contain either j or k; however, if it contains one of them,
j say, then it contains the other, because it must contain the product ¢j. It
follows H = Q. Thus, the proper non trivial subgroups of Q are those seen
above, and are all cyclic.

Theorem 1.12. A cyclic group of order n contains one and only one subgroup
of order m, for each divisor m of n.

Proof. Let G = (a) and |G| = n. If m|n, the element a= has order n/(n, ) =
n/(") = m, and therefore generates a subgroup of order m. Conversely, if
H < G and |H| = m, let H = (a*),k < n. Since o(a*) = m, and o(a*) =
n/(n,k), we have m = n/(n,k), (n,k) = n/m, so that n/m divides k. Let
k = (n/m)t; then
a* =am' = (am)' € (am),

and therefore (a*) C (am ). But both these subgroups have order m, and one
being contained in the other they coincide. %

This result admits the following converse: if a finite group admits at most
one subgroup for every divisor of the order, then it is cyclic (and therefore,
by the theorem, it has has only one such subgroup). See Theorem 2.4.

The group of integers is generated by 1 and also by its opposite —1, and
only by these. A finite cyclic group is generated by an element a and also by

T More precisely, the group of the quaternion units of the skew field of quaternions.
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its inverse a~! (a and a~! have the same order). However, there may be other
elements that generate the group. For instance, Zg is generated by 1 and 7
(7 is congruent to —1 mod 8) and also by 3 and 5. We shall see in a moment
that in the group Z,, p a prime, all non zero elements are generators.

Definition 1.12. The Euler totient function ¢(n) is defined for all positive
integers n as:

i) (1) =1
1) p(n)=number of integers less than n and coprime to n, if n > 1.

Theorem 1.13. A finite cyclic group of order n has p(n) generators.

Proof. Let G = (a). An element a* generates G if, and only if, it is of order n,
and o(a®) = n/(n, k). This equals n if, and only if, (n, k) = 1, i.e. if and only
if k is coprime to n. %

Examples 1.6. 1. A group of order ¢(n). A group structure can be given
to the set of integers less than n and coprime to n under the usual product
followed by reduction mod n. Indeed, if a,b < n and (a,n) = (b,n) = 1, then
(ab,n) = 1. Dividing ab by n we have ab = ng + r, with 0 < r < n and
(r,n) = 1; then define a - b to be r. This is the group U(n) of invertible ele-
ments (units) of the ring Z,,. For example, for n = 8, the group U(8) consists
of the elements 1, 3, 5 and 7; we have 32 =9 =1 mod 8, 52 = 25 = 1 mod 8,
and 72 = 49 = 1 mod 8: the non identity elements have order 2. Moreover,
3-5=15=7mod8,3-7=21=5mod8 and 5-7 = 35 = 3 mod 8. The
product of two non identity elements equals the third: it is clear that this
group is isomorphic to the Klein group.

Thus, the generators of the additive group Z,, form a multiplicative group,
which is abelian and of order ¢(n). If n = p, a prime, Z,, is a field, so that
its multiplicative group is cyclic (see Corollary 2.2). In other words U(p) is
cyclic.

2. If p is a fixed prime, the p"-th roots of unity form a cyclic multiplicative
group Cjyn, of order p”, subgroup of C* and generated by a primitive p™-th
root. If H < Cpn, H is generated by a p/-th root z, for some h, and if z; is a
pk—th root, h < k < n, then H = Cpn C Cpk. This shows that the subgroups
of Cp» form a chain:

1lcC,cCp2C...CCyn.
P p p

3. The group Cpe. Consider the set-theoretic union of the groups Cpn, n =
1,2,.... This is again a multiplicative group, subgroup of C*. It consists of
all p"-th roots of unity, and its subgroups form an infinite chain:

{1} cCpCcCproC...CCpn C....
p p P
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This is the Priifer group or the p> group, and is denoted Cpe. It is an infi-
nite ascending union of subgroups, and as such it cannot be finitely generated
(ex. 27). If Cpi = (w;), then

— 4P —— — 2P
W1 = Wy, W2 = W3,...,W;—1 = W;,...

4. The set of rationals m/p™, n > 0, of the interval [0, 1] having denominator
a power of the prime p is a group under the sum modulo 1 (for instance, if
p = 2, then é—l—é =1=0, é—i—i = i = 1+i = 4117 etc.) In this group, denoted
QP, all the elements have order a power of p. Indeed, p™(m/p™) = m = 0. For
a given n, the elements

1 2 pnt—1

pnt g g

form a cyclic subgroup Cpn of order p™. As in the case of Cpe, as n grows
these subgroups form a chain: Cpm C Cpn, if m < n. The two groups are iso-
morphic: if w is a primitive p™ —th root of unity, then the mapping w* — k/p"
is an isomorphism.

)

Exercises

1. Prove that 4), 4) and #¢) of Definition 1.1 are equivalent to i) and iv) given
a,b € G there exist x,y € G such that ax = b and ya = b (quotient axioms).

2. Under an isomorphism, an element and its image have the same order.

3. i) If (ab)? = ab?, then ab = ba;
13) if (ab)™ = a™b"™ for three consecutive integers, then ab = ba.

4. Let a and b be as in Theorem 1.9, iv), and let d = (o(a), o(b)) and m = lem(o(a),
o(b)). Prove that o((ab)?) = m/d.

5. If a product aias---a, equals 1, the same holds for any cyclic permutation of
the factors: a;ait1 - anaiaz---ai—1 = 1.

6. If an element a € G is unique of its order, then either a =1 or o(a) = 2.

7. A group of even order contains an involution; more generally, it contains an odd
number of involutions. [Hint: if aZa™! for all a, then the group has odd order.)

8. If o(a) = o(b) = o(ab) = 2 then ab = ba. In particular, if all non identity elements
are involutions, the group is abelian.

9. A group of order 2, 3 or 5 is cyclic. [Hint: if |G| = 3, let G = {1, a, b}; the group
must contain the product ab, and the only possibility is ab = 1 (if ab = a then b =
1, and if ab = b then @ = 1); hence b = a~'. Moreover, a® € G, etc.]

10. The integers 1 and —1 form a group with respect to the ordinary product, which
is not a subgroup of the group of integers.

11. Give an example of a group containing two commuting elements a and b, b # a ™!,
such that o(ab) < lem(o(a), o(b)).
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12. An infinite group has infinite subgroups. [Hint: a group is the set-theoretic union
of the subgroups generated by its elements.]

13. Let H # () be a subset of a group G, and assume that every element of H is of
finite period. Then H is a subgroup of G if, and only if, a,b € H = ab € H.

14. Let ¢(n) be Euler’s function. Using theorems 1.33 and 1.35 show that
> e(d) =mn,
d|n

where the sum is over all the divisors d of n (1 and n included). [Hint: divide up the
elements of C), according to their orders.]

15. Let n = p?lpgz -..pM. Show that:
1) if a is an element of a group G and o(a) = n, then a can be written in a
unique way as a product of pairwise commuting elements of orders p’f1 ,p;”, . ,p?t;
1) if p(n) is Euler’s function, then:

e(n) = (P )p(ph?) - o(p*) and @(p*) =p* —p* "t =p"(p—1).

16. The dihedral group D,, is isomorphic to S™ only for n = 3.

17. D4 has three subgroups of order 4, one cyclic and two Klein groups, and five
subgroups of order 2.

18. Ds contains two subgroups isomorphic to S%. [Hint: consider the two triangles
obtained by taking every second vertex of a hexagon.]

19. Determine a group of 2 X 2 complex matrices isomorphic to the quaternion
group.

. +1k . .
20. The matrices 01 ) where £k = 0,1,...,n — 1, form a group isomorphic to

D,, (integers mod n).

21. The matrices ( b), with a and b real numbers not both zero, form a group

a
—ba
isomorphic to the multiplicative group of non zero complex numbers.

22. Let Z[x] be the additive group of polynomials with integer coefficients. Prove
that this group is isomorphic to the multiplicative group of positive rationals. [Hint:
order the prime numbers, and consider the n-tuple of the exponents of the prime
numbers occurring in a rational number /5.

23. Determine the orders of the elements of the group U(n) for n = 2,3,...,20.

24. Let H < G, a € G, o(a) = n, and let * € H with (n, k) = 1. Prove that a € H.
[Hint: mn +hk =1, a = a* = a™ " etc]

25. Prove that, for Kk = 1,2,...,n, the number of k-cycles of S™ is

nn—1)---(n—k+1)
. .

In particular, the number of n-cycles is (n — 1)!.
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26. Prove that the determinant of a permutation matrix is either 1 or —1 and that

the matrices with determinant 1 form a subgroup containing half of the permutation

matrices®.

27. Prove that a group which is an infinite ascending union of subgroups cannot be
finitely generated.

28. Prove that the only subgroups of Cpeo are the Cpn of the chain.
29. If H < G, then G is generated by the elements outside H.

1.2 Cosets and Lagrange’s Theorem

Let H be a subgroup of a group G, finite or infinite. Let us introduce in the
set underlying G the following relation:

apb if ab~! e H.

Theorem 1.14. The above relation is an equivalence relation. The three prop-
erties of such a relation correspond to the three properties of a subgroup
(Lemma 1.16).

Proof. p is:
i) reflexive: apa. Indeed, aa=™! =1 and 1 € H (because of ii) of 1.16);

ii) symmetric: if apb then bpa; indeed, if apb then ab~! € H, and therefore
(by property i) of 1.16) the inverse (ab=!)~! € H, i.e. ba™! € H, that
is bpa;

iii) transitive: if apb and bpc, then apc; indeed, if ab=! and be=! € H their
product also belongs to H (by property i) of 1.16): ab~bc™! = ac™! € H,
and this means apc. %

The classes of this equivalence are the right cosets of H in G. Two ele-
ments a,b € G belong to the same coset if and only if there exists h € H such
that @ = hb. Thus, the coset of an element a € G is {ha, h € H}; we shall
also simply write Ha. The elements of the right coset to which a belongs are
obtained by multiplying on the right the elements of H by a”.

If we write Ha, we choose a as representative of the coset to which a
belongs. Every element of the coset can be chosen as a representative of the
coset. Indeed, if b € Ha, i.e. b = ha, then Hb = H-ha = {h'ha,h' € H} = Ha
(W h runs over all elements of H as h’ does). A set of representatives of all the
right (left) cosets of a subgroup is called a right (left) transversal.

The set of cosets is the quotient set G/p. Similarly, one defines the left
cosets through the relation:

ap’b if a”'be€ H.

8 This subgroup is the alternating group (see 2.79).
9 According to some authors, for example M. Hall jr., these are left cosets.
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Thus, the coset of an element a € G will be [a]’ = {ah, h € H} = aH. Note
that both in case of p and of p’, the coset containing the identity of G is the
subgroup H.

Theorem 1.15. i) The right and left cosets of the subgroup H all have the
same cardinality, namely |H|;
i1) the quotient sets G/p and G/p' have the same cardinality.

Proof. i) The mapping H — Ha, given by h — ha, is injective (if ha = I a,
then h = h’) and surjective (an element ha € Ha comes from h € H); similarly
for the correspondence H — aH. Hence,

|Ha| = |H| = |aH]|

1) The mapping:
G/p—G/p,

given by Ha — a~'H, is well defined. If, instead of a, a different representative
for Ha is chosen, b say, then b= ha and b~! = a~'h™', so that

Hao=Hb=b"'H=a'h"'H=0a"'H.
Moreover, since h™*H = H, we have:
a'H=b'H=b'ca'H=0ab' € H= Ha= Hb,
i.e. the mapping is injective. It is obvious that it is surjective. &
Remark 1.3. In Remark 1.1 we have seen that a function is well defined if

r=y= f(x)= f(y)

The other implication:
fle)=fy)=z=y

means that f is injective. An example of the fact that the two implications are
inverse of each other was given in the proof of part i) of the preceding theorem.

Definition 1.13. If H is a subgroup of a group G, the cardinality of the quo-
tient set G/p (or G/p') is the index of H in G, and is denoted [G : H]. The
index of the identity subgroup is the cardinality of G.

Theorem 1.15 is especially important in the case of finite groups.

Theorem 1.16 (Lagrange). If H is a subgroup of a finite group G the order
of H divides the order of G.
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Proof. Under the relation p (or p’) G has [G : H] equivalence classes, each
having |H| elements; therefore,

Gl = |H|[G : H).
Then |H| divides |G| and the quotient is the index of H in G. &

Remark 1.4. The above theorem has already been proved in the case of cyclic
groups (Theorem 1.12). The converse of this theorem: if m is a divisor of the or-
der of a finite group then the group admits a subgroup of order m, is true for cyclic
groups (again by Theorem 1.12; with in addition the uniqueness of such a subgroup),
and for other classes of groups (see ex. 35), but is false in general (Theorem 2.36).

Corollary 1.2. The order of an element a of a finite group G divides the
order of the group. In particular, alGl = 1.

Proof. If a € G and o(a) = m, then a generates a cyclic subgroup of order m.
By the theorem, m divides |G/. &

Corollary 1.3. A group of prime order is cyclic.

Proof. A non identity element generates a subgroup whose order must divide
the order of the group. &

In particular, a group of prime order admits no nontrivial proper sub-
groups. The converse holds too.

Theorem 1.17. A group G admitting no nontrivial proper subgroups is finite
and of prime order.

Proof. Let 1 # a € G. Then (a) = G, otherwise (a) would be a nontrivial
proper subgroup. Thus G is cyclic. If G is infinite, G is isomorphic to Z, and
Z admits nontrivial proper subgroups. Hence, G is finite. If its order is not a

prime, then for every proper divisor m of its order the group has a subgroup
of order m (Theorem 1.12). &

Examples 1.7. 1. The congruence relation modulo an integer n partitions
Z into n equivalence classes, according to the remainders in the division by n:
two integers belong to the same class if they give the same remainder when
divided by n, i.e. if their difference is divisible by n. Thus,

a=bmodnifa—b=kn, ke Z
i.e.
apbif a — b € (n).

We have n classes, in each of which we may take as representative the remain-
der in the division by n. The subgroup (n) has index n (see Ez. 1.1, 5).
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2. Using Lagrange’s theorem, let us show that, up to isomorphisms, there are
only two groups of order 4, the cyclic one and the Klein group. Let 1,a,b, ¢ be
the four elements of the group G. The order of the three nonidentity elements
is 2 or 4 (Corollary 1.2). If there is an element of order 4, its powers run over
the whole group, and the group is cyclic. Otherwise, a,b and ¢ have order 2;
the product ab must belong to the group, and there are four possibilities:
ab =1, ab = a, ab = b and ab = c. The first three lead to a contradiction
(a=0b"1t=b b=1, a=1),so that ab = ¢, and similarly ba = c. The
product of two nonidentity elements equals the third, and it is clear that this
group is (isomorphic to) the Klein group.

3. Let S? = {I,(1,2)(3), (1,3)(2), (2,3)(1),(1,2,3),(1,3,2)}, and consider the
subgroup H = {I,(2,3)(1)}. H consists of the permutations of S fixing 1.
The right cosets of H are:

H ={I,(2,3)(1)},
H(172)<3) = {(1’2)(3) (17273)}
H(1,3)(2) = {(1,3)(2),(1,3,2)}.

Hence, the three cosets consists of the elements taking 1 to 1, 1 to 2 and 1 to
3, respectively. The left cosets are:

={1,(2,3)(1)},
(172)(3) ={(1,2)(3),(1,3,2)},
(173)(2) = {(1’3)( )a(17273)}'

They take 1 to 1, 2 to 1 and 3 to 1. Note that the right and left cosets
containing (1,2)(3) (and (1,3)(2)) are different.

In the group S, there are (n — 1)! elements fixing a digit, 1 say, (all the
permutations on the remaining digits) and form a subgroup isomorphic to
S"~1 and of index n. Here too the n cosets consist of the elements taking 1 to
1,1t02,...,1ton. The proof is the same as that for S3. If & is a permutation
leaving 1 fixed, and 7; = (1,4) is a transposition, then o7; takes 1 to i. On
the other hand, if n is a permutation taking 1 to ¢, then n7; leaves 1 fixed.
But n = (n7;)7;, and therefore all the elements taking 1 to i are obtained by
multiplying by 7; a permutation leaving 1 fixed . Therefore, the coset S"~ 7
consists of the elements taking 1 to ¢; this leads to the decomposition of S™
into the n right cosets of S"~!

Sm=8""tus"lnu...uS i,
Similarly for the left cosets.

4. In a dihedral group D,, there is only one nonidentity symmetry leaving a
given vertex v of the regular n—gon fixed, the one w.r.t. the axis through v.
The subgroup H fixing v has two elements, and is of index n. The elements of
H take v to v, and those of the other cosets of H take v to the other vertices.



28 1 Introductory Notions

5. The pairs of real numbers (z,y) (points of the cartesian plane R?) form
an additive group w.r.t. the parallelogram rule: (z1,y1) + (z2,y2) = (x1 +
Z9,y1 +y2). Given a point (x,y), with 2 and y not both zero, the set of points
(Ax,\y), A € R, is a line r passing through the origin, and also a subgroup
of R2. If (x1,91) & 7, the points {(x1,y1) + Az, \y) ;A € R} = (x1,41) + 7
make up a line r through (z1,y;) and parallel to r, and also the coset of the
subgroup to which (z1,y1) belongs. Hence, the lines through the origin are
subgroups, and the lines parallel to them are their cosets.

Remark 1.5. The points of a line r through the origin have coordinates that are
multiples by the elements of R of any of its points (z,y), and the vectors lying on r
are multiples of the vector v with starting point (0,0) and endpoint (z,y). However,
the subgroup thus obtained is not cyclic: in Av, A does not vary only among the
integers. It contains a cyclic subgroup, the one given by the Av with A an integer.

6. Given the rational function z1x9 4+ z3z4 of four commuting variables, how
many values are obtained if the x; are permuted in all possible ways? It is
easily seen that three values are obtained:

P1 = X1T2 + X3T4, P2 = T1XT3 + T2Xy, P3 = T1X4 + T2X3.

Each of these values remains unchanged when the x; are permuted under the
three subgroups of S*:

DW ={I,(1,2),(3,4), (1,2)(3,4), (1,3)(2,4), (1,4)(2,3),
(1,3,2,4),(1,4,2,3)},

D@ ={I,(1,3),(2,4),(1,3)(2,4), (1,4)(2,3), (1,2)(3,4),
(1,2,3,4),(1,4,3,2)},

D ={I,(1,4),(2,3), (1,4)(2,3),(1,3)(2,4), (1,2)(3,4),
(1,2,4,3),(1,3,4,2)},

respectively (fixed digits are omitted). One then says that the function ¢;(z)
belongs to the subgroup D®, and this subgroup interchanges the other two
values. These D) are isomorphic to the dihedral group Dy, as it can be seen
by numbering 1 a vertex of a square and 3,2,4; 2,3,4 and 2,4,3, in a circular
order, the other vertices, and have in common the subgroup

V= {Iv (L 2)(3a4)> (173)(274)’ (1a4)(2,3)},

a Klein group. Each of the groups D, has three right cosets in S*: the elements
of one of the D, fix one of the three values, and those of its cosets cyclically
permute the three values. The cosets of V' either fix all three values (V itself),
or fix one value and interchange the other two, or else they cyclically permute
the three values. Note that the right and left cosets of V' coincide (V is a
normal subgroup; see next chapter).
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7. We have seen that in the group of integers all nontrivial subgroups have
finite index (Fz. 1.7, 1). An example of the opposite case is that of the ad-
ditive group of rationals, in which all proper subgroups have infinite index.
Observe first that, in any group, if two distinct powers of an element a belong
to the same coset of a subgroup H, then a non trivial power of a belongs to
H. Indeed, if Ha® = Ha', with s # ¢, then ha® = h'a’ and a*~* € H. Now let
H < Q be of finite index m:

Q:HU(H+a2)U...U(H+CL7rL)~

If no integer multiple of one of the a; belongs to H, then by what we have
just observed the cosets H +ta;,t € Z, are all distinct, and therefore H would
be of infinite index. Let n = lem(n;), where n,a; € Hyi =2,...,m. If ¢ € Q,
consider ¢/n; this element belongs to a coset H + a;, so that ¢/n = h + a;,
with h € H. But then ¢ = n(q/n) = nh 4+ na; € H, and therefore H = Q.

Theorem 1.18. Let K C H be two subgroups of a group G, and let their
indices |G : H] and [H : K] be finite. Then the index of K in G is finite and

[G:K]=I[G: H|[H : K].

Proof. Let G = Hry UHxzo U...UHx,, H= Khy UKhyU...UKh,,. Then
fori=1,2,...,n, Hr; = Khixz; U Khox; U ... U Kh,,x;. All the cosets of
K thus obtained as Hx; varies are disjoint: if khjz; = k’hgx¢, then, since
khj,k'hs € H, it would follow Hz; = Hux;. Hence G is the union of the
Khjz;, and the number of these is nm = [G : H|[H : K]. O

Theorem 1.19. Let H and K be two subgroups of a group G. Then:
[H:-HNK]<[(HUK): K],

and if (HUK) : H] and [(HUK) : K] are coprime, then equality holds.

Proof. Let H = |J (HNK)h;, be the partition of H into the cosets of HNK. If
i=1

Kh; = Khj then h; = khj, k € HNK, and therefore (HNK)h; = (HNK)h;.
It follows that K has at least r cosets in H U K. By the previous theorem,

[HUK:HNK|=[HUK:K|[K:HNK|]=[HUK : H|[H: HNK],

so that [H U K : K] divides [H UK : H|[H : H N K], and being coprime to
[HUK : HJ| it divides [H : H N K]. Together with the above inequality we
have the result. &

Theorem 1.20. The intersection of two subgroups of finite index is of finite
index. More generally, the intersection of any finite number of subgroups of
finite index is of finite index.
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Proof. Let H and K be the two subgroups, and let y € (H N K)x; we have
y=zx, with € HNK. Then z € H, y € Hz, and z € K, so that y € Kx;
it follows y € Hx N Kz and therefore (H N K)x C Hxz N Kx. Conversely,
if y € Hx N Kz, then y = hx = kx, so that h = k and h € H N K. Thus
y=hx e (HNK)x and Hx N Kz C (H N K)z. Hence,

(HNK)x=HzxzN Kz,

i.e. a coset of H N K is obtained as the intersection of a coset of H with one
of K, so that if these cosets are finite in number, their intersections are also
finite. The extension to a a finite number of subgroups is immediate. &

Given a finite group G and an integer m dividing its order, there are two
ways to approach the problem of the existence in G of a subgroup of order m:
to make hypotheses on the structure of G (e. g. G cyclic, abelian, and so on),
or else to make hypotheses on the arithmetic nature of m (m prime, power of
a prime, product of distinct primes, and so on.) An example of the first way
has already been seen: the converse of Lagrange’s theorem holds for cyclic
groups. The following theorem approaches the problem in the second way.

Theorem 1.21 (Cauchy). If p is a prime dividing the order of a group G,
then there exists in G a subgroup of order p.

Proof. First observe that if p is a prime, the existence of a subgroup of order p
is equivalent to that of an element of order p; let us then prove the existence
of such an element. Consider the following set of p-tuples of elements of G:

S = {(a17a27...,ap)|a1a2...ap — 1}.

The set S contains n?~! elements, where n is the order of G (the first p — 1
elements can be chosen in n ways, and there is only one choice for the last one:
it must be the inverse of the product of the first p — 1). Let us call equivalent
two p-tuples when one is obtained from the other by cyclically permuting the
elements; under such a permutation the product is again 1, (ex. 5). If the a;
are all equal, then the p-tuple is the unique element of its equivalence class;
if at least two a; are distinct, the class contains p p-tuples (Fz. 1.4, 5). If
r is the number of elements x € G such that z? = 1, r equals the number
of one-element classes; if there are s p-element classes, then r 4+ sp = nP~L.
Now, r > 0 because there is at least the p-tuple (1,1,...,1), p divides n and
therefore also n?~!, and divides sp. It follows that p divides r, so r > 1, and
this means that there exists at least one p-tuple of the form (a,a,...,a), with
a # 1. This element a is of order p. &

Remark 1.6. The special case p = 2 has already been seen in ez. 7. More generally,
we shall see in Chapter 3 that if p* is a power of the prime p dividing the order a
group then there exists in the group a subgroup of order p*.
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Definition 1.14. Let p be a prime number. A p-element in a group is an
element of order a power of p. A p’ element is an element whose order is not
divisible by p. A group is a p-group if all its elements have order a power of
p. A p-subgroup is a subgroup which is a p-group.

Examples of p-groups are the cyclic groups of order a power of p. The
dihedral groups D,,, where n is a power of 2, and the quaternion group are
examples of 2-groups. The group Cpe is an example of an infinite p-group.

Theorem 1.22. A finite group G is a p-group if, and only if, its order is a
power of p.

Proof. If |G| = p™, since a?” =1 for all a € G, we have o(a)|p™ and therefore
o(a) = p*, k < n; therefore G is a p-group. Conversely, if G is a p-group, and
q||G|, q a prime, q # p, by Cauchy’s theorem there exists in G an element of
order ¢, a contradiction. &

Examples 1.8. 1. Let us show that there are only two groups of order 6: the
cyclic one, and the symmetric group S® (or D3). If G has an element of order 6
then it is cyclic. If this is not the case, let a,b € G with o(a) = 2 and o(b) = 3;
these two elements exist by Cauchy’s theorem. If ab = ba, then o(ab) = 6 and
G is cyclic, which we have excluded. The six elements 1,b,b%, a,ab,ab® are
distinet (any equality leads to a contradiction: for instance, if b = a, then
b* = 1, while o(b) = 3). The element ba must be one of the above, and it
is easily seen that it can only be ab®. As in the case of the dihedral groups
(Ez. 1.3, 6), the equality ba = ab? determines the product of the group, and in
fact the correspondence a"b* — a"r*, with h = 0,1 and k = 0, 1, 2, establishes
an isomorphism between G and the group Ds.

2. Groups of order 8. We know the groups Cg, D4, Q, the group of reflections
w.r.t the three coordinate planes, that we denote Zgg), and the group U(15).

In the following table, the numbers appearing in the first column denote
the orders of the elements; at the intersection of the row labeled ¢ with column
j the elements of order ¢ of the group j is given:

0 B N
%MH»—AQ
o o= = O

Since two isomorphic groups have the same number of elements of a given
order!® the five groups above are not isomorphic. We will see (Ez. 2.10, 5)
that there are no other groups of order 8.

0 But the converse is false (Ez. 2.10, 6).
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Definition 1.15. A subgroup H of a group G is said to be mazimal w.r.t. a
property P if it has property P and there exist in G no subgroup having P
and containing H. In other words, if H has P, and H < K < G, then either
H = K or K does not have P.

For example, if P is the property of being abelian, then “maximal abelian”
means “not properly contained in an abelian proper subgroup of the group”.
By saying “maximal subgroup”, without any further specification, we mean
that P is the property of being a proper subgroup. In this case, “H maximal”
means that if H < K, then either H = K or K = G.

A finite group certainly contains maximal subgroups, and indeed every
subgroup is contained in a maximal one. In the group of integers, the sub-
groups generated by prime numbers are maximal (and these only are maxi-
mal). An infinite group may not admit maximal subgroups. For example, in
the group Cp~ the subgroups form an infinite chain and therefore for every
subgroup there is a larger one containing it.

Theorem 1.23. In a group G of order n there always exists a system of gen-
erators whose cardinality does not exceed logy n.

Proof. Let M be a maximal subgroup of G and let x ¢ M. The subgroup
(M, z) properly contains M, and therefore equals G. Since M < G, by induc-
tion on n we can assume the theorem true for the group M, i.e. that M can
be generated by at most log, m elements, where m = |M|. Then G can be
generated by at most log, m + 1 elements. On the other hand, by Lagrange’s
theorem m divides n, so that m < n/2. It follows logom + 1 <log, 5 + 1 =
log, n —log, 2 + 1 = log, n. &

The logarithm of previous theorem arises as follows. Let
G:HojHlDHQD”-DHS_lDHS:{].}

be a chain of subgroups each maximal in the preceding one. Since [H; : H;11]
is at least 2,7 =10,1,...,s— 1, and since the product of these indices is equal
to the order n of the group, we have n > 2-2---2 = 2% and taking logarithms
s < logyn. Let us show that G can be generated by s elements. Picking an
element z1 in G\ Hy, by the maximality of Hy in G we have G = (Hy,x1). Sim-
ilarly, if xo € Hy \ Ha we have H; = (Hj, x3), and therefore G = (x1, x9, Ha).
Proceeding in this way, we have G = (x1, z2, ..., zs), as required.

Corollary 1.4. The number of non isomorphic groups of order n is at most
nn logy n

Proof. The product of two elements in a group G is determined once the
product of each element of G by the elements of a set X of generators of G
is known. This follows from the associative law. Indeed, given g,h € G, if
h=x12y...7¢, x; € X, we have:

gh =gx129... 2y = (g21)T2 ... 2y = (q122)T3 - Ty = ... = G4—_1T4,
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where we have set g; = g;—12; (go = g). Therefore, the number of group oper-
ations on a set of n = |G| elements is at most equal to the number of functions
G x X — G, ie. |G|ISI'X] By the previous theorem, we can choose a set X
with at most log, n elements. The result follows. &

Exercises

30. An equivalence relation defined on a group G is said to be compatible on the
right (left) with the operation of G if apb = agpbg (gapgb), for all g € G. Show that
a compatible equivalence relation is one whose classes are the cosets of a subgroup.

31. If H < G, H is the only coset of H which is also a subgroup of G.
32.If H K < G and Ha = Kb, for some a,b € G, then H = K.

33. (Euler’s theorem) If n > 1 and a are two integers such that (a,n) = 1, then
a?™ =1 mod n.

34. (Fermat’s little theorem) If p is a prime number not dividing a, then a?~! =
1 mod p.

35. Prove that the converse of Lagrange’s theorem holds for the dihedral groups
D,, p a prime, and that if p > 2 the subgroups of D, are given by (r) and (ar’),
i =0,1,2,...,p — 1. (The converse of Lagrange’s theorem holds for all dihedral
groups Dy; cf. ez. 36, ¢) of Chapter 2.)

36. Determine the subgroups of D4 and D,, p a prime.
37. In a group of odd order every element is a square.

38. In the case of a finite group, prove directly that two cosets of a subgroup H
either coincide or are disjoint, and use this fact to prove Lagrange’s theorem.

39. Prove that there exist only two groups of order 2p, p a prime: the cyclic one and
the dihedral one.

40. A subgroup of finite index in an infinite group has a nontrivial intersection with
every infinite subgroup of the group.

41. Prove that the cosets of Z in R are in one-to-one correspondence with the points
of the interval [0,1).

42. Prove that the group of order 8 of Ez. 1.3, 5 has 7 subgroups of order 2 and 7
of order 4.

The seven nonzero elements a,b,c,a+ b,a+ ¢,b+ c,a + b+ ¢ of the group of
the previous exercise are the seven points of the Fano plane, the projective
plane of order 2, and the seven subgroups of order 4 are the seven lines of this
plane. There are three points on each line (three elements in each subgroup,
plus zero), three lines pass through each point (three subgroups meet in a
subgroup of order 2). This plane can be represented as follows (zero is not
marked):
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a
a+b+c
7
a+b a+c
b b+c c

1.3 Automorphisms
Definition 1.16. An isomorphism of a group with itself is an automorphism.

The set of automorphisms of a group G is a group under composition,
as is easily seen; it is denoted Aut(G). Moreover, an automorphism being a
bijection and therefore a permutation of the set G, Aut(G) is a subgroup of
the symmetric group S¢.

Examples 1.9. 1. Let G be a cyclic group, G = (a). If g € G, then g = a*,
some k, and if & €Aut(G) we have a(g) = a(a®) = a(a)®. Thus, « is deter-
mined by the value it takes on the generator a of G.

Let us distinguish two cases.

i) G finite, of order n. If a(a) = a*, we have o(a*) = o(a) = n, since a pre-
serves the orders of the elements, and therefore (n, k) = 1 (Theorem 1.9, viii)).
Conversely, if (n, k) = 1, the mapping a : a® — a**, s =0,1,...,n — 1, is in-
jective because if a** = a'* with s > ¢ then a>=9* = 1 and n divides (s —t)k,
and being coprime to k it divides s — ¢ < n, which absurd. Since G is finite,
it is also surjective. Moreover, a® - a* = a*tt — a5tk = ¢%F . gt* 5o that «
preserves the operation, and therefore is an automorphism. The order of « is
the smallest integer m such that £™ = 1 mod n.

The mapping Aut(G) — U(n), that associates with « the integer k less
than n and coprime to n it determines, is an isomorphism. It follows that
Aut(G) is abelian and has order ¢(n). In particular, if n = p, a prime,
Aut(G) = U(p), cyclic of order p — 1.

Consider G = (a), cyclic of order 7. Then Aut(G) is cyclic of order 6 and
generated, for instance, by o : a — a¥, where 1 < k < 7. Let k = 3; the
automorphism « : a — a® induces the permutation (1)(a, a®,a?,a%, a*,a®) of
the elements of G, its square o : a — a? the (1)(a,a?,a*)(a®,a®, a®), and its
third power a® : @ — a® the (1)(a,a®)(a3,a*)(a?, a®). Similarly for the other
powers of a.

ii) G infinite. If o € Aut(G) and a(a) = a, since a = a(g) for some g
(o is a bijection) and g = a” for a certain h, we have a = a(g) = a(a”) =
a(a)? = (a®)" = a*", and a*"~! = 1. The order of a being infinite, this im-
plies kh — 1 =0, kh = 1, and therefore k = +1. It follows that there are only
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two automorphisms, the identity and the one interchanging an element a with
its inverse a~!. In Z, the nonidentity automorphism interchanges n and —n.

Remark 1.7. The following result of Gauss holds: if G is a cyclic group of order n,
Aut(G) is abelian, and is cyclic if, and only if, n = 2,4,p° 2p°, p an odd prime,
and e > 1. The symmetries of a polygon with vertices at the points e>™/" of a unit
circle given by the plane rotations form a cyclic group of order n. Following Gauss,
the automorphisms of the latter group may be considered as “hidden symmetries”
of the polygon.

2. It is clear that isomorphic groups have isomorphic automorphism groups.
The converse is false: the groups Cs, Cy, Cg and Z all have Cy as automorphism

group.

3. The invertible linear transformations of a vector space V over a field K
are the automorphisms of the additive group of V' that commute with the
multiplication by scalars. If K is a prime field (Z, or the field of rational
numbers Q), linearity and additivity are equivalent: all the automorphisms
commute with the scalars, and therefore all are linear transformations. In-
deed, if K = Z,,, the multiplication [h]-v of v € V' by a scalar [h] € Z,, means
the sum v with itself a number A of times (see Ez. 1.4, 7), and therefore for
a € Aut(V) we have

al[h] -v)=av+v---+0v) =al)+a@)+ -+ alv) =[h] - alv).
Hence, Aut(V) ~ GL(V), and if V is of dimension n over Z,,
Aut(V) ~ GL(n,Zy).

In particular, if n = 1, V ~ Z,, cyclic of order p, and we have, as we know
(see Ex. 1),
Aut(Z,) ~ U(p)

(the 1x 1 invertibile matrices over Z,, are identified with its nonzero elements).
If K = Q, a additive means a(s - v) = sa(v), where s is an integer. We
now show that a(r/sv) = r/sa(v) for all rationals r/s. Indeed,

sa(:v) =afs- ZU) = a(rv) = r(av),

and by dividing the first and the last member by s we have the result.
If V is of dimension n over Q we have

Aut(V) ~ GL(n,Q),
and if V' is of dimension 1, V ~ Q,

Aut(Q) ~ Q*.
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In other words, the automorphisms of the additive group of rationals are mul-
tiplications by nonzero rationals. Indeed, these automorphisms are all linear,
so that a(z) = a(x - 1) = za(1), and given the image of 1 « is determined as
the multiplication by a(1).

The rational field has no nonidentity field automorphisms (ez. 46).

Remark 1.8. Multiplication by a fixed element gives an automorphism also in the
case of the additive group of the reals. It is clear that the function « defined by
a(z) = cx, ¢ € R, is a continuous function. Conversely, if « is additive, for r
rational we have as above a(r) = ra(l). Now let x = limr;, r; rational; if « is
continuous, then a(z) = a(limr;) = lima(r;) = limr;a(l) = a(1)limr; = o(1)z.
In other words, the only additive and continuous functions are multiplications by
a fixed real number. There are other automorphisms, none of which are Lebesgue
measurable (indeed, an additive and measurable function is continuous). The real
field has no nonidentity field automorphisms (exz. 47).

4.1fV = {1, a,b, ¢} is the Klein group, an automorphism fixes 1 and permutes
the three nonidentity elements. Thus, Aut(V') is isomorphic to a subgroup of
S3. But every permutation of the three nonidentity elements is an automor-
phism. For example, let a be given by a(a) = b, a(b) = a, a(c) = c¢. Then
ala-b) =a(c)=c=b-a=ala) -ad), a(b-¢c) =ala) =b=a-c= a(b)-a(c),
and similarly for the other products. If a(a) = b, «(b) =¢, a(c) = a, then
a(a-b) =a(c) =a="b-c=a(a) ab), etc. Hence Aut(V) ~ S® ~ GL(2,Z>).

5. In any group, the inversion o : @ — a~', is a bijection. In an abelian

group it preserves the group operation, and therefore is an automorphism.
Indeed, a(ab) = (ab)™! = b= ta™ = a7 'b~! = a(a)a(b). The converse is
also true: if the inversion is an automorphism, the group is abelian. We have
a(ab) = a(a)a(b) = a=1b71, so that a=1b~1 = b~ta™ 1, ie. (ba)~t = (ab)~ 1,
and ab = ba. Hence the correspondence o : a — a~' is an automorphism if,
and only if, the group is abelian.

If @ € Aut(G) and H < G, then «(H) is again a subgroup of G and is
isomorphic to H.

Definition 1.17. A subgroup H of a group G is a characteristic subgroups if
every automorphism of G maps H to itself.

Examples 1.10. 1. The identity subgroup and the group itself are charac-
teristic subgroups.

2. The group of integers has a unique nonidentity automorphism, and this
takes n to —n. Thus it maps every subgroup to itself. The same happens
for a finite cyclic group, because then a subgroup is unique of its order, and
therefore is mapped to itself. In conclusion, all subgroups of cyclic groups are
characteristic.

3. In the Klein group, no nontrivial subgroup is characteristic, as Fz. 1.9, 4
shows.
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4. The group Q of rationals has no nontrivial characteristic subgroups. Indeed,
if0#£a€ H<Q,let bd H; then the automorphism given by multiplication
by b/a takes a € H tob & H.

5. The two previous examples are special cases of the fact that given a sub-
space W of a vector space V', two vectors 0 # v € W and v’ ¢ W, are part
of two bases B and B’, respectively, and therefore there exists an invertible
linear transformation of V', which in particular is an automorphism of the
additive group of V, taking B to B’ and v in v'.

6. In D,, the subgroup of rotations is characteristic: it is the unique cyclic
subgroup of order n of D,,.

Exercises

43. Prove that in an abelian group of odd order the mapping sending every element
to its square is an automorphism (see ez. 37).

44. Prove that the set of elements of a group left fixed by an automorphism is a
subgroup.

45. Prove that in the group GL(n, K), the mapping o : M — (M™')" (inverse
transpose) is an automorphism. The subgroup of the fixed elements consists of the
orthogonal matrices (M* = M~1).

46. Prove the only automorphism of the rational field is the identity.

47. Prove that the only automorphism of the real field is the identity. [Hint: ¢ pre-
serves squares, (%) = ¢(t)?, and therefore preserves order: if r < s, then s —r > 0
and therefore is a square, s—r = ¢, so that p(s—1) = p(s) —@(r) = @(t*) = p(t)? >
0. Hence ¢(s) — ¢(r) is positive, that is, ¢(r) < ¢(s). The set of elements fixed by
¢ is a subfield, hence it contains Q; therefore ¢(¢q) = ¢ for all rational numbers g.
If o(r) # r, and q is a rational number between r and ¢(r), then since p(q) = g we
have ¢(r) < ¢(q) = g, so ¢ inverts the order between r and ¢.]

Remark 1.9. Unlike the reals, the complex field C has infinite automorphism. One
of them is well known, and is conjugation; besides the identity, it is the only one fix-
ing the reals elementwise. Moreover, every automorphism of a subfield of C extends
to one of C.

11 Cf. the paper by Yale P.B.: Automorphisms of the complex numbers. Math. Mag-
azine 39 (1966), 135-141.
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Normal Subgroups, Conjugation and
Isomorphism Theorems

2.1 Product of Subgroups

Definition 2.1. Let H and K be two subsets of a group G. The product of
H by K is the set HK = {hk, h € H,k € K}.

This product is associative because such is the product of the group, but
not necessarily commutative (commutativity means that given an element
hk € HK,h € H,k € K there exist elements ¥’ € K,h' € H such that
hk = K'h’). For example, in the group S®, the product of the subgroups H =
{I,(1,2)(3)} and K = {I1,(2,3)(1)} is HK = {I,(1,2)(3),(2,3)(1),(1,3,2)},
while KH = {I,(1,2)(3),(2,3)(1),(1,2,3)}. This also shows that the product
of two subgroups is not necessarily a subgroup (HK does not contain the
inverse (1,2,3) of (1,3,2)). The next theorem gives a necessary and sufficient
condition for the product of two subgroups to be a subgroup.

Theorem 2.1. The product of two subgroups is a subgroup if, and only if, the
two subgroups commute.

Proof. Let H and K be two subgroups of a group. If HK is a subgroup, since
K,H C HK the products kh belong to HK, for all k € K and h € H. Hence
KH C HK. As to the other inclusion, if z € HK then 2! € HK, so that
2! = hk, some h and k. Thus = k~'h~! € KH, and therefore HK C KH.

Conversely, let HK = KH. Then 1 € HK, and if z € HK then x = hk,
and 27! = k~'h~! € KH = HK. Finally, if x = hk and y = h1k; then xy =
hkhiky = h(khy)ky = h(h) K" k1 = (hh))(K'k1) € HK. O

Theorem 2.2. Let H and K be two subgroups of a finite group G. Then the
number of cosets of H contained in HK equals the number of cosets of HNK
contained in K:

[HK : H] = [K : HN K].

Machi A.: Groups. An Introduction to Ideas and Methods of the Theory of Groups.
DOI10.1007/978-88-470-2421-2 2, © Springer-Verlag Italia 2012
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In particular, if HK is finite,

|H||K]

|[HN K|

Proof. Let g € HK, and let Hg be a coset of H. Then g = hk,h € H,k € K,
so that Hg = Hhk = Hk, and we associate Hg with the coset (HNK)k in K.

If g = hik; is another expression of g, then (H N K)k; = (H N K)k because
hiky = hk implies ky = hy 'hk, and hy'h = k;'k € HN K. &

|HK| = (2.1)

From this theorem we see that the cardinality of the intersection H N K
tells us how many times an element is repeated in the product H K, that is,
the number of ways in which an element of H K may be expressed as a product
of an element of H and one of K. In other words, all expressions of g = hk
are obtained as (hz)(z~'k) where x is any element of H N K.

Equality (2.1) reminds of lem(a,b) = a - b/ged(a, b).

Corollary 2.1. If H and K are subgroups of a finite group G of coprime
indices, then

G=HK and [G:HNK]=[G:H]|G:K].

More generally, if H;, i = 1,2,...,n, are subgroups of coprime indices, then
n
G H] =[G H.
i=1

Proof. We have |G : H|[H : HN K] = [G : K|[K : HN K] because they are
both equal to [G : H N K| (Theorem 1.18). [G : K] is coprime to [G : H], so
it divides [H : H N K], and in particular [G : K] < [H : HN K]. Tt follows

HIK| _|H)
|[HNK| |HNK
so that G = HK. From the proof of Theorem 1.19 we have [G : H N K] <
[G : H]|G : K]; by what we have seen above, both factors divide the left hand

side, and since they are coprime, their product also divides it. The general
case follows by induction. O

|HK| = ‘IKIZ[GrK]IK|=IGI7

2.2 Normal Subgroups and Quotient Groups

In this section we introduce one of the most important notions of the theory,
that of a normal subgroup.

We begin by asking the following question: when is the product of two
(right) cosets of a subgroup again a coset? (Note that a coset Ha is the prod-
uct of H and the singleton {a}.) A product

Ha- Hb = {hya - hob; hy,he € H}
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contains the coset Hab (obtained for hy = 1); therefore, if it has to be a coset
it will necessarily be Hab. Thus, the question becomes: find conditions under
which

Ha - Hb= Hab, (2.2)

for all a,b € G. It remains to prove the inclusion
Ha - Hb C Hab. (2.3)

If (2.3) holds for all hy, he € H, there exists hy € H such that hja-hob = hzab,
i.e. ahg = hy'hza = h'a. Therefore, a necessary condition for (2.3) to hold is
that, given h € H, there exists h’ € H such that

ah = h'a. (2.4)
But condition (2.4) is also sufficient. Indeed, it implies
hla . hgb = hl (ahg)b = hl(héa)b = hlhé -ab = hab

ie. (2.3).
Condition (2.4) may also be expressed as follows: for all a € G,

aH = Ha (2.5)
i.e., left and right cosets of H coincide, or as
a‘ha € H, (2.6)

for a € G and h € H, that is a 'Ha = H.
Condition (2.4) is equivalent to the following: for z,y € G,

xy € H=yxr € H; (2.7)

that is, if H contains the product of two elements of G in a given order then it
also contains the product of the two elements in the reverse order. Indeed, by
(2.4), with a = 27! and h = xy we have 71 (zy) = h'z~, that is y = /a1,
ie. yr = h' € H. Conversely, if (2.7) holds, consider a € G, h € H and the
element aha™!. With ha™! = z and a = y we have 2y = ha™!-a = h € H.
By assumption, yx = b/ € H; but yr = aha™!, so aha™! = k', i.e. (2.4).

The fact that the equivalent conditions (2.4) and (2.7) hold has the fol-
lowing noteworthy consequence: the set of cosets of H is a group under oper-
ation (2.2). Indeed,

i) associative law:
Ha-(Hb-Hc) = Ha - (Hbc) = Ha(be),
(Ha- Hb)- Hc = H(ab) - Hc = H(ab)c,

and by the associative law of G the two products are equal;
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i1) identity element. It is the coset H:
Ha-H=Ha-Hl=H(a-1)=Ha
and similarly for H - Ha;

iii) inverse. The inverse (Ha)~! of coset Ha is the coset to which the inverse
of a belongs:

Ha -Ha '=Haa ' =Hl=H,
and similarly for Ha~! - Ha.

Definition 2.2. A subgroup H of a group G satisfying one of the equivalent
conditions (2.2)—(2.7) is said to be a normal subgroup. We write H <G (H <G
if H is proper). The group whose elements are the cosets of H under operation
(2.2) is the quotient group or factor group of G w.r.t. H and is denoted G/H*.

If H is a not necessarily normal subgroup of G, and K is a subgroup of G
containing H, it may happen that (2.5) only holds for the elements a of K.
In this case, H is a normal subgroup of the group K, H < K.

Examples 2.1. 1.In an abelian group, every subgroup is normal: (2.4) holds
with ' = h.

2. In any group, a subgroup of index 2 is normal. Indeed, for a € H, G =
HUHa and G = H UaH, disjoint unions. Thus aH = Ha because they are
both equal to G\ H.

3. In the quaternion group Q every subgroup is normal. Indeed, the three
cyclic subgroups of order 4 are normal (index 2), and the subgroup N =
{1, -1} is normal because it consists of elements commuting with all the oth-
ers, so that (2.4) holds. Here we have an example of a nonabelian group in
which all subgroups are normal; such a group is called hamiltonian

The quotient Q/N is a group of order 4, and therefore is either Cy4 or the
Klein group V. But the square of the six elements of order 4 is —1, and the
square of —1 is 1: the square of every element belongs to N, and this means
that every element of the quotient has order 2 ((Ng)? = Ng? = N). Thus

The subgroups of Q are all cyclic, and G/N is a Klein group. This shows
that if N <@, the group G need not contain a subgroup isomorphic to G/N.
(This is true for abelian groups; see Theorem 4.20.)

4. In the dihedral group Dy, the three subgroups of order 4 are normal (in-
dex 2), they contain the eight elements of the group, and intersect in the

1 Obviously, a group structure may be given to the set of cosets of H even if H is
not normal (a group structure can be given to any set). However, in this case,
the group operation cannot be that of (2.2). In other words, (2.2) is a group op-
eration if, and only if, H is a normal subgroup, and only in this case one speaks
of a quotient group.
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2 commutes with

subgroup N = {1,72}. The three subgroups being abelian, r
all the elements of the group. Thus (2.4) holds, and N < G.
The square of the two elements of order 4 is r2, the other elements have
order 2. Thus, the square of every element belongs to N, so that G/N ~ V.
No other subgroup of order 2 is normal. For example, if H = {1, d}, where
d is a diagonal symmetry, then r=*Hr = {1,d’'} # H, where d’ is the other

diagonal symmetry.

5. In the dihedral group D,, the subgroup of rotations is normal. Indeed (see
Er. 1.3, 6) arfa = r=% r=rkrh = vk and therefore (recall that a=! = a):
(ar™)~1r*(ar™) = v~ (arka)r = r=heFph = p=F

and (2.6) holds. This can also be seen by the fact that subgroup of rotations
is of index 2.

6. In the group S3, the subgroup of order 3 is normal (index 2). No subgroup
of order 2 is normal. For example, for H = {I,(1,2)(3)} and a = (1,2, 3) we
have

Ha =1{(1,2,3),(1,3)(2)} #{(1,2,3),(2,3)(1)} = aH.

7. The group Z,, of residue classes modulo n with the operation of addition
modulo n is the quotient group Z/nZ (see Ez. 1.1, 5).

8. The group SL(n,K) of matrices over a field K with determinant
1 is a normal subgroup of GL(n,K) (see Fz. 1.3, 2). Indeed, if A €
SL(n,K) and if B is any matrix of GL(n, K), then det(B~!AB)= det(B)~!
det(A)det(B)=det(A)=1, so that B~*AB € SL(n, K). Note that two matri-
ces belong to the same coset of SL(n, K) if, and only if, they have the same
determinant, and since every non zero element of K is the determinant of a
matrix of GL(n, K) we have GL(n, K)/SL(n, K) ~ K*.

The above argument also shows that the matrices whose determinant be-
longs to a subfield of K form a normal subgroup of GL(n, K).

9. A normal subgroup H commutes with every subgroup K. Indeed, if H <G
then ah = h'a, for all a € G. In particular, for k € K, we have kh = h'k and
therefore KH = HK. Due to the normality of H, the condition kh = h'k’
is obtained here with k' = k. Therefore, by Theorem 2.1, the product of a
normal subgroup by any other subgroup is again a subgroup.

10. The product of two normal subgroups is normal. If hk € HK, with H, K<
G, then z7'hkx = = haaz~'kx = (27 hz)(z~'kx) € HK. The product of
any finite number of normal subgroups is normal (same proof).

11. The intersection of two normal subgroups is normal. If z € H N K, with
H,K <G, then a '2za € H, since H <G, and a 'za € K, because K < G.
Hence ¢~ 'za € HN K. The intersection of any number of normal subgroups
is normal (same proof).
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12. From H <K and K <G it does not necessarily follow that H <G (normal-
ity is not transitive)?. For instance, in the group Dy, the subgroup H = {I,a}
is not normal (cf. Ez. 6); it is normal in one of the two Klein groups V because
these are abelian, and V < G.

13. The image of a normal subgroup unlder anlautomorphism of the group is
again normal. Indeed, a"'H% = (a=% Ha® )* = H®.

In spite of its simplicity, the next theorem is very important.

Theorem 2.3. Two normal subgroups with trivial intersection commute ele-
mentwise.

Proof. H being normal, hk = kh'; K being normal, kh' = h'k’. Therefore,
hk = h'K'. On the other hand, by Theorem 2.2 |H N K| = 1 implies that the
expression of a product of an element of H and one of K is unique. Thus
h="h' (and k = k'), i.e. hk = kh. This result may also be proved by consider-
ing the element h=tk~'hk. If we read it as h=!(k~1hk), then it is a product
of two elements of H because, by the normality of H, k~'hk € H; if we read
it as (h=*k~1h)k) it is the product of two elements of K, by normality of K.
Hence h='k~'hk =1, and hk = kh3. &

In the quaternion group, the subgroups H = (i) and K = (j) are normal,
and therefore commute, but not elementwise. Indeed, ij = k and ji = —k.
We have |[H N K| = 2, and therefore the assumption |H N K| = 1 cannot be
removed.

Theorem 2.4. A finite group G having at most one subgroup for each divisor
of its order is cyclic (and therefore it has one and only one such subgroup).

Proof. Let us show that an element x of maximal order generates the whole
group. Let y € G; then o(y)|o(z). Indeed, if o(y) does not divide o(z), for
some prime p we have o(z) = p¥s and o(y) = p/r, with h > k, and r and
s coprime to p. Let 1 = xpk, y1 = y"; then o(z1) = s, o(y;) = p”, and
(o(x1),0(y1)) = 1. But (z1) and (y;) are normal subgroups: for all a, a~'z1a
has the same order as z; (Theorem 1.9, vi7)), and therefore they generate
subgroups of the same order; by uniqueness, the two subgroups are the same,
so that a'zja = 2%, hence z1a = ax*, i.e. (2.4); similarly for (y;). By The-
orem 2.3 the two subgroups (z1) and (y;) commute elementwise. It follows
o(z1y1) = o(z1)o(y1) = pls > pks = o(x), contrary to the maximality of o(x).
Hence o(y)|o(z); () being cyclic, it contains a subgroup of order o(y). The
latter being unique, it is necessarily the subgroup (y); thus y € (z)%. &

2 Tt does follow H < G if H is characteristic in K (cf. the observation before The-
orem 2.25), or if K is a direct factor of G (Remark 2.3, 1).

3 The element h ™'k~ 'hk is the commutator of h and k (see Section 2.9).

4 One may say that, in this case, uniqueness implies existence.
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Corollary 2.2. A finite subgroup of the multiplicative group of a field is cyclic.

Proof. In a field K, the multiplicative group K™ has at most one subgroup of
order m, for all m. Indeed, if H is a subgroup of order m, then A™ = 1 for
all h € H, and therefore h is a root of the polynomial 2 — 1 which has at
most m roots in K. Hence there cannot exist in K* more than one subgroup
of order m. In particular, the multiplicative group of a finite field is cyclic.

The next theorem shows the relationship between the subgroups of a quo-
tient group and those of the group.

Theorem 2.5. There exists a one-to-one correspondence between the sub-
groups of a quotient group G/N and the subgroups of G that contain N. In
this correspondence, normality and indices are preserved, i.e. H/IN QG/N if,
and only if, H< G, and if N < K < H then [H : K] = [H/N : K/N].

Proof. Let S = {N, Na, Nb, ...} be a subgroup of G/N, and consider
K=NUNaUNbHU....

K is a subgroup of G: if za,yb € K, then za - yb = xy'ab = zab with z € N,
and therefore K is closed with respect to the product. Moreover, 1 € N so
that 1 € K. Finally, if za € K, then za € Na € S and (za)™' = a7 l27! =
z1a~! € Na~!; but Na=! € S because Na € S and S is a subgroup.

Thus, S consists of the cosets of N to which the elements of K belong,
and since N C K, we have S = K/N. In this way, the subgroup S of G/N
determines a subgroup of G containing N, i.e. the subgroup K.

Conversely, if K is a subgroup of G containing N, then the cosets of N
containing the elements of K form a group: NkiNky = Nkiko, and kiks €
K implies Nkiky € K/N. Moreover N € K/N, and if Nk € K/N then
(Nk)™' = Nk=! € K/N. It follows K/N < G/N. Note that for K = N, we
have N/N = {N}, the identity of G/N.

As for normality, let S = K/N < G/N; we show that K < G. Indeed, let
k € K, x € G, and consider the element z~'kz. We have:

Nz 'kr = N2 'NkNz = (Nz) ' NkNz = NK

for a certain ¥’ € K by normality of K/N. Then 2~ 'kxk'~! € N C K, and
therefore 7 'kz € K. In other words, if K/N is normal in G/N then K is
normal in G. Conversely, if K O N and K <G, then

(Nz)"*NkNz = Nz~ 'kx = Nk € K/N

for all k € K and z € G, i.e. K/N <G/N.
Finally, if N < K < H the correspondence Kh — (K/N)Nh is well
defined:
Kh = Kkh — (K/N)Nkh = (K/N)Nh

because Nkh and Nh differ by an element of K/N:
Nkh(Nh)™' = Nkhh™! = Nk.
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It is injective:
(K/N)Nh = (K/N)NK = Nhh'~!' = NhNh'~! € K/N
and therefore hh/~! € K and Kh' = Kh. It is obvious that it is surjective. <

If H is a subgroup of G not containing N, and S is the set of cosets of N
to which the elements of H belong:

S ={N,Nhy,Nhy,...},

then, by what we have seen in the proof of the preceding theorem, S is a
subgroup of G/N, and the subgroup of G containing N that corresponds to
it is K = NH (from Ez. 2.1, 9 we know that NH is a subgroup). Hence
S=NH/N.

If N <G, the mapping:
p:G— G/N, (2.8)

obtained by associating with an element of G the coset modulo N to which it
belongs is such that p(ab) = Nab = NaNb = p(a)p(b).
More generally:

Definition 2.3. Let G and G be two groups. A homomorphism between G
and G is a mapping ¢ : G — G7 such that, for a,b € G,

p(ab) = p(a)p(b). (2.9)

If Gy = G, ¢ is an endomorphism. The set of endomorphisms of G is de-
noted End(G). If ¢ is surjective we say that G1 is homomorphic to G. If
© is both surjective and injective, then (Definition 1.4) G; is isomorphic to
G. We recover the notion of an isomorphism as a special case of that of a
homomorphism.

The mapping (2.8) is a homomorphism, called the canonical homomor-
phism.

If ¢ is a homomorphism, ¢(1) = 1, as follows by taking a = b =1 in (2.9);
moreover, p(a~t) = p(a)~! (take b=a1).

Let K be the set of elements of G whose image is the identity element of
Gi1, K ={a € G| ¢(a) =1}. Then K is a subgroup of G. Indeed,
i) (1) =1, so that 1 € K;
i1) if a € K, then p(a™!) = p(a)~! = 1, and therefore a=! € K;
1) if a,b € K then p(ab) = ¢(a)p(b) =1-1=1, and thus ab € K.

Moreover, K is a normal subgroup of G: if k € K, then ¢(z~'kz) =
pla™He(k)e(z) = p(z) " to(z) = L.
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Definition 2.4. If ¢ : G — G, is a homomorphism, the set of elements of G
whose image is the identity element of Gy is the kernel of ¢, and is denoted
by ker(p). As we have seen, ker(y) is a normal subgroup of G.

If p : G — G is a homomorphism, and two elements of G have the
same image under ¢, p(a) = @(b), then ¢(a)p(b)™! = 1 = p(ab™ 1), i.e.
ab~! € ker(yp), so that a and b belong to the same coset of ker(y). Conversely,
if a and b belong to the same coset of ker(y), then ab=! € ker(y). Hence,
two elements of G have the same image under ¢ if, and only if, they belong
to the same coset of the kernel of ¢. In other words, the equivalence relation
“apb if p(a) = (b)” coincides with the relation “apb if ab~! € ker(p)”, and
its classes are the cosets of ker(yp). The mapping ¢(a) — Ka between the
elements of the image of ¢ and the elements of the quotient group G/K, K =
ker(yp), is therefore one-to-one. Moreover, this mapping is a homomorphism,
because if ¢(a) — Ka, ¢(b) — Kb then p(a)p(b) = p(ab) — Kab = KaKb.
By denoting I'm(y) the image of ¢ we have:

Theorem 2.6 (First isomorphism theorem®). If G and G, are groups
and ¢ : G — G is a homomorphism, then:

Im(p) ~ G/ker(p).

Hence, every homomorphism G — Gy factors through a surjective homomor-
phism, G — G/ker(p), and an injective one G /ker(p) — Im(p) C G;.

Corollary 2.3. Up to isomorphisms, the only groups homomorphic to a group
G are the quotient groups G/N, where N is a normal subgroup of G.

Proof. If G is homomorphic to G under ¢, then G; = Im(p); by the pre-
ceding theorem, Gi ~ G/N, where N = ker(y). Conversely, if N < G, we
already know that the group G/N is homomorphic to G (under the canonical
homomorphism). O

A normal subgroup may be the kernel of many homomorphisms (the im-
ages will however be all isomorphic). For example, the identity subgroup is
the kernel of all the automorphisms.

The image of a subgroup under a homomorphism ¢ is again a subgroup.
Indeed, if H is a subgroup, then ¢(hy)p(ha) = ¢(h1ha) € (H), and similarly
for the identity and the inverse. In the canonical homomorphism ¢ : G — G/N
we know (Theorem 2.5) that the image of a subgroup H of G is NH/N.

Theorem 2.7 (Second isomorphism theorem). Let H < G and N <G.
Then:

i) HNN<H;
i) NH/N ~H/HNN.

5 Also known as the “fundamental theorem of homomorphisms”.



48 2 Normal Subgroups, Conjugation and Isomorphism Theorems

Proof. NH is a subgroup because N is normal. Consider the canonical homo-
morphism of the group NH, ¢ : NH — NH/N. The image of the subgroup
H of NH is NH/N, and therefore the restriction of ¢ to H is surjective,
¢lg : H — NH/N. Obviously, ¢|g is again a homomorphism. Its kernel
consists of the elements of H that belong to the coset N of N in NH, and
therefore the kernel of ¢|p consists of the elements of HNN. HNN being the
kernel of a homomorphism, it is normal, and 4) follows. Theorem 2.6 applied
to the restriction ¢|g gives ). &

Theorem 2.8 (Third isomorphism theorem). Let H and K be two nor-
mal subgroups of a group G with K C H. Then:

i) H/K<G/K;
i) (G/K)/(H/K)~ G/H.

Proof. i) has already be seen (Theorem 2.5), but we recover it here by show-
ing that H/K is the kernel of a homomorphism. The mapping G/K — G/H
given by Ka — Ha is well defined: if Ka = Kb, then a = kb, some k € K, and
therefore Ha = Hkb = Hb since k € K C H. This mapping is a homomor-
phism because Ka-Kb= Kab — Hab = Ha- Hb, and is obviously surjective.
The kernel consists of the cosets Ka such that a € H, and therefore is H/K,
and we have 7). i7) follows from Theorem 2.6. $

Theorem 2.9. If ¢ is a homomorphism of a group G, and a is an element of
G of finite order, then the order of ¢(a) divides the order of a.

Proof. Let o(a) = n. Then ¢(a)™ = p(a™) = ¢(1) = 1, and therefore o(p(a))
divides o(a). o

Corollary 2.4. If G is a finite group, and N <G, the order of a coset of N,
as an element of the quotient group G/N, divides the order of every element
belonging to the coset.

Proof. This is the preceding theorem with ¢ the canonical homomorphism

G — G/N. ¢

It may happen that the order of a coset properly divides that of every
elements it contains. For example, in the quaternion group let N = (i); then
G/N = {N,Nj}, and the coset Nj = {j,—j, k, —k} is an element of order 2
while its elements have order 4.

Remark 2.1. Instead of the induction principle, it is sometimes useful to make use
of the equivalent least integer principle. This applies as follows. Let C be a class of
finite groups defined by some property (e.g. being abelian, cyclic, of order having
a certain arithmetic nature, etc.) and let 7" be a theorem about the groups of C. If
T is false, there exists at least one group of C for which T is false; this group will
have a certain order n. Hence, the set I of integers that are orders of groups of C for
which the theorem T is false is nonempty. These orders being positive integers, by
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the least integer principle the set I contains a least integer m. This m is the order
of a group G of C; the group G is a minimal counterexample to the theorem. Hence,
for all groups of C of order less than |G| theorem T is true, and if we can prove that
this implies that T is true for G we find the contradiction

“T false for G = “T true for G”. (2.10)

Thus, such a group G, and therefore the integer m, cannot exist, and the set I is
empty. Hence T is true for all groups of the class C.

Examples 2.2. 1. Let us prove Cauchy’s theorem for abelian groups (Theo-
rem 1.21) using the technique seen in the previous remark. The class C is now
the class of finite abelian groups whose order is divisible by a given prime p,
and theorem T now states that a group belonging to C contains an element (a
subgroup) of order p. Let G be a minimal counterexample, and let 1 # a € G.
If o(a) = kp, then o(a*) = p, and (2.10) holds. If p { o(a), let H = {a).
Then H < G because G is abelian, p||G/H| and therefore G/H € C, and
|G/H| < |G|. Hence, T is true for G/H, i.e. there exists in G/H an element
Ha of order p. But the order of a coset divides the order of every element it
contains (Corollary 2.4), so that o(a) = kp, and we are in the previous case.
In any case, the existence of a minimal counterexample G leads to a contra-
diction. It follows that such a group G does not exist, hence T is true for all
groups of the class C.

2. As a further example of this technique let us prove that the converse of
Lagrange’s theorem holds for the class C of finite abelian groups. Let G be
a minimal counterexample, and let m||G|. If m = p, a prime, just apply the
previous example. If m is not a prime, and p is a prime dividing m, let H be
a subgroup of order p. We have G/H € C, |G/H| < |G| and "} ||G/H], so that
there exists in G/H a subgroup K/H of order ''. But ' = |K/H| = |K|/|H|
implies | K| = m, and we have the contradiction.

Exercises

1. A subset H of a group G is a subgroup of G if, and only if, the inclusion H — G
is a homomorphism.

2. i) Operation (2.2) is well defined if, and only if, H is normal.
1) If H <G, (2.2) is the unique operation on the set of cosets of H for which the
projection G — G/H is a homomorphism.

3. If G is finite, the only homomorphism of G to the integers is the trivial one
sending the whole G to zero.

4. In a finite group, a normal subgroup of order coprime to the index is unique of
its order.

5. If p > 2 is prime, the subgroup of rotations is the unique normal subgroup of D,,.
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6. If G is a finite cyclic group, and p is a prime dividing |G|, then G contains |G|/p
elements that are p-th powers. [Hint: the mapping x — z® is a homomorphism;
consider the kernel.]

7. If G is finite and H is a subgroup of index 2, then H contains all the elements of
odd order of G. [Hint: **~' = 1 implies z = (z?)* ]

8. If a group has two normal subgroups of index p, p a prime, with trivial intersec-
tion, then it is a non cyclic group of order pZ.

9.1f AB<G, H<G, HC AN B and (A/H)(B/H) < G/H, then AB < G and
(A/H)(B/H) = AB/H.

2.3 Conjugation

If a and b are two elements of a group G we have seen in Theorem 1.9, vi)
that the elements ab and ba, although distinct in general, have the same order.
Note that ba can be obtained from ab as follows:

ba = a~*(ab)a. (2.11)

Definition 2.5. Two elements x and y of a group G are said to be conjugate
if there exists g € G such that y = g~ 'zg. We will then say that y is conjugate
to x by g. The relation:

x ~y if there exists ¢ € G such that y = g~ 'zg

is an equivalence relation. Indeed, x ~ x by 1 (or by any element commuting
with z); if # ~ y by g, then y ~ 2 by g™, and finally, if x ~ y by g, and y ~
t by s, then x ~ t by gs. We will also use the notation z9 to mean g~ 'zg.
Definition 2.6. The equivalence relation just defined on a group is called
conjugation. The classes of this equivalence are the conjugacy classes . Two
elements are said to be conjugate if they belong to the same class. An element
is self-conjugate if it is conjugate only itself. The conjugacy class to which x
belongs is denoted cl(z).

Equality (2.11) then says that the elements ab and ba are conjugate. The
next theorem shows that (2.11) expresses the only way in which two elements
of a group can be conjugate.

Theorem 2.10. Two elements © and y of a group G are conjugate if, and
only if, there exist two elements a and b such that:

x =ab and y = ba.
Proof. The condition is sufficient by (2.11). As to necessity, let y = g lzg;
setting g = a and g~ 'x = b yields the result. &
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Conditions (2.6) and (2.7) now say that a subgroup is normal if, and only
if, together with an element it contains all its conjugates. Hence, a subgroup
is normal if, and only if, it is a union of conjugacy classes.

From Theorem 1.9, vi) and vii) we have:

Corollary 2.5. Two conjugate elements have the same order.

Corollary 2.6. A group is abelian if, and only if, the conjugacy classes all
consist of a single element.

We now ask ourselves the following question: how many elements are there
in the conjugacy class of an element z? In order to know how many distinct
elements belong cl(x) we must be able to tell when two elements g and ¢y
give rise to the same conjugate of x, g~ lzg = gl_lasgl. This happens if, and
only if, the element gg; ! commutes with z.

Definition 2.7. The centralizer in G of an element = € G is the subgroup of
the elements of G commuting with a:

Co(z) ={g9 € G| gx = xg}.

If y € Ce(x) we may say that y centralizes x. The centralizer allows us to
answer the above question. This is the content of the following theorem.

Theorem 2.11. If x is an element of a group G, then
|cl(z)| = [G : Cg(x)], (2.12)
In particular, if G if finite, |cl(z)| divides |G]|.

Now fix an element g of G, and consider the mapping v, : G — G that
sends an element x € G to its conjugate by g:

Yy 1T — g g, (2.13)

7, is injective (if g~'zg = g~'yg then z = y) and surjective (z € G comes
from gzg~1!); moreover,

Yo(zy) = g7 'ayg = 97 2g - g7 yg = v4(2)74(y),

so that -y, preserves the group operation. It follows that 7, is an automor-
phism.

Definition 2.8. The automorphism ~, of the group G given by (2.13) is called
the inner automorphism induced by the element g of G.

The identity automorphism is inner (induced by g = 1). The inverse au-
tomorphism 79_1 is induced by g~ 'yg_l = 74-1, and the product g7, is
induced by the product ggi. Thus, the inner automorphisms of a group G
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form a subgroup of Aut(G); it is denoted I(G). From (2.6) we have yet an-
other definition of a normal subgroup: a subgroup is mormal if, and only if,
it goes into itself under an inner automorphism (it is invariant under inner
automorphisms). Indeed, if g~'hg € H, all h and g, i.e. g"*Hg C H all g, we
also have, with ¢g—' in place of g, that gHg~' C H. But from ¢ 'Hg C H
it follows, by multiplying by g, that H C gHg~!, from which the equality
gHg™!' = H follows, for all g, and g"'Hg = H. (If G is infinite, it may
happen that g"'Hg C H and g~ Hg # H (see Ex. 4.1, 4).)

Clearly, if a group G is abelian the only inner automorphism is the iden-
tity, I(G) = {I}, and conversely. In a nonabelian group there always exist
nonidentity inner automorphisms: if x and y are such that zy # yx, then the
automorphism , is not the identity because it sends y to z~1yz # y.

If C is a conjugacy class of a group G, and « € Aut(G), then C¢, i.e. the
set of images of the elements of C' under «, is again a conjugacy class of G,
since if z and y are conjugate by g, then z® and y® are conjugate by g%. If «
is inner, then by definition C* = C9.

The subgroup I(G) is normal in Aut(G): if & € Aut(G) we have,

2 = (@))% = (972 ) = (g7 ") g = (9) g,
(we denote z® the image of x under «), and therefore by conjugating the
inner automorphism induced by g by a € Aut(G), one obtains the inner
automorphism induced by the image of g under a.

Definition 2.9. The quotient group Aut(G)/I(G) is called the group of outer
automorphisms of G. It is denoted Out(G).

Two elements g and g; of G may induce the same inner automorphism:
g eg =gy twg, VoG, (2.14)

this happens if, and only if, ggflx = czcggfl7 for all x € G. In other words,
Yg = 7Yg, if, and only if, ggl_1 commutes with all the elements of G.
Next, consider the set Z(G) of elements x € G that commute with every
element of G:
Z(G)={z € G|ay=yx, Vy<G}.

It is clear that 1 € Z(G). If 2y = yx, then 7'y = yx~!, and therefore if = €
Z(G) then 27! € Z(@G), and finally if x1, 72 € Z(G), then

(5811‘2)21 = 561(2021/) = fﬂl(y$2) = (£U1y)332 = (yﬂh)xz = y(xle)a

and the product x;x5 also belongs to Z(G). Therefore, Z(G) is a subgroup of
G. It equals G if, and only if, G is abelian.

5 But there can be automorphisms fixing all conjugacy classes that are not inner
(see Huppert, p. 22).
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Definition 2.10. The subgroup Z(G) just defined is the center of G7.

The following theorem is immediate.
Theorem 2.12. i) The center of a group is the intersection of the centralizers
of all the elements of the group;
1) an element belongs to the center if, and only if, its centralizer is the whole

group.

Obviously, Z(G) is abelian and normal (and so are its subgroups). Its
elements are self-conjugate. Moreover, if € Z(G) and « € Aut(G), then

Y = (zy)* = (yz)* =y 2"
for all y € G, and therefore @ commutes with all the images under « of the
elements of G, and so with all the elements of G (« is a bijection), i.e. ® €
Z(G). Hence, the center is a characteristic subgroup.
The above discussion may be summarized as follows:

Theorem 2.13. i) Two elements of a group G induce the same inner auto-
morphism if, and only if, they belong to the same coset of Z(G).
1) I(G) =~ G/Z(Q).

Proof. i) has been seen above. As for i), the mapping G — I(G) given by
g — Y4 is surjective, and the kernel is precisely the center. &

A group is a disjoint union of conjugacy classes; therefore if it is finite,
Gl = lel(x,)], (2.15)
i

where x; is a representative of the i-th class. The union of the one-element
classes is the center of the group; thus, (2.15) may be written as

Gl =1Z(G)] +Zlcl(xi)|, (2.16)

where |cl(z;)| # 1. (2.16) is the class equation.
We now consider two applications of this equation. The first one is a prop-
erty of finite p-groups.

Theorem 2.14. The center of a finite p-group is nontrivial.

Proof. If |G| = p™, n > 0, then by Theorem 2.11 the order of a conjugacy class
is a power of p. Every summand in the summation of (2.16) is greater than 1,
and therefore is a nontrivial power of p. Hence, the sum is divisible by p, and
|G| being a power of p, |Z(G)| is divisible by p. In particular, Z(G) # {1}. &

7 Z is the initial of the German word Zentrum.
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Theorem 2.15. A group G of order p?, p a prime, is abelian.

Proof. By the preceding theorem, Z = Z(G) has order at least p, and therefore
(Lagrange) either |Z| = p or p?. In the first case, let z ¢ Z. Then Cg(x) con-
tains Z and x and therefore its order is greater than p. It follows |Cg(z)| = p?,
i.e. Cg(z) = G, and this means that every element of G commutes with «,
contrary to z & Z. Therefore, there are no elements outside the center, i.e.
Z = G and @ is abelian. Another way of obtaining this result is the following.
As above, let z ¢ Z, and let H = (z). Then HZ is a subgroup of G properly
containing Z, and therefore HZ = G. But this implies that G is abelian:
hz-h'2 =hh' -2z =h'h-2z2' = W2 - hz, contrary to z & Z. &

Examples 2.3. 1. Using Ez. 2.2, 1, let us prove Cauchy’s theorem for any
finite group G . We may assume G nonabelian, and let z ¢ Z(G). If p divides
|Cq(z)], since |Cq(z)| < |G| the theorem follows by induction. Therefore, we
may suppose that p does not divide the order of the centralizer of any ele-
ment « € Z(G), so that p divides the index of each of these subgroups. From
|cl(x)| = [G : Cg(x)], we have that p divides all the terms of the summation
of (2.16), and therefore divides the sum; since it divides |G|, it also divides
|Z(G)|. Z(G) being abelian, the result follows from Fz. 2.2, 1.

2. The converse of Lagrange’s theorem holds for p-groups; moreover, a p-group
contains a normal subgroup for each divisor of the order. Indeed, if |G| = p™,
n > 0, the divisors of |G| are the powers p’, i = 0,1,...,n. We know that
7Z = Z(QG) # {1}, and therefore, by Cauchy, there exists in Z a subgroup H
of order p. H is normal, and GG/ H has order p"~!. By induction it has normal
subgroups K;/H of order p, i = 0,1,...,n — 1. But then the K; are normal
in G and of order p'*!.

Lemma 2.1. Two involutions in finite group either they are conjugate, or
they both centralize some third involution.

Proof. Let x and y be two involutions; we distinguish two cases.
i) o(xy) = m, odd. Using xy = yz¥, the product zyxy---xy = 1, m times,
can be written as:

mm,—l mm,—Z

A TR Yty =1
m being odd and o(z) = 2, the latter becomes:
zyyy -ty =x(yyty -y ) y(Wty - yty) = 1

Setting a = yy®y---y® and b = y%y - - -4y we have a = b~!, from which
b lyb=2"! =gz, i.e. x and y are conjugate.

ii) o(xy) = 2k. Then o((zy)*) = 2 and
a ™ zy) e = (@7 aya)* = (yo)t = (y~ 7)Y = (ay) 7" = (ay)”,

i.e. o centralizes the involution (zy)*. Similarly for y. &
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Theorem 2.16 (Brauer). Let G be a finite group of even order in which not
all the involutions are conjugate. If m is the maximal order of the centralizer
of an involution, then |G| < m3.

Proof. Let y be an involution, C; = Cg(y), and let y = y1,y2, - . ., y¢ be the in-
volutions belonging to C;. If C; = Cg(y;), i = 1,2, ... ,t, for the set-theoretic
union of the C; we have

~+

t t
UGl <) (G -1)+ Z 1) +1=(m—-1)t+1
i=1 i=1 =1

=mt— (t —1) < mt,

and since ¢ < |C1| < m (Cy contains 1, which is not an involution),

t
| U Ci| <mt <m?
i=1
Let  be an involution such that |Cg(x)| = m, and let = z1,x2,...,2, be
the elements of G conjugate to x (all involutions!). Then [G : Cg(z)] = h
(2.12) and therefore |G| = mh. Hence, it is sufficient to show that h < m?.
If y is an involution not conjugate to x, by the previous lemma there exists
an involution z that centralizes = and y. Thus z € C4, and z is one of the yy
belonging to C;. But z € Cg(z) = Cg(yx), and therefore = € |J'_,C;, and
this holds for all the h involutions conjugate to z. It follows h < m?2, and the
theorem is proved. &

The hypothesis that the group has more than one conjugacy class of invo-
lutions is necessary in the above theorem. The dihedral group D,, p > 3 a
prime, has only one class of involutions and the centralizer of an involution
has order 2 (see ez. 21). The theorem would give 2p < 23.

Remark 2.2. It can be proved that there exist at most m?! finite simple groups
in which the centralizer of an involution has order m (Brauer and Fowler, 1955).
In particular, there exist only a finite number of finite simple group in which the
centralizer of an involution is isomorphic to a given finite group. Results of this type
fall within Brauer’s program for the classification of finite simple groups.

2.3.1 Conjugation in the Symmetric Group

A permutation of S™ is a product of disjoint cycles, and therefore a conjugate
of it by a permutation ¢ is the product of the conjugates of these cycles by
0. Conjugation of permutations thus reduces to conjugation of their cycles.

Theorem 2.17. Let ¢ = (1,2,...,k) be a cycle of S™, and let o € S™. Then:
(1,2,...,k)7 = (17,27,... k7).

In words: the conjugate of a cycle ¢ by a permutation o is the cycle in which
there appear the images under o of the digits of ¢ in the same order .
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Proof. Let ¢y = (19,27,...,k%), and let @ € ¢1, i = j7. We have:
7;17 C(TZ(jO')U CU:jCU:(j+1)U:(j0)C1:7;(31,

and therefore 0 ~'co and ¢; have the same value on the digits appearing in
c1.- fidep,ie i# 4% forall j, j=1,2,... k, then i¢* =1,

i.e. 0 lco and ¢; have the same value also on the digits that do not appear
in the cycle ¢;. %
Definition 2.11. Two permutations o, 7 € S™ are said to have the same cy-
cle structure ki, ka, ..., ky] if, whenever o splits into k; cycles of length i,
i=1,2,...,n, the same happens for 7.

We have:

1ok +2 kot +nkn=n

(obviously, some of the k; may be zero). From Theorem 2.17 we have that two
conjugate elements have the same cycle structure. Conversely:

Theorem 2.18. If two elements S™ have the same cycle structure then they
are conjugate.

Proof. Let

g = (7;17i27~-~7ir1)(j17j2a-~'7jr2) "'(k17k27"

7k’m)7
T = (plap27"'7prl)(qlaq27'"7q7“2)"'(t1,t2,'~ .

atrl)

The permutation 1 defined as follows:

)= i1 G2 oo gy 1 J2 e Gy K1 Ko o Ky
PLP2 - Pr QL G2 Gy ot 2 ooty )

which is obtained by writing one on top of the other the cycles of ¢ and 7 of
the same length, takes o to 7: " ton = 7. O

Example 2.4. In S,
o=(1,3)(2,4,5,7)(8,9)(6) and 7= (1,3)(4,6,5,8)(7,9)(2)

have the same cycle structure [1,2,0,1,0,0,0,0,0], and a permutation n that
conjugates them is, for instance,

p= | 1372A0TE86) (7 8)(2.4,6)(3,9)(5).

79:4658:13:2
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Since (1,3) = (3,1), (7,9) = (9,7) e (4,6,5,8) = (5,8,4,6), then

o= [ PPETO _(18)(2,5,4,8,9,7.6)

31:5846:2:97
also conjugates o and 7.

Theorem 2.19. The number of elements of S™ having a given cycle struc-
ture [k, ka, . .., k], and therefore the number of elements of a given conjugacy
class, is
n!
1k1 . 2k2 oo pkn oy kol k)

Proof. The digits 1,2,...,n may appear in all the n! possible ways to give a
product of k; disjoint i-cycles, ¢ = 1,2, ..., n. But given one of these products,
the resulting permutation is the same as that obtained by exchanging the k;
cycles in all possible ways, i.e. in k;! ways. Moreover, for each i-cycle there
are 1 ways of writing it; since there are k; cycles, there are i*: possible ways
of writing the i-cycles. Thus, for every i, the same permutation is obtained
i¥ times. The result follows. (Set 0! = 1). &

(2.17)

We now determine the conjugacy classes of S™. Recall that a partition of
a natural number n is a way of representing n as a sum of distinct natural
numbers n1 < no < ... < ni. A conjugacy class of S™ is determined by a
cycle structure [kq, ko, ..., ky]; conversely, given such a structure, the k; > 0
yield the multiplicity of the positive integers i in a partition of n. Hence, given
a partition of n in integers ¢ each with multiplicity k;, by considering all the
products of k; cycles of length i, we have, as ¢ varies, all the permutations
having cycle structure [kq,ks2,...,ky] (k; = 0 if j does not appear in the
partition). Consequently:

Theorem 2.20. The number of conjugacy classes of S™ equals the number of
partitions of n.

Example 2.5. Let us determine the conjugacy classes of S* and A*. There
being five partitions of 4, i.e.

A=14141+1,4=1+1+2,4=1+3,4=2+2, 4=4,

there are five classes. These partitions give five possible cycle structures: four
cycles of length 1; two cycles of length 1 and one of length 2; etc., so that the
five classes consist of the permutations:

Cr={DER)B)@)} = {1},

02 — { ) (1a3)’ (174)v (2a3)’ (274)v (354)}5

C3 =1{(1,2,3),(1,3,2),(1,2,4),(1,4,2),(1,3,4),(1,4,3),(2,3,4),(2,4,3) },
{1 )( 4),(1,3)(2,4),(1,4)(2,3)},
=1{(1,2,3,4),(1,4,3,2),(1,2,4,3),(1,3,4,2),(1,4,2,3),(1,3,2,4)}.

/\/\r\/\
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The union of C;,Cs and C, is a normal subgroup®. Class Cj splits into
two conjugacy classes of A* which are {(1,2,3),(1,3,4),(1,4,2),(2,4,3)} and
the squares (inverses) {(1,3,2),(1,4,3),(1,2,4),(2,3,4)}. The other two classes
of A% are C; and Cs.

Exercises

10. If a finite group only has two conjugacy classes, the order of the group is 2.
[Hint: use the class equation.]

11. If = a1az2 - - - an, the cyclic permutations of the a; are all conjugate to z. [Hint:
ab and ba are conjugate.]

12. Prove that if n > 3 the center of S™ is the identity.

13. Show that the center of D, has order 1 or 2 according to n being odd or even.
14. If y 'ay = 27! then y* € Cg(x). [Hint: conjugate twice by y.]

15. If o(z) = p, a prime, and y~*zy = z*, (p,k) = 1, then zy?~! = y? 'z, [Hint:
conjugate p — 1 times by y and apply Fermat’s little theorem.]

16. If H is the unique subgroup of order 2 in a group G, then H C Z(G). If G is
finite, then more generally if H is the unique subgroup of order p, where p is the
smallest divisor of the order of the group, then H C Z(G).

17. Prove that the following are equivalent:

1) (ab)™ = (ba)", for all a,b € G;

i) z" € Z(G) for all z € G.

18. If (ab)? = (ba)? for all a,b € G, then every element of G' commutes with all its
conjugates.

19. i) If the product of two elements belongs to the center, the two elements com-
mute;
i) an element x belongs to the center if, and only, if = ab = = = ba.

20. If H < G and if cl(h) N H = {h} for all h € H then H is abelian. [Hint:
x7 ha = h, for all z, h € H]

21. A dihedral group D,, p > 2 a prime, has only one conjugacy class of involutions,
and the centralizer of an involution has order 2.

22. It C and C’ are two conjugacy classes of a group then CC’ = C'C. [Hint: xy =
-1
Yy~ zy) ]

23. If the quotient group with respect to the center is cyclic, the group is abelian.

24. The group of integers cannot be the automorphism group of a group. The same
is true for a non trivial finite cyclic group of odd order.

25. A group that contains a non identity element which is a power of every other
non identity element (e.g. a cyclic 2-group or the quaternion group) cannot be the
group of inner automorphisms of a group.

8 It is the alternating group A* (see Section 2.8).
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26. Prove that all the automorphisms of S® are inner®.

27. In a finite p-group, a maximal subgroup is normal and has index p.

28. The center of a group is contained in all the maximal subgroup of composite
index. [Hint: if Z = Z(G) € M, then MZ = G} see the solution of the previous
exercise. ]

29. A conjugacy class of a subgroup of index 2 either is a conjugacy class of the
group, or it contains half of the elements of it.

30. If H is a subgroup of index 2 of a finite group G such that Cg(h) C H for all
h € H, prove that the elements of G\ H are involutions that are all conjugate.

31. (G.A. Miller) If a finite group admits an automorphism which inverts more
than 3/4 of the elements then it is abelian. [Hint: let o be the automorphism. If
G # Z(G), then since |Z(G)| < 1|G|, there exists z ¢ Z(G) such that z* = 27",
and since |G\ Ca(x)| > 3|G| there exists y € G \ Ca(z) such that y* =y~ '] Give
an example of a nonabelian group with an automorphism inverting exactly 3/4 of
the elements.

32. If a group has more than two elements, its automorphism group is nontrivial.

33. If the center of a group is the identity, then the center of its automorphism
group is also the identity.

34. In a group G, let p(a) be the number of elements whose square is a. Show that:

B Daec pla)® = Dacc p(a®);

i) >.eqp(a)’ =3, cqI(a), where I(a) is the set of elements x € G that invert a;

1i1) a conjugacy class is ambivalent if it contains the inverses of all its elements.
Show that Iév'l > acq Pla)’ = ¢(G), where ¢/(G) is the number of ambivalent
classes of G

tw) verify 7i) in the case of a group of odd order and the quaternion group.

2.4 Normalizers and Centralizers of Subgroups

If H < @, and 7, is an inner automorphism of GG, we denote H* the image of
H under 7v,, i.e. H®* = 2 'Hu.

Definition 2.12. The subgroup
H* =2 'Hr = {z 'hx, h € H}

is the comjugate subgroup to H by z. If H, K < G, and there exists x such
that H* = K, then H and K are said to be conjugate. We write H ~ K.

As in the case of elements, conjugacy is an equivalence relation, which is
defined in the set of subgroups of the group. The conjugacy class to which H
belongs is denoted cl(H).

9 This is true for all the groups S™, n # 2,6 (Theorem 3.29).
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Two isomorphic subgroups have the same order, but if the group is infinite
not the same index in general. For example, in Z the subgroups (2) and (3)
are isomorphic but are of index 2 and 3, respectively. However:

Theorem 2.21. Two conjugate subgroups have the same indez.

Proof. The correspondence
H*y — Hzxy

between the cosets of H* and those of H is well defined and injective:
H® =H"2 & 2 =x ‘hay & Hxz = Hza ‘hay = Hay.
It is also surjective: Hy is the image of H®z, z = 2~ ly. &

Iflcc and y give rise to the same conjugate of H, i.e. H* = HY, then
H® = H. We are led to the following definition.

Definition 2.13. The normalizer of a subgroup H in a group G is the subset
of G:
Ng(H)={zx€ G| H* = H}.

It is immediate that the normalizer of a subgroup H is a subgroup. It con-
sists of the elements = € G such that, given h € H, there exists h’ € H such
that zh = h'z. Hence it is the largest subgroup of G in which H is contained
as a normal subgroup. If z € Ng(H) we say that © normalizes H, or that
commutes with H. Since H < Ng(H), H is a normal subgroup of G if and
only if Ng(H) = G. If Ng(H) = H then H is self-normalizing.

Two elements x,y € G that give rise the same conjugate of H belong to
the same coset of the normalizer of H. Hence:

Theorem 2.22. If H < G,
lcl(H)| = [G : Ng(H)].

In particular, if the group is finite, the number of subgroups conjugate to a
given subgroup divides the order of the group.

The above discussion shows that the notion of the normalizer of a sub-
group corresponds to that of the centralizer of an element (cf. 2.12). Among
the elements of the normalizer of a subgroup H there are those that commute
with H elementwise.

Definition 2.14. The centralizer in G of a subgroup H is the set of elements
of G commuting with H elementwise:

Co(H)={r e G|zh=hz, Yhe H}.
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If H <G, and = € G, the inner automorphism of GG induced by x induces
an automorphism of H (not inner, if z ¢ H), given by:

az : h— 7 ha.

Define G — Aut(H) by  — «,. This mapping is a homomorphism. The
same argument shows that there is a homomorphism

¢ : Ng(H) — Aut(H).

The kernel of ¢ consists of the elements of Ng(H) that induce the identity
automorphism of H, i.e. that commute with H elementwise. In other words,

ker(yp) = Cq(H).
From the first isomorphism theorem it follows:

Theorem 2.23 (N/C theorem). Let H < G. Then:

i) Cq(H)<Ng(H). In particular, if H is normal in G, its centralizer is also
normal;

1) Ng(H)/Cg(H) is isomorphic to a subgroup of Aut(H).

This theorem may be used to obtain information about the way in which
a group H can be a subgroup of another group G. For example, let H = Cy;
then H can be contained as a normal subgroup in a group G only if commutes
elementwise with at least half of the elements of G. Indeed, since Aut(Cy) ~
Cy we have [Ng(Cy)/Cq(C4)| = |G/Cq(C4)| =1 or 2. If it equals 1, then
Ci(Cy) = G and therefore Co(Cy) C Z(G); if it equals 2, then Cg(Cy)
contains half the elements of G. Other examples are C3 and Z.

We have seen in the Fz. 2.1, 12 that, in general, normality is not transi-
tive. However, if H is not only normal, but also characteristic in K and K
is normal in G, then H is normal in G. Indeed, for all g € G the mapping
k — g~'kg is an automorphism of K fixing H: H = g~ 'Hg, so that H < G.

Theorem 2.24. Let H < G. The intersection K = (\,.o H" of all the con-
jugates of H is a normal subgroup of G contained in H, and every normal
subgroup of G contained in H is contained in K. (In this sense, K is the
largest normal subgroup of G contained in H).

Proof. Let k € K, x € G. Then k € H (H is a subgroup of the intersection)
and therefore k* € H”, for all x € G, i.e. k¥ € K, from which the normality
of K follows. If LG and L C H, then L = L* C H?” for all z, and therefore
LCK. ¢

Theorem 2.25 (Poincaré). If a group has a subgroup of finite indezx, then
it also has a normal subgroup of finite index.
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Proof. Let H be of finite index in G. The normalizer of H contains H, so its
index is also finite and therefore, by Theorem 2.22, H has a finite number
of conjugates. By Theorem 2.21 the latter also have finite index, and so does
their intersection (Theorem 1.19). This intersection is normal (Theorem 2.24),
and is the subgroup we seek. &

Let us now consider the above notions in the case of the symmetric group.

Theorem 2.26. i) The only elements of S™ that commute with an n-cycle ¢
are the powers of ¢, and therefore Cgn(c) = {(c);

i1) the normalizer S™ of the subgroup generated by an n-cycle has order
n - p(n), where p(n) is Euler’s function.

Proof. i) The number of n-cycles is (n —1)!, and they are all conjugate. Thus,
the centralizer of ¢ has index (n — 1)! and therefore order n, and since the n
powers of ¢ commute with ¢ we have the result.

1) If o normalizes (c) it sends ¢ to a power of ¢ having the same or-
der. Hence, 0 ~'co = c*, with 1 < k < n and (n,k) = 1. The mapping
Ngn({c)) — U(n) given by 0 — k is a homomorphism, and is surjective: if
k € U(n), then c* is again an n-cycle, and therefore is conjugate to c. Then
there exists o such that o~ !co = ¢*, and since c* generates (c), o normalizes
(c). The kernel of this homomorphism is the centralizer of ¢; by i), this has
order n. The result follows. &

Exercises

35. A group cannot be the product of two conjugate subgroups. [Hint: if G = HH®,
how do you write z?.]

36. i) Prove that the converse of Lagrange’s theorem holds for the dihedral groups
D,,, for all n.

#1) If H is a cyclic subgroup of a group having trivial intersection with all its
conjugates, then H and all its non trivial subgroups have the same normalizer.

37.Let G = HK, H /K <G, and let z,y € G. Prove that:

1) G=H"KY,

11) there exists g € G such that H? = H® and K9 = KY.

38. Let @ € Aut(G), H,K < G, H* = K. Prove that C¢(H)* = Cg(K) and
N¢(H)* = N¢(K). In particular, if H is a-invariant (H® = H), its centralizer and
normalizer are also a-invariant.

39. There is no finite group which is a union of self-normalizing subgroups having

trivial intersections®®.

40. Prove that if H < G and K <G then Ng(H)K/K C Ng,xk(HK/K). If K CH
then equality holds. Give an example to show that the above inclusion may be proper

10 This result will be used in the proof of Theorem 5.54.
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(in the canonical homomorphism G — G/K the image of a normalizer does not co-
incide with the normalizer of the image). [Hint: in Dy, let H = C2 (not central) and
K a Klein group not containing H.]

41. Let |G| = n*, H < G and |H| = n. Prove that H has a nontrivial intersection
with all its conjugates.

42. Let H < @, and let H commute with every subgroup of G. Prove that:
1) every conjugate of H has the same property;
#4) if H is maximal w.r.t. this property, then H is normal.

43. A subgroup H of a group G is said to be abnormal if every element g of G
belongs to the subgroup generated by H and g~ ' Hg. Prove that H is abnormal if,
and only if, it meets the following conditions:

i) if H < K then N¢(K) = K;

#4) H is not contained in two distinct conjugate subgroups.

44. Let M be the set of cosets of a subgroup H of a group G. The product of two
cosets is not defined in M for all pairs, but only for the (ordered) pairs Ha, Hb
such that a € Ng(H). The cosets Ha with a € Ng(H) form a group, the group
N¢(H)/H, and this is the largest subgroup contained in M. Moreover, the following
associative law holds: (Ha - Ha')- Hb = Ha - (Ha' - Hb), for a,a’ € Ng(H) and any
bed.

45. Let Q be the quaternion group, G = Aut(Q), H = I(Q). Prove that:

i) Cq(H) = H;

i)  G/H ~ S%

iii) G~ S*.

[Hint to 4i%): the permutations (i, j, k)(—%, —j, —k)(1)(—1) and (¢, j, —i, —j)(k)(—k)
(1)(—1) give automorphisms of Q that generate S* as a subgroup of S¢.]'*

46. A subgroup is a maximal abelian subgroup if, and only if, it coincides with its
own centralizer.

47. Let A = Aut(G), I = I(G). Prove that if Z(G) = {1}, then C4(I) = {1}, and
in particular Z(A) = {1}.

48. If a group is a finite set-theoretic union of subgroups then one of these has
finite index. [Hint: let G = U], Hi, and let Hyz! # Hi be a coset of Hy; then
HyNHyz™' =0, so Hiz™' C ], H;, from which G = J}'_, (H; U H;z).]

49. [H: HN K| = [H® : H* N K*].

2.5 Holder’s Program

Definition 2.15. A group is said to be simple if it has no proper normal sub-
groups. Equivalently, a group is simple if the only groups homomorphic to it
are either isomorphic to it or to the identity group.

11 Label  and —z two opposite faces of a cube, = = 4, §, k. The 24 isometries of the
cube give the 24 automorphisms of Q.
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Example 2.6. A group of prime order is simple: it has no subgroups different
from the identity and the whole group. An abelian simple group is of prime
order: all its subgroups are normal, so it has no subgroups and therefore is of
prime order (Theorem 1.17). We shall see that the smallest nonabelian simple
group has order 60 (see Section 2.8).

Every finite group uniquely determines a family of simple groups, in much
the same way as a natural number determines its prime factors. This is the
content of the Jordan-Holder theorem which we prove in a moment.

A maximal normal subgroup of a group is a normal subgroup which is not
properly contained in any proper normal subgroup (see Definition 1.14; here
property P is that of being normal): if H < K, and K <@, then either H = K
or K =G.

Lemma 2.2. If H is a mazimal normal subgroup of a group G, then the quo-
tient G/H is a simple group.

Proof. If K/H < G/H, then from Theorem 2.5 we have K < G, so that if
H < K then K = G. Hence, either K = H, in which case K/H = H is the
identity subgroup of G/H, or K = G, and K/H is the whole group G/H. <

Consider now a group G and a maximal normal subgroup G, if any; the
quotient G/G; is simple. Let G2 be a maximal normal subgroup of Gy (we
stress the fact that G2 need not be normal in G, but only in G1); the quotient
G1/Gs is simple. Proceeding in this way, we construct a chain of subgroups
G D G1 D Gy D ... each normal in the preceding one, such that the quotient
between two consecutive subgroups of the chain is a simple group (if G; has
no maximal subgroups, then G;;1 = G; and the chain stops at G;). If G is
finite, such a chain stops at {1} (if G is simple, then the chain is G D {1}).

Definition 2.16. A chain of subgroups of a group G:
GDOG1DG2D...DG-1 DG (2.18)

in which each subgroup G; is normal in the preceding one is a normal chain.
The integer [ is the length of the chain. A subgroup appearing in a normal
series is a subnormal subgroup. If G; = {1}, the chain is a series. If each G;
is maximal normal in G;_1, in which case the quotients G;_1/G; are simple
groups, then the series is a composition series, the quotients G;/G;11 are the
composition factors of G. Note that in a finite group the product of the orders
of the composition factors G;/G;41 is the order of the group.

Examples 2.7. 1. An infinite group may not admit a composition series.
For example, in the group of integers Z, a chain in which each subgroup is
maximal in the preceding one has the form Z> (p) D (pg) D {(pgr) D ...,
where p, g, r, ... are prime numbers. Such a chain never stops.

2. The orders of the composition factors of an abelian group are prime num-
bers, and therefore an abelian group admits a composition series if and only if
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is finite. Indeed, in (2.18) with G; = {1}, G;_ is simple abelian and therefore
of prime order p; similarly, G;_o/G;_; is simple abelian, hence of prime order
q, 80 |G1—2| = pq, and so on, and the order of G is the product of these primes.

3. The group S* has the (unique) composition series:
S® o 03 0 {1},

with composition quotients Cy and C5. The group Cg admits two composition
series:

Cs 3033{1} and Cg D Cy D{].}

with quotient groups Cs and C3, and C3 and Cs, respectively.
These examples show that factor groups, their orders and the length of a
composition series do not characterize a group.

Although a group may have several composition series, there are however
invariants that we now illustrate (in the finite case) through an analogy to
the natural numbers. For every natural number n there exists a sequence:

n>ng>ng>...>n_1>n =1

such that each n; divides the previous one, and the quotient is a prime number.
For instance, with n = 120, we have:

120>40>20>10>2>1
with quotients 3, 2, 2, 5 and 2. Such a sequence is not unique:
120>60>30>6>2>1

is another sequence, with quotients 2, 2, 5, 3 and 2. However, the prime num-
bers appearing as quotients are the same, up to the order. In particular, the
two sequences have the same length, and the product of the primes is the num-
ber we started with. (All this is simply a way of expressing the fundamental
theorem of arithmetic.)

In the case of a group, the simple groups of prime order obtained as com-
position factors play the role of the prime numbers obtained as quotients in
the above sequences of integers.

Definition 2.17. Two composition series of a group G are said to be isomor-
phic if they have the same length and their composition factors are isomorphic,
up to the order.

The following theorem is of fundamental importance. It originates in Ga-
lois theory, where the following result is proved: let fi(x) and fa(z) be two
polynomials over a field with Galois groups G1 and Ga, respectively. Adjoining
the roots of fo(z) to the field, the group G; reduces to a normal subgroup G7,
while adjoining the roots of f;(z) the group G2 reduces to a normal subgroup
GY. Then (Jordan) [G; : G| = [G2 : Gb] and (Holder) the quotients G1/G}
and G2 /G, are isomorphic.
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Theorem 2.27 (Jordan-Holder). Two composition series of a finite group
are isomorphic.

Proof. Let
GDGI DG D...0Gs_1 DG, ={1}
GDHyD>DHyD...DH;1 D Hy={1}

be two composition series of the group. If |G| = 1 there is nothing to prove.
(The smallest group with at least two composition series is the Klein group,
on which the theorem can be verified directly.) If G; = Hy = L, the two series
of L:

(2.19)

L>G2D...0G-1 DGy ={1}
L>Hy;D>...DH;1DH ={1}

are isomorphic by induction, and therefore the series (2.19) are also isomorphic
(the first quotient is the same).

Then let G; # H;. The subgroup G;H; properly contains both G; and
Hy, and is normal, being a product of two normal subgroups. By maximality,
G1H, = G. It follows, setting K = G1 N Hy,

G/GlzGlHl/GlﬁHl/K, G/leGlHl/HlﬁGl/K (220)

The factors Hy/K and G;/K are simple groups because they are isomorphic
to the simple groups G/Gy and G/H;, respectively. A composition series of
K can then be extended to one of G; and to one of Hy, and these, in turn, to
two series of G. We now have four series, the series (2.19) and two new ones:

i) GODG; DGyD...D {1},
W) GDG DK D...D>{l},
i) GDH DK D...D>{l},
iw) GDHy DHyD...D>{l}.

The factors G/Gy and G1/K of ii) are isomorphic, by (2.20), to Hy/K and
G/Hy, respectively, of iii); the remaining factors of i) and 4ii) are those of
the series chosen in K. Hence, 4i) and #ii) are isomorphic. Series 4) and i7)
have the same first factor; the others are isomorphic by induction (they are
composition factors of Gp).

Tt follows that ¢) and i) are isomorphic; the same holds for iii) and iv) by
induction on |H;|. This proves that i) and iv) are isomorphic. &

Hence, due to this theorem, a finite group uniquely determines a set of
simple groups, its composition factors.
This motivates Holder’s program for the classification of all finite groups:
1) determine all finite simple groups;
i1) given two groups K and H, determine all groups G which contain a nor-
mal subgroup isomorphic to K and such that the factor group G/K is
isomorphic to H. Such a group G is an extension of K by H.
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Given a family of simple groups Si,Ss,...,5;—1 (in this order), knowing
how to solve i) we can construct, at least in principle, all groups G whose
composition factors are the S;. Indeed, let G; = {1} and G;_1 = S;_1, and let
us determine the groups Gj_o which contain a normal subgroup isomorphic to
S;—1 and such that the factor group is isomorphic to S;_s. This will provide
us with a certain number of groups G;_o, and for each of these we will have
a series:

Gi_2DG_1DG = {1}
whose factors are S;_o and S;_;. Proceeding in this way, we arrive at a certain
number of series, all having as factors the given simple groups 51,52, ..., S;—1.
However, the same group may be found several times among these. Let us give
a few examples.

Examples 2.8. 1. With (3, Cs we obtain two groups, Cs and S3, and only
one with Cy, Cs, that is Cg (cf. Ez. 2.7, 3). This shows that the same group
may be obtained via a different ordering of the simple groups.

2. Let us recover by the method above the groups of order 8 (cf. Ex. 1.8, 2).
We assume that we know the groups of order 4. We know that a group of
order 8 has a normal subgroup of order 4, and the latter a normal subgroup
of order 2, so that a composition series has necessarily the form:

GDG1DGQD{1}

with quotients {Cs, Cy, Cy}. Starting from these three simple groups we have
G2 = Cy, and G1/Cs ~ Cy. Then G; has order 4, and we have two possibili-
ties: Gy ~2Cyor Gy = V:

CyDCyD {1}, VDOCyD{l}.

Finally, G/Cy ~ Cy implies G ~ Cs, Dy, Q,U(15), whereas G/V ~ C5 im-
plies G >~ Dy, Zé3),U(15). Thus, we obtain the five groups of order 8 that we
already know, with repetitions.

From the above, the importance is clear of the simple groups: they are
the bricks with which all finite groups are built. As to the extension problem,
it finds its natural place within the cohomology of groups as we shall see in
Chapter 7. In the next two sections we consider two extension: the direct and
the semidirect product. As to point i) of Hélder’s program, we will see in Sec-
tion 2.8 an infinite family of finite simple groups, the alternating groups, and
in Chapter 3 another infinite family of simple groups, the projective special
linear groups (cf. Section 3.7).

2.6 Direct Products

Given two groups H and K, the more immediate extension of one by the other
is their direct product. The direct product of H and K, denoted H x K, is the
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set of ordered pairs (h, k), h € H, k € K, with the componentwise product:
(hh kl)(h27 k2) == (htha k1k2)~

The identity is the pair (1,1), the inverse of (h,k) is (h=!,k~1), and the op-
eration is associative because so are those of the two groups (the factors). In
additive notation, which is especially used for abelian groups, we have the
direct sum H & K.

The subsets

H*={(h,1), he H 1€ K} and K*={(1,k), 1€ H, k€ K}
form two subgroups isomorphic to H and K, respectively. Since
(h,1)(1,k) = (h, k) = (1,k)(h,1)

every element of GG is the product of an element of H* and one of K*. More-
over, two such elements commute. In particular, H*, K* < G. By identifying
H* with H and K* with K we have:

i) G=HK;

1) H,K<G; (2.21)
1) HNK =1

(internal direct product). Conversely, if a group contains two subgroups H and
K such that i),4) and i) hold, G is the internal direct product of H and
K, and is isomorphic to the direct product defined above (external). Indeed,
from 7) and 4i¢) it follows that an element g € G is a product of an element
h € H and one of k € K in a unique way (cf. the observation following The-
orem 2.2). From i) and i) we have that H and K commute elementwise
(Theorem 2.5).

The notion of direct product extends immediately to a finite number of
groups G = Hy x Hy X --- X H, by considering n-tuples instead of pairs (but
cf. Remark 2.3, 2 below) with the componentwise product. As h; varies in H;,
the n-tuples (1,1,...,1,h;,1,...,1) form a subgroup isomorphic to H;, still
denoted H;. The H; commute elementwise, and their product is G. Moreover,
H,NH; = {1}, i # j; but more is true, i.e. each H; has trivial intersection not
only with the Hj, j # 4, but also with their product, because the product of
n-tuples having 1 at place ¢ still has 1 at place i. We say that G is the direct
product of the subgroups Hy, Hs,..., H, if, fori=1, 2,...,n,

1) G=HHy---Hy;

i) H; 4G, (2.22)
wwi) HiNH{Hy-+-H;_1H;1q -+ H, = {1}.

Property (i4i) ensures that the expression of an element g € G as a prod-
uct g = hiho---hy,, h; € H; is unique. In particular, if G is finite, then
|G| = [Hy| - [Hp|- - |[Hpl.
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Remarks 2.3. 1. A normal subgroup of a direct factor H is normal in the whole
group. Indeed, H commutes elementwise with the other direct factors.

2. The n-tuples of elements belonging to the subgroups H; of a direct product are
the set of functions from the set {1,2,...,n} to the union of the H; such that
f(i) € H;, and the componentwise product corresponds to the product of functions
fg(i) = f(i)g(¢). The identity element is the function whose value is 1 at all ¢ (the
n-tuple (1,1,...,1), and f~' is the function whose value at 4 is f(i)~*. Then one can
consider the direct product of an infinite family of groups { Hy}, where A varies in a
set of indices 4, i.e. the set of functions f : A — (J,c, Hx such that f(\) € Hy, and
f(X) # 1 only for a finite number of indices A (functions with “finite support”), with
the product fg(A\) = f(A)g(A). Identity and inverse are defined as above. There is
no need of the axiom of choice to affirm that the direct product of an infinite family
of groups is nonempty. Since a group has a privileged element (the identity) there is
at least the function f that chooses the identity in each of the groups. This function
f is the identity of the direct product. If the set of all functions is considered, and
not only those with finite support, then the product is the cartesian product of the
groups Hy.

Theorem 2.28. Let G be an abelian p-group of order p™ in which all the
elements have order p. Then G is a direct sum of n copies of Zy.

Proof (Additive notation). Every element of G generates a subgroup of order
p, and therefore G is a sum of subgroups isomorphic to Z,,. Let £ be minimum
such that:

G:H1+H2++Hk, HZ:ZP

Then (7i7) of (2.22) holds because if the intersection of one of the H; with the
sum of the others is not trivial, then it is the whole H;, and G would be a
sum of k — 1 subgroups Hj, against the minimality of k. It follows:

D" = |Gl = 12y 12, 2,k times,
and therefore p" = p*, k =n and G = 2,072, D Zy, n times. &

An abelian p-group whose elements all have order p is called elementary
abelian. In such a group the non-identity elements divide up p — 1 by p — 1
into subgroups of order p, so that if the group has order p™ the number of
subgroups of order p is

p"—1

pil :pn—1+pn—2+._.+p+1.

Such a group is the additive group of a vector space of dimension n over
Z,. As already observed in Fz. 1.9, 3, over a prime field as Z, the additive
structure implies that of vector space because multiplication of a vector by
a scalar reduces to a sum of the vector with itself. Hence, a direct sum of
copies of Z,, is a vector space over Z,, and the subspaces are the subgroups
of the additive group. In particular, in such a sum there are no characteristic
subgroups (cf. Ez. 1.10, 4).
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The groups Z, are abelian simple groups, but direct products of isomor-
phic nonabelian simple groups also admit no characteristic subgroups, as the
theorem below shows.

The dual notion to the notion of a maximal subgroup is that of a minimal
subgroup.

Definition 2.18. A subgroup H # {1} of a group G is minimal with respect
to a property P if it contains no non trivial subgroup of G having property
P. In other words, if H has P, K < H, then either K = H or K does not
have P.

Examples 2.9. 1. If property P is simply that of being a subgroup, then a
minimal subgroups has no proper subgroups, and hence is of prime order. A
torsion free group (e.g. Z) has no minimal subgroups.

2. If property P is that of being a normal subgroup, then a minimal normal
subgroup properly contains no non trivial normal subgroups of the group. In
particular, a minimal normal subgroup has no characteristic subgroups (such
a group is said to be characteristically simple). A non simple finite group
always has minimal normal subgroups.

Theorem 2.29. A finite group has no characteristic subgroups if, and only
if, it is either simple, or a direct product of isomorphic simple groups.

Proof. If the group G is simple there is nothing to prove. If not, it admits a
minimal normal subgroup H. Let H = Hy, Ho, ..., H,, be the distinct images
of H under the various automorphisms of G. These images are also minimal
normal; their product is obviously characteristic and therefore equals G. Let
n be minimum such that G is the product of n of the H;, G = H Hy--- H,,.
Then for each i, H; N HiHy--- H;_1H;y1--- H, = {1}. Indeed, this intersec-
tion is normal in G and is contained in H;, and by the minimality of H; is
either {1} or H;; but if it equals H; this subgroup is contained in the product
of the other subgroups, against the minimality of n. Hence, conditions (2.22)
are satisfied. Finally, the H; are simple (cf. Remark 2.3, 1).
In order to prove the converse we need two lemmas.

Lemma 2.3. Let G = Hy X Hy x---x H,, Z(H,) = {1}, K<IG and KNH;, =
{1}. Then K C Hy X -+ x H,.

Proof. Let k € K and k = hihy---hy,, h; € H;. Now K and H; are normal
and their intersection is trivial, so they commute elementwise. If h € Hy, then:

h'hlh’Q"'hn:hth"'hn'h:hlh'hQ"'h/n’

where the second equality follows from the fact that H; commutes element-
wise with all the H;, i # 1. Hence hhy = hyh, for all h € Hy, and therefore
hi € Z(Hy) = {1}, and hy = 1. Then k = hohg - - - hy, and the result. &
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Lemma 2.4. Let G be as in the previous lemma with the H; nonabelian sim-
ple subgroups. Then the only non trivial normal subgroups of G are the H;
and their products two by two, three by three,..., n—1 by n — 1.

Proof. Obviously, the said subgroups are normal. Conversely, if K < G, since
by simplicity Z(H;) = {1}, by the previous lemma K C Hy x --- x H,. If
equality holds, K is of the required type; if not, the result follows by induction
on n. <>

We return to the proof of Theorem 2.29.

Proof. By Theorem 2.28 we may assume that the H; are simple and non
abelian. A characteristic subgroup K is normal, so is one of those seen in the
previous lemma. However, a permutation of the H; yields an automorphism
of G,and if K = H;jH,--- H, and H; does not appear in K, the transposition
exchanging H; and H; and fixing all the other H; moves K, unless all the H;
appear. But in the latter case K = G. &

Definition 2.19. A normal series
GDG DG D...DG_1 DG ={1}

(Definition 2.16) is said to be an invariant series if each G; is a normal sub-
group of G. An invariant series is said to be a principal series, or a chief series
if each G; is maximal among the normal subgroups of G which are properly
contained in G;—1, 1 = 1,2,...,1 (Go = G). The factors of a principal series
are the principal or chief factors of G. Note that a principal factor G,_1/G;
is a minimal normal subgroup of G/G;.

It follows from this definition that principal series are to invariant ones
as composition series are to normal ones. The maximality condition implies
that the subgroups of a chief series are all distinct. Moreover, the composition
factors are simple groups, but the principal factors may not be simple because
there may exist normal subgroups of G;_; properly containing G;. However,
they are characteristically simple because a characteristic subgroup H/G; of
a principal factor G;_1/G; would be normal in G/G;, and H would be normal
in GG, against the maximality of G;. Therefore, if a finite group determines a
family of simple groups as composition factors, it also determines, as principal
factors, a family of subgroups that are direct products of isomorphic simple
groups (Theorem 2.29).

Theorem 2.30. Let G = Hy x Hyx---x Hy, and let K;<H;,1=1,2,...,n.
Then:

ZZ) G/KlKQKn ~ Hl/Kl X HQ/KQ X oo X Hn/Kn
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Proof. i) has already been seen in Remark 2.3, 1. As for ii), observe that g € G
admits a unique expression as g = hihs -+ hy, h; € H;, so that the mapping:

G — Hl/Kl X HQ/KQ X oo X Hn/Kna

given by g — (K1hy, Koha, ..., Kyhy), is well defined. Tt is clear that it is a
surjective homomorphism, with kernel K1 Ky --- K. &

Exercises

50. If H < G, and {G;}\_, is a normal series of G, then {H;}._,, where H; = H N
G, is a normal series of H, and a quotient H;_1/H; is isomorphic to a subgroup of
the quotient G;/Git1.

51.¢) If H is subnormal and K < G, then H N K is subnormal in K;
i) the intersection of two subnormal subgroups is subnormal;
i4t) the image of a subnormal subgroup under an automorphism of the group is
again subnormal;
1v) the product of two subnormal subgroups is not necessarily a subgroup;
v) asubnormal subgroup of order coprime to the index is normal, and therefore
unique of its order (cf. ez. 4).

52. The direct product is associative, (H X K)x L ~ (H x (K x L)), and commutative,
HxK~KxH.

53. Prove that the product of a finite number of finite subgroups of a group that
commute elementwise is a subgroup, and is a direct product if and only if its order
is the product of the orders of the subgroups.

54. Let G = Hy X Ha X --- X H, be a finite group, and let the orders of the H; be
pairwise coprime. Prove that:

1) if K < G, then K is the direct product of the subgroups K N H;, i = 1,2,...,n;
73) Aut(G) is isomorphic to the direct product of the groups Aut(H;).

55. If H, K < G, then G/(H N K) is isomorphic to a subgroup of G/H x G/K.
If the indices of H and K are finite and coprime, then G/(H N K) is isomorphic
to G/H x G/K. [Hint: consider the homomorphism G — G/H x G/K given by
z — (Hz, Kx).]

56. Prove that S™ x S™ is isomorphic to a subgroup of S™*",
57. The center of a direct product is the direct product of the centers of the factors.

58. In a finite nonabelian direct product in which every abelian subgroup is cyclic
the direct factors are characteristic subgroups. The result is false if the group is
abelian. [Hint: if a prime p divides the orders of two factors then there is a subgroup
Cp x Cp.]

59. A group G is said to be complete if its center is trivial and all the automorphisms
are inner. If the center is trivial, then G is isomorphic to I(G), and if it is complete
it is isomorphic to Aut(G). Prove that a complete group is a direct factor of every
group in which it is contained as a normal subgroup.
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60. Let n be an integer such that there exists only one group of order n. Prove that
n is square-free (cf. Chapter 5, ex. 45). [Hint: if p*|n, then there exist at least two
groups of order n.]

61. Let G = AH, A QG abelian, H N A = {1}. Prove that A is minimal normal if
and only if H is maximal.

2.7 Semidirect Products

We now consider a product that generalizes the direct product of two groups
(but not of any number). This will provide a more interesting example of
extension.

In the definition of direct product of two subgroups both subgroups are
required to be normal. If only one of them is required to be normal we have
the semidirect product of the two subgroups:

1) G=HK;
1) K <G (2.23)
1) HNK = 1.
The subgroup H is a complement of K in G. Note that ¢) and #¢) imply that
the elements of H form a representative system of the cosets of K, and that
an element of the group has a unique expression as a product of an element
of H and one of K. Clearly, if the group is abelian, a semidirect product is
direct.

In a semidirect product, an element h € H induces a mapping

on ik — h kR
of K in itself which is clearly an automorphism of K. Thus we have a mapping
p: H— Aut(K), (2.24)

of H in the automorphism group of K. Note that, given g1, g2 € G, we have
g1 = h1k1, g2 = hoko, and therefore:

9192 = hiky - hoky = hihs - hglklhz kg = hiho - <Ph2(/€1)k2~

Conversely, given two groups H and K we may build a semidirect product
by assigning a homomorphism ¢ as in (2.24) and defining in the cartesian
product H x K the operation

(h1, k1) (ha, k2) = (hiha, n, (k1) - k2).

We obtain a group with identity (1,1) and inverse

(k)= = (W™ pp=a (K1)
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(Verification of associativity is routine.) As in the direct product, the pairs
(h,1) and (1,k) form two subgroups H* and K* isomorphic to H and K,
respectively, and in H*K™* we have

(hvl)_1(17k)(h71) = (h_lvk)(h‘>1) = (L‘Ph(k))'

It follows that K* is normal, and by identifying k with (1, k) and h with (h, 1),
the image of k under ¢y, is the conjugate of k by h.

From (2.23) we have G/K ~ H, so that G is an extension of K by H. If
in an extension G/K ~ H coset representatives may be so chosen as to form
a subgroup isomorphic to H, the extension is a semidirect product (one also
says that G splits over K). If in the homomorphism ¢ of (2.24) the image of
every element of H is the identity automorphism of K, then the semidirect
product is a direct product.

We will denote H x, K the semidirect product determined by a homo-
morphism ¢ as in (2.24).

Lemma 2.5. If ¢ and ¢ are two homomorphisms H — Aut(K), and if there
exist automorphisms o of K and B of H such that

p(h)a = ap(h”)
for all h € H, then the semidirect products relative to ¢ and 1 isomorphic.

Proof. The mapping H x, K — H xy K given by (h,k) — (h” k%) is an
isomorphism. &

Examples 2.10. 1. S? is the semidirect product of Cs by Cs. More generally,
D,, is the semidirect product of C,, by Cs. If C,, = (r) and C3 = (a), where a
is a flip with respect to an axis, then a induces by conjugation on C,, the au-
tomorphism 1 : r* — a~'r¥a = r=*. The homomorphism ¢ : Coy — Aut(C),)

associating a with 1 allows the construction of the semidirect product:
(a, )7 (1,7 (@, 1) = (a7 ) (e, 1) = (1, (PM)919) = (1, (P)¥) = (1,r7").

The group D, is also the semidirect product of V' by Cs: conjugation by the
nonidentity element of C5 exchanges two nonidentity elements of V' and fixes
the third. D4 can also be obtained as an extension of Cy =Z(Dy) by V, but
this extension is not a semidirect product (Z(D,) is contained in all the sub-
groups of order 4 of Dy, and therefore it cannot have trivial intersection with
any of these).

2. The affine group. i) A transformation of the real line R:
Yap T —axr+b xR,

where a,b € R and a # 0 is called an affine transformation or an affinity. The
affinities form a group A under composition, the affine group of the real line.
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A is a semidirect product. Indeed, if a = 1, the transformations ¢, : © — x+b
(set @1, = p) form, as b varies, a subgroup 7 of A isomorphic to the additive
group of the reals (with cpb_l = ¢_p), the subgroup of translations. The trans-
formations 1, : * — ax also form a group, the subgroup of H of homotheties
or dilations (with 1, = 1),-1), isomorphic to the multiplicative group of non
zero elements of R: 1 () = 1 (bx) = ab - . We have:

Uia—l%Obwa =T+ ailb,

so that the conjugate of a translation is again a translation, i.e. 7 < A. If
ar = x + b, for some a and b and for all x, then b = 0 and a = 1; thus
HNT = {1}. Moreover, every affinity is the product of a homothety and a
translation, so that A = H7 . Hence, the three conditions (2.23) are satisfied.
Finally, note that the conjugate of a nonidentity homothety

Y_patpp : T — ax +ab — b,

is no longer a homothety, i.e. H is not normal in A, so that the product H7T
is not direct. A nonidentity affinity has at most one fixed point. Indeed, if
ax + b= ay + b, then a(x — y) = 0, and since a # 0 this implies z —y =0 e
T =y.

i1) Affinities may also be defined for the integers mod n:
¢ :i— hi+k modn, (h,n) =1,

these form a group of order np(n). This group is isomorphic to the normalizer
N in 8™ of the cyclic group generated by an n—cycle ¢ = (0,1,...,n — 1).
Indeed, let o € N, with ¢(0) = k and oco~! = c*, (h,n) = 1. Then:

oct(0) = oclo (k) = (k) = MTF(0) = hi + K,

and the mapping 0 — ¢, where ¢ : i — hi + k, with A and k determined by
o as above, is an isomorphism. Here too the group is a semidirect product:
the two subgroups are the subgroup of the “homotheties” i — hi and the
normal subgroup of the “translations” i — ¢ + k. As in the case of the reals,
an affinity has at most one fixed point. Indeed, if hi+ k = hj + k mod n, then
h(i — j) =0 mod n, and (h,n) = 1 implies i — j = 0 mod n, and i = j mod n
(see ex. 69).

3. If K is an abelian group, then the mapping o : k — k! is an automor-
phism of K, so we may consider the semidirect product of (¢) by K. If K is
a cyclic group of order n the result is the dihedral group D,,, and if K = Z
is the group of integer then we have the infinite dihedral group D... Every
element of D, not belonging to Z has order 2:

(o,n)(o,n) = (6%,0(n) +n) = (1,—n +n) = (1,0).
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The group D, is isomorphic to a quotient of D, as we now show. In general, if
L is a characteristic subgroup of a group K, an automorphism ¢ of K induces
an automorphism o of K/L, o(Lx) = Lo(x). This is well defined because if Iz
is another representative of Lz, then o(Llx) = Lo(lz) = Lo(l)o(z) = Lo(x);
L being characteristic, it contains o (1) for all 0 € Aut(L) and I € L. Moreover,
the mapping o — o is a homomorphism Aut(K) — Aut(K/L). It follows
that a homomorphism ¢ : H — Aut(K), composed with the previous one,
yields a homomorphism ¢ : H — Aut(K/L):

@(h)(Lz) = Lo(h)(z),

using which one can construct the semidirect product of K/L by H. The
mapping

Hx,K— Hx,K/L,
given by (h,k) — (h, Lk), is a surjective homomorphism with kernel L* =
{(1,z), x € L} ~ L. It follows:

H x, KL~ (H x, K)/L".
In the case of Do, we have:
Do /(n) = (o) Xy (Z/(n)) = Dy,
(in Doo/{(n) we have identified {(1,mn), m € Z} with (n)).

4. Automorphisms of dihedral groups. The elements of a dihedral group D =
{a,b) (finite or infinite), with a? = 1 and b of finite (b™ = 1) or infinite order,
are of the form a’b?, i = 0,1 and j an integer. If @ €Aut(D), then b € (b),
since (b) is characteristic (in the finite case it is the unique cyclic subgroup
of order n, in the infinite case it contains all the elements of infinite order).
Hence, either b* = b*(k,n) = 1 or b* = b*!. Moreover, a® ¢ (b) (otherwise
a € (b)), and therefore a® = ab’. Consider the mapping

y(ab?) = abt? T, () =V,

for all j (in the finite case, 7 fixes the rotations and cyclically permutes the
axial symmetries). It is easily seen that v is an automorphism (for exam-
ple, v(ab’ - ab®) = y(a - ab™7 - bF = b=IHF) y(ab)y(ab®) = abt/ Tt . abFt! =
a-ab=I L. bFtl = p=IFk and y(ab?) = y(a) - y(’) = ab- b = ab’*!; moreover,
it is clear that ~y is both injective and surjective), and that is of order n or
infinite. Similarly, the mapping:

ﬂi(abs) = abSia ﬂk(b) = bka (k},’ﬂ) =1,

for all i and s, is an automorphism. If & € Aut(D), then b* = b?, (i,n) = 1
(finite case), or b® = b and a® = ab’; it follows o = (3,77, and setting
H = {6, (i,n) =1}, that Aut(D,,) = H(vy). H and () have trivial intersec-
tion, because if 3; = 47, for some i and j, then b% = b7, b =" =b, i =1
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and 3; = (1 = 1. Moreover, ﬂ;l'yjﬁi = 174 so (v) is normal in Aut(D,,);
thus Aut(D,,) is the semidirect product of C,, by Aut(C,,), and Aut(D,) is
the semidirect product of Z by C5, and as such is isomorphic to D.

The semidirect product of a group by its automorphism group is the holo-
morph of the group. For example, we have seen above that D, is the holo-
morph of Z, that Aut(D,,) is the holomorph of C,, and Aut(Dy) ~ D that
of the integers. If G is a finite group of order n, and G, is its image via the
right regular representation, then the holomorph of G is isomorphic to the
normalizer of G, in S™ (cf. Theorem 3.28).

5. Groups of order 8. Taking advantage of the notion of semidirect product
we now prove that there exist exactly five groups of order 8, those seen in
Ex. 1.8, 2. The possible orders of the non identity elements are 2, 4 and 8. We
distinguish various cases.

1)  The group has only one element of order 2. If there is an element of order
8, the group is cyclic. So suppose that the group has six elements of order
4 and therefore three subgroups of order 4 that intersect in the unique
subgroup of order 2. If H = (x) and K = (y) are two of these, the
element z = xy belongs neither to H nor to K, and therefore has order
4 and generates the third subgroup, L = (z). Now, yz ¢ L (otherwise
y € L) and yz ¢ K (otherwise z € K), and therefore yz has order 4;
hence yz € H. If yz = 7!, then 22 = zyz = zz~! = 1; hence yz = z,
and similarly zx = y. Clearly, this group is the quaternion group.

1) If all the elements have order 2, the group is elementary abelian, and
therefore a direct product ZgB) of three copies of Zs.

1i1) We may assume that the group contains at least a subgroup Cj and
at least a C; not contained in Cy. Of the two possible homomorphisms
@ : Cy — Aut(Cy) ~ Oy, the trivial one yields the direct product Coy X
Cy ~ U(15) ~ U(20), and the isomorphism the group Cs x, Cy, where
the image of ¢ is the automorphism exchanging the two generators of Cj.
Clearly, the latter group is the dihedral group Dy.

6. Let H = Z, & Z,, p an odd prime, and let u and v be generators of the
two summands. The automorphism v given by v — u + v, and v — v,
has order p, and thinking of I as a 2-dimensional vector space over Z,

with basis {u,v}, ¢ is represented by the matrix (é 1) The semidirect

product of H and K = (¢) is a nonabelian group of order p® in which all
the elements have order p. (The abelian group Z, ® Z, & Z,, also has all
the elements of order p; hence two groups may have the all the elements
of the same order without being isomorphic.)

7. We now consider a few examples of groups that are not semidirect products:

1) the quaternion group Q; its non identity subgroups have nontrivial inter-
sections. Like Dy, it is an extension of its center by V;
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1) a cyclic p-group; its subgroups form a chain, so two nontrivial subgroups
never have a nontrivial intersection;

1i1) the integers; two subgroups (m) and (n) have in common the subgroup
generated by lem(m,n).

2.8 Symmetric and Alternating Groups

In this section we consider an infinite class of simple groups, the alternating
groups A™, n > 5.
A permutation of S™ splits into cycles, and if (1,2,...,k) is a cycle, then

(1,2,...,k) = (1,2)(1,3)--- (1, k).
Hence:

Theorem 2.31. Every permutation of S™ is a product of transpositions, and
therefore S™ is generated by the transpositions.

Every transposition is a product of transpositions that involve a fixed digit,
1 say:

(h, k) = (1, h)(1, k)(1, h),

((h, k) is expressed as the conjugate of (1, k) by (1,h)).
Corollary 2.7. S™ is generated by the n — 1 transpositions:

(1,2),...,(1,3),...(1,n).

If we replace a product of disjoint cycles with a product of transpositions
we gain something (we only have 2-cycles and not cycles of variable length)
but we lose something (2-cycles do not commute in general and they are not
uniquely determined):

(17273) = (172)(173) # (1’3)(172) = (173»2)7

and
(1,2,3) = (1,2)(1,3) = (2,3)(1,2) = (1,3)(1,2)(1,3)(1, 2).

There is something invariant, however, in all these products: the parity of the
number of transpositions that appear. This is the content of the next theorem.

Theorem 2.32. If a permutation of S™ is a product of transpositions in two
different ways, and if the number of transpositions in the first decomposition
is even (odd), then it is even (odd) also in the second.
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Proof. If 0 € S™ can be written as a product of both an even and an odd
number of transpositions, the same holds for o~!. Choosing an even decom-
position for ¢ and an odd one for ¢—!, we have that the identity 1 = oo~!
can be written as the product of an odd number of transpositions:

1= T172 " T2m—+1-

Let ¢ be a digit appearing in one of the 7;. Observe that (i, 5)(k, 1) = (k,1)(4, )
and (¢,7)(4,1) = (4,0)(4,1). Hence we can write the above product without
changing the number of transposition as

1:0102"'0r0r+1"'02m+13 (225)

where ¢ does not appear in the first r transpositions and where o; = (i, k;),
j=r+1,...,2m+1.1f (i, k.11) appears only once, then in the product (2.25)
1 goes to k.41, contrary to the product being the identity. Hence assume we
have (i, ky1) -+ (5,k5) (i Kpi1) - 5 using (i, k) (i krs1) = (i Bpy1) (i1, )
we can move the second (7,k,+1) near the first and cancel both of them,
leaving the value of the product unaltered. By repeating this operation, the
number of transpositions decreases by two each time, and the final result is a
single transposition, contrary to the product being the identity. &

It follows that the parity of a permutation, is well defined, and we may
give the following definition.

Definition 2.20. A permutation is even if is the product of an even number

of transpositions, and odd in the other case!?.

By Theorem 2.32, the mapping S™ — {1,—1}, n > 1, obtained by as-
sociating 1 with a permutation o if this is even, and —1 if it is odd, is well
defined. Moreover, since the parity of a product is even if and only if both
permutations have the same parity, this mapping is a homomorphism, whose
kernel is the set of even permutations.

Definition 2.21. The subset of even permutations of S™ is a subgroup, called
the alternating group, denoted A™.

Hence S™ — {1,—1} ~ S§™/A™, and A™ has index 2 in S™, so half of the

ermutations of S™ are even!®.
1%

Theorem 2.33. Let n > 3. Then:
1) A™ contains all the 3-cycles of S™;
1) for fized i and j, A™ is generated by the following n — 2 3-cycles :

(i7j’ 1)’ (i’j72)7'"’(i’j7k)7"'7(i7j’n)7 k # Z"j'

12 The parity of a permutation can also be defined in terms of the inversions it
presents (Corollary 3.19). For another proof that parity is well defined see ex. 115
of Chapter 3.

13 A™ has already been seen in its matrix representation (ex. 26 of Chapter 1).
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Proof. i) A 3-cycle is even:

(i,4,k) = (%])(ka)’ (2~26)

so it belongs to A™.

i1) For fixed i, every element of A™ is a product of transpositions con-
taining ¢ (Corollary 2.7), and these are even in number. Hence they can be
paired off in the order they appear, and the product of each pair is a 3-cycle
as in (2.26). This proves that an element of A™ is a product of 3-cycles. More-
over, for fixed ¢ and j we have (h,k,1) = (4,1, k) (4,1, k)(¢, h, k), and (i, h, k) =
(i,4,h) (4,4, h)(i, j, k), as required. &

Remark 2.4. This theorem shows that 3-cycles play for A™ the role the transposi-
tions, i.e. 2-cycles, do for S™. Also note that a 2-cycle is a nonidentity element of S™
fixing the maximum possible number of digits. In A", such an element is a 3-cycle.

Lemma 2.6. If a normal subgroup of A™, n > 3, contains a 3-cycle, then it
coincides with A™.

Proof. If n = 3, A3 is cyclic of order 3 and there is nothing to prove. Let
n >3, N<A" and let (1,2,3) € N. A conjugate of this cycle by an even
permutation still belongs to N. As n > 3, we have in A™ all the permutations
of type (1,2)(3,k), with k = 4,5,...,n. But (1,2,3)(L2EF) = (2.1, k), and
by Theorem 2.33 these 3-cycles generate A™. &

Lemma 2.7. Let {1} # N < A", n # 4. Then N contains a 3-cycle.

Proof. Let 0 #£ 1 € N. We split the proof into various parts.

1. Assume that in the decomposition into disjoint cycles ¢ has a cycle
with more than three digits: o = (1,2,3,4,14,...,J, k)7, where 7 is the prod-
uct of the other cycles, if any. Conjugating o by (1,2,3) € A™ we find 01 =
o123 = (2,3,1,4,i,...,4, k)7, which is still an element of N. It follows
ot =(1,3,2,k,4,...,5,4)7 1, s0 oot = (1,k,3)(2)(4)(4) . .. is a 3-cycle of
N, as required. Therefore, we may assume that the cycles of o have length at
most 3.

2. If o has more than one cycle, three cases are to be considered.

2a. o has at least two cycles of length 3, 0 = (1,2, 3)(4,5,6)7. Conjugating
by (1,2,4) we have o1 = (2,4,3)(1,5,6)7, and ooy = (1,4,6,3,5)(2)72 has a
cycle with more that three digits, and we are in case 1.

2b. 0 has only one cycle of length 3. We may assume that the remaining
cycles have length at most 2. But then o2 is a 3-cycle.

2¢. o is a product of disjoint transpositions: o = (1,2)(3,4)7, where 7
consists of disjoint transpositions or fixed points. By assumption, there exists
a digit, 5 say, different from 1,2,3 and 4, appearing in 7 either in a transposi-
tion, o = (1,2)(3,4)(5,6)7 or as a fixed point, o = (1,2)(3,4)(5)72. Conjuga-
tion by (1,3)(2,5) yields, in the first case, o1 = (3,5)(1,4)(2,6)71, so oo =
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(1,6,3)(2,4,5)7% and we are in case 2a. In the second, o1 = (3,5)(1,4)(2)m
and ooy = (1,2,4,5,3)72, and we are in case 1.

3. o0 has only one cycle. If its length is greater than 3, we are in case 1; if
its length is 2, it is a transposition, which is odd, so it cannot belong to A™.
Hence o is the required 3-cycle. &

From the previous lemmas it follows:
Theorem 2.34. If n # 4, A™ is a simple group.

Theorem 2.35. If n # 4, A™ is the unique nontrivial normal subgroup of the
group S™.

Proof. If n = 1,2,3, the result is obvious. Let n > 5. With same proof of
Lemma 2.7, except where it is excluded that o is a transposition, we have
that N <9.S™ contains a 3-cycle, and therefore all the 3-cycles because they
are all conjugate. Hence N O A™ and if N # S™ then N = A™. If N contains
a transposition it contains all of them because they are all conjugate; but the
transpositions generate S™, and therefore N = S™. &

Let us now consider the exceptional case n = 4. A normal subgroup is a
union of conjugacy classes, so its order is the sum of the orders of these. But
in S4, the sums of class orders compatible with Lagrange’s theorem are, apart
from the trivial ones, |C1| + |Cs| + |C4] = 12 and |Cy| + |Cy| = 4 (Ex. 2.5).
In the first case, the union of the three classes is a subgroup, i.e. A%; in the
second, the union of the two classes is a Klein group contained in A% and
normal in S%. In particular, A% is not simple.

A* provides a counterexample to the converse of Lagrange’s theorem, and
in fact the smallest counterexample.

Theorem 2.36. A* has no subgroups of order 6.

Proof. A subgroup H of order 6 should contain, by Cauchy’s theorem, a sub-
group of order 3, and therefore an element of order 3; being in A%, this is a
3-cycle. However H is normal in A* (index 2), and therefore by Lemma 2.6,
H = A%,

Another proof is the following. A subgroup of order 6 being of index 2
should contain the squares of all the elements of A%, i.e. the squares of the
eight 3-cycles. But these are again the eight 3-cycles. &

Exercises

62. Prove that the transpositions (1,2),(2,3),...,(i,i +1),...,(n — 1,n) generate
the whole group S™.

63. 1) S™ is generated by an n-cycle and a transposition exchanging two consecutive
digits of the cycle.
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11) The 2-cycles generate S™ and the 3-cycles A™. Which subgroups do the r-
cycles, r > 3, generate?

64. A k-cycle is even if and only if &k is odd.
65. The number of k—cycles of S™ is ;n(n—1)(n —2)---(n — k+ 1).

66. In a permutation group, either all permutations are even or else exactly half of
them are even.

67. Show that for the group S* Lagrange’s theorem has an inverse. More precisely,

S* admits:

i) a subgroup of order 12, and only one;

i) three subgroups of order 8, dihedral;

iii) four subgroups of order 6 isomorphic to S*;

i) seven subgroups of order 4, three cyclic groups and four Klein groups;

v) four subgroups of order 3;

vi) nine subgroups of order 2.

68. Determine:

i)  the conjugacy classes of S%;

ii) the conjugacy classes of AS;

iii) two elements of A® that are conjugate in S® but not in A% [Hint: consider a 5-
cycle and its square.];

iv) use 74) to show that A® is simple.

69. i) Prove that the affine group of the integers mod 6 (Fz. 2.10, 2 ii)) is the
dihedral group Ds.

i) Consider Fy4, the 4-element field given by the four polynomials 0,1, z,z + 1
with sum modulo 2 and product modulo the polynomial 2% + = + 1. Prove that the
affine group of this field is isomorphic to the alternating group A*.

2.9 The Derived Group

In this section we consider a subgroup that in some sense provides a measure
of how far the group is from being abelian.

Let a and b be two elements of a group, and consider the products ab and
ba. There exists z € G such that ab = ba - z, so

x=a"'b"tab.

Definition 2.22. If a, b are two elements of a group G, the element a~'b~'ab
is called the commutator of a and b (in this order)'*. It is denoted [a,b]. The
subgroup generated by all commutators is the derived group or commutator
subgroup G, and is denoted by G’ or by [G, G]:

G’ = (la,b] | a,b € G).

14 Some authors define the commutator of a and b as the element aba™'b~*.
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The identity is a commutator: 1 = [a,a], for all @ € G, and the inverse of a
commutator is again a commutator:

[a,0] 7 = (a0 ab) ™ = b ta " ba = [b, ).

However, the product of two commutators is not necessarily a commutator!®,
so in order to have a subgroup it is necessary to consider the subgroup gen-
erated by the commutators.

Two elements commute if and only if their commutator is the identity,
so a group is abelian if and only if the commutator subgroup is the identity
subgroup.

Theorem 2.37. i) G’ is a characteristic subgroup;
i) the quotient G/G’ is abelian;

1it) if N QG and G/N is abelian, then G' C N;
w) if H< G and G' C H, then H is normal.

Proof. i) If & € Aut(G), then
[a,b]* = (a7 b tab)® = (a®) " (b*) " La®b® = [a®, b].

Hence an automorphism of G takes commutators to commutators and (G')* C
G'. On the other hand, [a,b] = [a® ,b* '], and therefore G/ C (G')*.
i1) By 1), G’ is normal, and if aG’,0G’ € G/G’ then:

aG'bG’ = abG' = bala,b]G' = baG’' = bG'aG,

where the third equality follows from [a,b] € G'.

iii) If aNbN = bNaN, for all a,b € G, then abN = baN and a~'b~tabN
= N, from which [a,b] € N and G’ C N, and conversely.

iv) H/G' is normal in G/G’ because G/G’ is abelian. It follows (Theo-
rem 2.5) H < G. &

Point (i) of this theorem can also be expressed by saying that G’ is the
smallest subgroup of G with respect to which the quotient is abelian.

Examples 2.11. 1. In S we have the abelian quotient S3/Cs ~ Cy, so
(S3) C Cs, and either (S3)" = {1} or (S®) = Cs. Since S® is not abelian,
(S3)" = C3. The two 3-cycles of C5 may be expressed as commutators: (1,2,3)
=1(2,3),(1,3,2)] and (1,3,2) = [(1,3,2), (2, 3)].

2. The quotient Dy/Z(Dy) is the Klein group, hence the derived group D)
is contained in the center and cannot be the identity subgroup. It follows
D), = Z(D,). Similarly, in the quaternion group the derived group coincides
with the center.

15 Cf. Carmichael, p. 39, ex. 30, or Kargapolov-Merzliakov, ez. 3.2.11.
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3. Let G = D4 x Cy. D} is normal in G (Theorem 2.30, ¢)) and the quo-
tient is isomorphic to V' x Cy (same theorem, 7)), which is abelian. Hence
G/ ~ D4 ~ 02.

4. A™ is the derived group of S™ for all n. The 3-cycles are commutators:
(1,2,3) = (1,3)(1,2)(1,3)(1,2), and therefore A™ C (S™)'. However, a com-
mutator 0~ !771o7 is an even permutation, whatever the parity of o and T;
hence (S™)" C A™ (this can also be seen by considering that S™/A™ has order
2 and therefore is abelian).

5. Every element of A% is a commutator, and actually a commutator of ele-
ments of A516:

(1,2,3) = [(2,3)(4,5), (1,3,2)],
(172)(3’4) = [(1’374)7 (172’3)]7
(17273,4,5) = [(2,5)(3,4)7 (1,4,2,5,3)].

In A3 or in A% a 3-cycle is not a commutator of elements of A% or A*. For
a 3-cycle to be a commutator of elements of A™ at least five digits are needed.

In order to generate the derived group of a group it is not necessary to take
all the commutators. Indeed, let a and b belong to two cosets of the center of
the group, and let x and y be two representatives of these cosets. Then a = zz
and b = yz1, with z and z; in the center, so that:

-1

1 1

[a,b] = [xz,yz1] = 2 te ey T azyz = a7y T ey = [x,y).

Hence the representatives of the cosets of the center suffice.

Theorem 2.38 (Schur). If the center of a group G is of finite index then
the derived group G’ is finite.

Proof. (The following proof is due to D. Ornstein'”). If the center is of index
m there are at most m? commutators, so G’ is finitely generated. Let us show
that an element of G’ may be written as a product of at most m?® commuta-
tors. If in a product of commutators a given commutator ¢ appears m times,
these copies of ¢ may be brought together, possibly replacing a commutator
by a conjugate. Now apply the following lemma.

Lemma 2.8. If a,b € G, and if, for some m, (ab)™ € Z(G), then [a,b]™ can
be written as a product of m — 1 commutators.

Proof. For each 7, [a,b]” can be written as a product of (a=1b~1)"(ab)" and
r — 1 commutators. This is clear for r = 1; assuming the result true for r — 1
we have:

[a,b]" = [a,b][a,b]" " = [a,b](a” "0 ") " (ab) e o e,

6 This holds for all A™, n > 5 (It6 N.: Math. Japonicae 2 (1951), p. 59-60).
7 Cf. Kaplansky I.: An introduction to differential algebra. Hermann, Paris (1957),
p- 59.
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where the ¢;, 1 = 1,2,...,r — 2 are commutators. The last expression equals

a1 (@ ) (ab)ab, (a6 Y (0b) ey e =
(a0~ Y ab(ab)" " (ab)*~"[ab, (e o™ 1) " (ab) e, oy

The element preceding c,._o is the conjugate of a commutator, so again a
commutator (Theorem 2.37, proof of 7)); if we denote it by ¢,_; we have:

[a,0]" = (a™'b"'ab)” = (a= b 1) (ab) ¢r_1Cr_sg -+ - C1,

as required. Now (ab)™ and (ba)™ are conjugate, and if (ab)™ € Z(G), then
they are equal; but (a=16=1)™ = (ba)™™ = (ab)~™, and the previous equality
becomes:

[a, 0] = cp—1Cm—2 - c1,

i.e. the result. &

Going back to the proof of the theorem, the element ¢™ may be written as
a product of m — 1 commutators. Since there are at most m? commutators,
each element of G’ may be written as a product of at most m? commutators.
This shows that the length of the elements of G’ is uniformly bounded, so G’
is finite.

Example 2.12. The integers are a torsion free group with automorphism
group of order 2. More generally, if G is a torsion free group and Aut(G) is
finite, then G is abelian. Indeed, I(G) is finite, so G/Z(G) is finite. By Schur’s
theorem, G’ is finite; G being torsion free this implies G’ = {1} and G abelian.

Exercises

70. Show that the derived group of D, is generated by the square of the rotation
of 27 /n.

71. If H <G and HNG' = {1} then H is contained in the center of G. [Hint:
consider (g7 *h™'g)h.]

72. If @ ~ a® then a is a commutator. More generally, if a ~ a™ then " ' is a
commutator.

73. Two conjugate elements belong to the the same coset of the derived group.
Hence the order of a conjugacy class is at most that of the derived group. [Hint:
G'ab = G'ba.]

74. In a group of odd order, the product of all the elements, in any order, belongs
to the derived group.

75. If ™ = b"™ =1, then:
(a’b)n = (a’v b)(ba a2)(a27 b2)(b23 a3) e (bnin anil)(ania bnil)a

where (z,y) = [z71,y7"].
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76. Let a,b, c € G be such that a"b™ = ¢", where n is coprime to |G|. Prove that ab
and c belong to the same coset of G'.

77. A commutator is a product of squares, and in fact of at most three squares.

78. If G is a p-group of order p”, prove that |Z(G)| # p™ ', and if n > 2 then
‘G/| S pn—2.

79. Let A(G) be the set of elements of G having a finite number of conjugates.

Prove that:

1)  A(G) is a characteristic subgroup;

i) if H is a finitely generated subgroup of A(G), then the index of Z(H) in H is
finite, and therefore H' is finite;

7i1) G has a finite normal subgroup of order divisible by a given prime number p if,
and only if, A(G) contains an element of order p.

80. Prove that if (ab)®> = (ba)? for all pairs of elements a,b € G, then G’ is an
elementary abelian 2-group. [Hint: use ex. 18, 17 and 77.]

81. If [G : Z(G)]? < |G|, then there are elements of G’ that are not commutators.
[Hint: a commutator is of the form [a, b], where a and b are representatives of the
cosets of the center.]

82. Let |G’| < 2. Prove that for all triples of elements z1,z2,z3, there exists a
nonidentity permutation of the x; such that zix2x3 = x;z;x,. Conversely, if this
property holds, then the square of every element belongs to the center of the group.

83. Let H < G, and let T be a transversal of the right cosets of H. Prove that:
1)  the subgroups t"'Ht, t € T, are all the conjugates of H;

1) if H = Ng(H), then the conjugates of H are all distinct;

i11) if G is simple, then for all h € H there exists ¢t € T such that ¢t *ht ¢ H.

84. The derived group of a direct product of groups is the direct product of the
derived groups of the factors.

85. A complete group H, with H' < H, cannot be the derived group of a group G.
[Hint: G = H x Cg(H) (cf. ex. 59); apply the previous exercise.]
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Group Actions and Permutation Groups

3.1 Group actions

Group actions on sets provide a powerful way of obtaining information about
a group. Moreover, a number of results seen in the preceding chapters whose
proofs have a similar flavor may all be proved using the technique of group
action.

Definition 3.1. Given a set 2 = {a,3,7,...}, a group G acts on {2 (or G
operates on {2, or {2 is a G-set) when a function 2 X G — {2 is assigned such
that, denoting a9 the image of the pair («, g),

i) a9t = (a9 a€ R, g,heG;

i) o' = a, where 1 is the identity of G.

The assigned function is called an action of G on 2!, and the cardinality of £2
the degree of the group. Using a geometric language, we shall often call points
the elements of (2; letters and digits are also names for these elements. Note
that if H is a subgroup of G and G acts on {2 then H also acts on §2; this
action of H is the restriction to H of the action of G. The notion of a group
acting on a set generalizes that of a group of permutations, in the sense that
it may well happen that there exist nonidentity elements g of G such that
ad = o for all @ € 2 (if G is a permutation group only the identity fixes
everything).

Theorem 3.1. If a group G acts on a set 2, every element of G gives rise to
a permutation of £2. More precisely, the mapping £2 — (2 given by ¢4 : o« — af
is, for every fixed element g € G, a permutation of (2.

Proof. pg is injective: o = 9 = (Oz-q)-‘f1 = (ﬂg)-f1 = 99 =99 =
ot = ', and a = 3. Note that we have used both 4) and ii) of Definition 3.1.
It is surjective: if aw € 2, let 3 = a9 ; then 39 = (a971)9 =a9 9=qal =q,
and « is the image of j. &

! Right action; see Remark 1.2.

Machi A.: Groups. An Introduction to Ideas and Methods of the Theory of Groups.
DOI 10.1007/978-88-470-2421-2 3, © Springer-Verlag Italia 2012
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Let S be the symmetric group on 2, and let G be a group acting on 2.
By the above theorem we can consider the mapping ¢ : G — S obtained
by associating with g € G the permutation ¢, of 2 it induces: g — .
This mapping is a homomorphism, as is easily seen. In this way, we obtain
a representation of the elements of G as permutations. To the product of
two elements of G there corresponds the product of the two permutations
representing them. The kernel of ¢ is given by

K={geG|al =a, Ya € 2},

i.e. K is the set of elements of G fixing all the points of (2, and is called the
kernel of the action. If K = {1} the action is faithful, and in this case G is
isomorphic to a subgroup of S*’; we shall then say that G is a group of per-
mutations of 2. In any case, the quotient G/K is a group of permutations of
{2, with the action defined by:

(a, Kg) — a9, ie. aff9 = a9,

which is well defined because if h is another representative of the coset Kg,
then h = kg, k € K, and therefore a9 = (a¥)9 = a9, since o = a, for all
k€ K and a € £2. If K = G, the elements of G leave all the points of {2 fixed:
the action is trivial.

An element « of (2 determines two subsets, one in {2 (the orbit of «), the
other one in G (the stabilizer of «).

Definition 3.2. The orbit of a under the action of G is the subset of (2:
a® ={a?, g€ G},
i.e. the set of points of {2 to which « is taken by the various elements of G.

Two orbits either coincide or are disjoint. Indeed, the orbits are the equiv-
alence classes of the following relation p:

app if there exists g € G such that a9 = 3.

In particular, 2 is a disjoint union of orbits:

2= a¢,
aeT
where « varies in a set T of representatives of the orbits. If {2 is finite, then:
G
2] =" |a].
aeT

If H < @, the orbits of G are unions of orbits of H. If g is a permutation, the
orbits of the subgroup generated by g are the subsets of {2 on which g is a
cycle. The orbits are also called transitivity systems.
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Definition 3.3. G is transitive if there is only one orbit, intransitive in the
other case.

In other words, G is transitive if, given any two points «, 3 € (2, there
exists at least one element of G taking « to 3.

Definition 3.4. The stabilizer of « is the subset of G:
Ga={9€G|a =0},
i.e. the set of elements of G fixing «.

G, is a subgroup of G. Indeed,
i) ifx,y € Gq, then o™ = (a®)¥ = o = «, s0 2y € Gy;
i) 1€ Ga;

iii) if ¥ € Gy, a = ot

=a® = (a®)®  =a® , sothat 27! € Ga.

The stabilizer of a point is also called the isotropy group of the point.

If an element of G belongs to the stabilizer of all the points of {2, then it
belongs to the kernel of the action, and conversely. Therefore, the kernel of
the action is the intersection of the stabilizers of the points of (2:

K= Ga.

aef?

The relation between orbits and stabilizers is shown in the following theorem.

Theorem 3.2. i) The cardinality of the orbit of a point o equals the index of
the stabilizer of a:

%] =[G : Gal; (3.1)
in particular, if G is finite,
|G| = |Galla], (3:2)

and hence the cardinality of an orbit divides the order of the group.
1) If B belongs to the orbit of av, then the stabilizers of B and « are conjugate.
More precisely, if = af then Gg = (G4,)?, i.e.

Gas = (Ga)?.

Proof. i) It may very well happen that for two distinct elements g, h € G one
has a9 = a”. If we want to know how many distinct points o9 are obtained
as g varies in G, we should be able to determine how many times one point
is repeated. Now o9 = o < T = a e gh~! € G4, so that a9 and o”
are the same point if, and only if, g and h belong to the same (right) coset of
the stabilizer of «, i.e. if, and only if, g = xh with x € G. In other words,
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a point a9 is repeated as many times as there are elements in the coset G,g
(for z € G4 we have o®? = (a®)? = a9). Two elements g and h belonging
to distinct cosets give rise to distinct o and o, and therefore there are as
many points in the orbit a® as there are cosets of G, in G?.

ii) If & € Gy, then (a9)9 79 = (a®)9 = a9, i.e. g~ 'zg stabilizes a9 = J3.
Thus (Ga)? C Gas = Gg. Conversely, if € Gue, then (a?)” = o9, ie.
grg~! € G, and therefore = € (Go)? and Goo = G5 C (Go)9. O

If a and 3 belong to the same orbit, then o = 3%, and therefore, by )
of the previous theorem, [G : G,] = [a%| = |3%] = [G : Gpg], i.e. the two
stabilizers have the same index. Part i¢) of the theorem says that, in addition,
they are conjugate (by Theorem 2.21 two conjugate subgroups have the same
index).

Corollary 3.1. If G is transitive, |2| = [G : Go]. If G is finite and transitive,
then £2 is also finite and 12| divides |G]|.

To be able to exploit the group action to discover properties of a group
one must find a convenient set on which have the group act. This set will be
suggested by the nature of the problem, and will often be found inside the
group itself. Some of the results previously found can be obtained by assuming
the point of view of the action.

Examples 3.1. 1. Take as {2 the set underlying the group G, and let G act
by right multiplication: a® = ax. It is an action since a-1 = a, and the property
a™ = (a”)¥ is simply the associative law of G: a®¥ = a(zy) = (ax)y = (a”)Y.
G is transitive: given a,b € G, there exists x € G such that ax = b (i.e.
x = a~'b). The stabilizer of an element is the identity: if ax = a, then z = 1;
a fortiori, the kernel of the action is the identity, so that the homomorphism
G — S% is an isomorphism between G and a subgroup of S%. In this way,
one obtains the right regular representation of G (Definition 1.9). By defining
a® = x~'a one has the left regular representation.

If G is finite, G = {1, z2,...,2,}, the image of an element x € G in the
(right) regular representation is the permutation:

r1 T2 ... Tp
<£L‘1£E Tol ... :cna:> ’
Now z1x = x;, some i, so that z;x = z12?; similarly, ;2% = x; and xjz =
123, etc. If k is the order of z, then z12" 'z = z,2* = x1; hence the ele-
ment z; belongs to the cycle (z1, 212, 2122, ..., z12% 1), (If 212" = 2, with
h < k, then 2" = 1, contrary to o(x) = k.) The same happens for the other
cycles. Thus, the image of an element x of G in the regular representation is a
permutation whose cycles all have the same length (permutations of this kind
are said to be regular®), their length being the order of z.

2 This argument is the same as that leading to (2.12); see Ex. 3.2, 2.
3 See below, Section 3.5.
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2. A group of linear transformations of a vector space V defines an action on
the set underlying V' and on the set of subspaces having the same dimension.
The group G = GL(V) is transitive on the subspaces having the same dimen-
sion. Indeed, if W7 and W5 have the same dimension with bases B, and B»,
respectively, let ¢ be a one-to-one correspondence between them. B; and Bs
can be extended to two bases of V', and ¢ to an invertible linear transforma-
tion of V' taking W7 onto Ws. The stabilizer G,, of a vector v # 0 is transitive
on the set of vectors that are not multiples of v. Indeed, if v and w do not
belong to the subspace generated by v, then v,u and v,w are two pairs of
independent vectors that can be extended to two bases of V. A one-to-one
correspondence between these two bases taking v to v and u to w extends to
an invertible linear transformation of V fixing v, which therefore belongs to
G, and takes u to w.

Let us now show how the representation of Ex. 3.1, 1, can be used to prove
the existence of subgroups of a given order in certain groups.

Corollary 3.2. Let G be a group of order 2m, m odd. Then there exists in G
a subgroup of order m. In particular, G is not simple.

Proof. In the regular representation, the image in S?™ of an element z € G
of order 2, which exists by Cauchy, is a permutation that is a product of
transpositions:

(z1,212) (22, 222) + - - (Th, TRT).

All the elements of G appear in the above cycles, so 2k = 2m, and k = m, an
odd number. Hence the image G of G in S?™ contains an odd permutation,
and therefore is not contained in A?™. But

2 =S¥ /A = |GAT™JA*™| = |G/G N A*™|, (3.3)
so that GN A?™ is a subgroup of G of order m. Since G ~ G, such a subgroup
exists in G, and having index 2 is normal. &

Two isomorphic subgroups of a group G having the same index become
conjugate in the group S¢.

Theorem 3.3. Let H and K be two isomorphic subgroups of a group G, ¢ :
H — K an isomorphism. Then there exists T € S€ such that:

¢ (o(h)) =1"to(h)T, h € H,

where a(h) is the image of h in the reqular representation, and ¢’ the isomor-
phism between o(H) and o(K) induced by .

Proof. Let T = {x;},T' = {y;} be two transversals of the left cosets of H and
K, respectively. If x € G, then x = z;h = y;k, for certain h € H and k € K
define

7(z) = 7(zih) = y;0(h).
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It is immediate that 7 is a permutation of the elements of G, and therefore
7 € 89, Clearly, o(o(h)) = ¢'(o(h)) for all h € H. Moreover, for b’ € H,

(yip(h)™ 7" = 270D — (@, mh')T = yp(hh') = y;o(R)p(R)
= (yip(h)" "D = (ysp(h))# D).

For all b/ € H we have ¢'(a(h')) = 7o (l)T, as required. o

The last result admits a converse: if two subgroups H and K of a group G
are conjugate in G, K = HY, their images in S¢ are also conjugate, o(K) =
o(H)?9)  and therefore these images have the same index (Theorem 2.21).

Examples 3.2. 1. Fz. 3.1, 1 can be generalized (without transitivity) con-
sidering subsets instead of elements. Let 2 be the family of nonempty subsets
of the group G, 2 = {0 # a | « C G}, and let G act on {2 by right multipli-
cation, a9 = ag (if a = {xz,y, ...}, then ag = {xg,yg,...}). As in the quoted
example, the fact that it is actually an action follows from the associative law
of G.

If o = H is a subgroup, then Hg = H if, and only if, g € H, and therefore
H coincides with its stabilizer; the orbit of H is the set of its right cosets. If
G is finite, (3.2) becomes the well known equality

G| = |H|[G : H].

Conversely, if a coincides with its stabilizer, « = G, then « is a subgroup
(stabilizers are subgroups). Hence, the subgroups of a group may be character-
ized as the subsets which, in the above action, coincide with their stabilizers.

2. Let {2 be the set underlying G, and let G act on {2 by conjugation, ¢ =
a"lza. Since

% = (ab)'z(ab) = b~ (o tza)b = b1z = (29)°,

conjugation is an action (as a left action, conjugation must be defined as
2% = axa~'). The orbit of an element x of G is its conjugacy class, and the
stabilizer is its centralizer. Then (3.1) becomes equality (2.12). Moreover, the
kernel of this action is the center of G.

3. Now let {2 be the family of all subgroups of G, the action being again
conjugation, H® = x ! Hz. The orbit of a subgroup H is its conjugacy class,
and the stabilizer its normalizer. We recover the equality of Theorem 2.22.

4. Let H be a subgroup of G, and let {2 be the set of right cosets of H,
2 = {Hz, = € G}. G acts on {2 as follows: (Hz)? = Hzg. (Note that
FEz. 3.1, 1 is a special case of this: take H = {1} and identify the elements of
G with the cosets of {1}.) Given two cosets Hx and Hy, consider the element
g = x~1y; then (Hz)9 = Hy, i.e. any two right cosets of H belong to the same
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orbit. Thus, there is only one orbit, and the group is transitive. The stabilizer
of a coset Hz is
Gy, ={9€ G|Hzg= Hz},

but
Hrg=Hx e Hrgr ' =H e age ' e He gca 'Ha,

ie.
Gy, = H*.

In words, the stabilizer of a coset of H is the conjugate of H by a represen-
tative of that coset (changing representative: Hy = Hx, with y = ha, so that
HY = H"® = H"). In particular, the stabilizer Gz of H is H itself. Hence the
kernel of the action is
K= H*,
zeG

i.e. the intersection of all conjugates of H. In this sense, K is the largest nor-
mal subgroup of G contained in H. In particular, the action on the cosets of
a subgroup H # G is never trivial. Indeed, the kernel being contained in H
it can never be the whole group G.

5. Using the action on the cosets, it can be shown that if a simple group G
has a subgroup of index n it embeds in A™. Indeed, G being simple, the kernel
of the homomorphism G — S™ induced by the action of G on the cosets of
the subgroup of index n is necessarily {1}, so that G embeds in S™, and if the
image is not contained in A™ then it has index 2 (see (3.3)), and G would not
be simple.

Since the kernel of the action on the cosets of a subgroup is never the
whole group, this action can be used to produce proper normal subgroups, in
particular when one wants to prove that certain groups cannot be simple. An
example is given in the following theorem. More examples in Section 3.2.

Theorem 3.4. In a finite group G, a subgroup H of index p, where p is the
smallest divisor of the order of the group, is normal.

Proof. (Note that p is a prime.) Let G act on the cosets of H; we show that
H is the kernel of the action. We have a homomorphism G — SP. If K is the
kernel, then G/K is isomorphic to a subgroup of S?, so that |G/K| divides
SP. Hence, a prime ¢ dividing |G/K| also divides p!= p(p — 1)---2 -1, and
therefore ¢ < p. But ¢, a divisor of |G/ K], also divides |G|; p being the small-
est such, we have ¢ > p. Hence ¢ = p, and G/K is a p-group. Since |G/K|
divides p!, and p? does not, p? does not divide |G/K]|, so that G/K has order
p. Hence K has index p like H, and therefore the same order as H, and from
K C H it follows H = K. &

The two following facts, apparently unrelated, are both consequences of
this theorem.
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Corollary 3.3. %) In a finite group, a subgroup of index 2 is normal (this also
holds in an infinite group);

1) in a finite p-group, a subgroup of index p is normal.

Proof. In both cases, the index of the the subgroup is the smallest divisor of
the order of the group. %

Let us now consider an application to the case of an infinite group.

Theorem 3.5. Let G be a f.g. group. Then:
1) for all n, the number of subgroups of G of index n is finite;

1) if G has a subgroup of finite index, then it also has a characteristic sub-
group of finite index.

Proof. i) The homomorphisms of a f.g. group G in a finite group are finite
in number because they are determined once the images of the generators
are assigned, and these images belong to a finite set. Hence, there are only a
finite numbers of kernels. Now, a subgroup H of G of index n gives rise to
a homomorphism of G in S™ whose kernel K is contained in H; the image
of H is H/K. The subgroup K may also be the kernel of the action on the
cosets of other subgroups of G of index n, but only of a finite number of them
because the number of possible images is finite (these are subgroups of S™,
and if H;/K = Hy/K then H; = Hs). The number of K’s being finite, we
conclude that the number of subgroups of index n is also finite.

i1) Let H < G, [G : H] = n. The image of H under an automorphism ¢ of
G has the same index n of H. By i), as ¢ varies in the automorphism group of
G we have only a finite number of these images. Therefore, their intersection
has finite index, and is the required characteristic subgroup. O

In the case i) of the theorem we know that there always exists a nor-
mal subgroup of finite index (Theorem 2.25) without the hypothesis of finite
generation.

We have seen that the action on the cosets of a subgroup is transitive; we
will see in a moment that this is essentially the only way in which a group
can act transitively.

Definition 3.5. The actions of two groups G and G on two sets {2 and {2
are similar if there exists a one-to-one correspondence ¢ : 2 — (27 and an
isomorphism 6 : G — G such that:

pla?) = p(a)’, (3-4)

for every a € {2 and every g € G. It is clear that the relation of similarity is
an equivalence relation. For this reason, one also speaks of equivalent actions.

If G = G4, 0 will be an automorphism of G; if # is the identity automor-
phism, (3.4) can be expressed by saying that ¢ commutes with the action of
G or that ¢ preserves the action of G.
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Examples 3.3. 1. The actions a* = ax and a® = £~ 'a, which give the right
and left regular representations, are similar. Indeed, by taking as ¢ the map-
ping a — !, we have:

p(a”) = plaz) =a"la™!
p(a)” = (a™)* a

2. In case G and (G; are two permutation groups of the same set (2, i.e.
G,G1 C S%, then ¢ € S and similarity becomes conjugation in S: (3.4)
expresses the fact that GG is the conjugate of G by ¢, i.e. that 6 is the con-
jugation by ¢. Indeed, write (3.4) as (a9)% = (a®)?9) ie. as a9% = a®?(9).
This equality holding for all & we have gp = p0(g), i.e. 8(g) = p~Lgp.

)

-1

=T
:{L‘_l

3. If G = {5;} and Gy = {T;} are two groups of linear transformations (ma-
trices) of a vector space V', the actions of the two groups are similar if there
exist an isomorphism 6 : S; — T; and a bijection ¢ : V — V such that
vS;p = vT;, for allv € V.

Theorem 3.6. The actions of a group on the cosets of two subgroups are
similar if, and only if, the two subgroups are conjugate.

Proof. Let H and H® be the two subgroups. The mapping:
¢: H"y — Huxy,

is well defined and bijective (see the proof of Theorem 2.21), and commutes
with the action of G:

o((H"y)?) = o(H"yg) = Hx(yg),
(p(H"y))? = (Hry)? = H(wy)g.

Conversely, let H and K be two subgroups of a group G, and let the actions
of G on the cosets of H and K be similar. The image under ¢ of the coset H is
a coset of K, Ky say. For all h € H, we have p(H) = p(Hh) = p(H)", where
the second equality follows from the fact that ¢ commutes with the action of
G. Hence Ky = (Ky)" = Kyh, so that yhy~' € K for all h € H, and there-
fore H C KY. On the other hand, from p(H) = Ky it follows ¢(Hy™ ') =
p(H)Y" = (Ky)' " = Kyy™' = K, so that p(Hy~'k) = p(Hy™")* = Kk =
K = ¢o(Hy™ '), for all k € K; ¢ being injective, Hy *k = Hy~!, and KY C H.
Thus H = KVY. O

Theorem 3.7. Let G be a group acting transitively on a set §2, and let H =
G, be the stabilizer of a point o € 2. Then the action of G on {2 is similar
to that of G on the cosets of H seen in Fx. 3.2, 4.

Proof. Let 21 = {Hz, x € G}. Fix a € (2; by transitivity, every point of {2
has the form o, z € G. Define ¢ : 2 — (1 by ¢ : o — Huz; ¢ is well defined
and injective:

o =¥ eyl eG,=H< He = Hy,
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and is also surjective, because o runs over all the points of {2 as x varies in
G. Moreover, ¢ commutes with the action of G: if § € (2, then § = o” for
some z, and we have p(39) = p(a™) = Hxg = (Hz)? = p(a®)? = ¢o(B)J.

In other words, given a transitive group and a fixed o € (2, we may iden-
tify a with G, i.e. with the set of elements of G taking o to a, and 8 € (2
with the set of elements of G taking « to (3, i.e. with the coset G,x, where
a® = (3 (cf. Ex. 3 of 1.46). Moreover, by transitivity, the stabilizers of any two
elements are conjugate, and therefore, by Theorem 3.6, the actions of G on
their cosets are similar.

From the previous two theorems we have:

Corollary 3.4. Up to similarities, the number of transitive actions of a group
G equals the number of conjugacy classes of subgroups of G (including {1}
and G).

Remark 3.1. The actions on {1} and G are similar to the regular action and to
the trivial one on a singleton, respectively.

We close this section with two theorems: the first shows the relation ex-
isting between transitivity and normality, the second what is implied by a
subgroup being already transitive.

Theorem 3.8.% Let G be transitive on 2, |2 = n, and let N be a normal
subgroup of G. Then G acts on the set of orbits of N, and this action is tran-
sitive. In particular, the orbits of N all have the same cardinality n/k, where
k is their number. Moreover, the actions of N on these orbits are all similar.
If n is prime, N is transitive (or trivial on (2).

Proof. We have to show that if A is an orbit of N, then for all g € G,
A9 = {9, a € A} is again an orbit of N, and that, if A; and Ay are
two orbits of N, there exists g € G such that Ay = A,. Let # € N; then
(A9)* = A9® = A™'9 = A9, where 2’ € N, and therefore A9 is an orbit of N.
Then let o € Ay and 8 € As. By the transitivity of G on {2 there exists g € G
such that a9 = 3, so that A N Ay # (). Since we are dealing with orbits, this
implies A = As.

As to the similarity of the action of N on its orbits, let A; and Ay = Af be
two of these orbits, ¢ the mapping A; — A, given by ¢ : « — o, and 0 the
automorphism of N induced by the conjugacy determined by g: 6(y) = g~ 1yg,
y € N. With these ¢ and 6 we have the similitude we seek:

p(a¥) = a9 = (ag)g’lyg _ s0(0[)9(?4).

If n is prime, then & = 1 or £ = n, and therefore N has one or n orbits. <

4 This is the permutation group version of a theorem of Clifford in representation
theory.
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Theorem 3.9. Let H < G, H transitive, and let o € 2. Then G = HG,,.

Proof. Let g € G; given a9 and «, there exists h € H such that a9 = a.
Then gh € Go, g =gh-h™ ' € G H, s0o G = G H = HG,. &

As an illustration of this theorem, consider the group A%, with H = V the
Klein group, and G, = C3 the stabilizer of a point in 2 = {1,2,3,4}. Then
A* = HG,.

Exercises

The actions of a group G on his subsets and on the cosets of a subgroup are those
seen in the examples given in the text proper.

1. Consider the action of G on its subsets. Show that |G| < |a], for all a € (2.
2. Give a new proof of the equality:

[H||K|

HK| =
| | |HNK|

for G finite and H, K < G, by letting K act on the subsets of G and considering the
orbit and the stabilizer of H.

3. i) Let H, K < G. Show that the number of cosets Hx contained in HK equals
the index of H N K in K. [Hint: let K act on the subsets of G.]
1) If G is finite, show that

(HUK):H]>[K:HnNK],

and that equality holds if, and only if, (H U K) = HK.
4. If G is finite, x € G and H < G, show that

[Ce(2)| < [G: H]|Cu ()|

and that equality holds if, and only if, Cq(z)H = G. (Cu(z) = Cg(z) N H, the
subgroup of the elements of H commuting with x.) [Hint: see ez. 3.]

5. Show that there are only two groups of order 6 by letting the group act on the
cosets of a subgroup of order 2.

6. Prove Poincaré’s Theorem 2.25 by letting the group act on the cosets of the
subgroup of finite index.

7. For H, K < G, by a double coset of H and K we mean a subset of the form HaK,
a € G. Show that:

i) G is a disjoint union of double cosets, and therefore these cosets are the classes
of an equivalence relation. Which one?
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Assume now G finite.

#1) The number of right cosets of H contained in HaK equals the index of
H*NK in K. Conclude that the number of elements of G contained in HaK equals
|H|[K : H* N K], i.e.

[HI|K]|

HaK| = .
[HaK = o g

[Hint: let K act on the cosets of H; the case a =1 is in ez. 2.]
1) If Ha; K, i =1,2,...,m, are the distinct double cosets of H and K, we have
(Frobenius):

A
G| = ;
1= 3 ek

it follows that the index of H in G is [G: H] = > " | [K : H* N K].

i) If k € K, then [K : H*N K] = [K : H** N K].

v) If z1, 2, ..., xm are representatives of the right cosets of H, then the number
of conjugates H** of H for which [K : H* N K] =t is a multiple of .
[Hint: the number of cosets of the form Hzk is t = [K : H® N K|, because Hzk =
Hxk, & Hmkkl_lafl = H < kki1 € H*. Thus the cosets Hx, Hxks, ..., Hxk: are
all distinct.]

vi) Double cosets may have different cardinalities that do not divide the order
of the group.

vii) What is the number of left cosets of K contained in HaK?

8. Prove that if the actions of two groups G and G; are similar (Definition 3.5),
and A is an orbit of G on £2, then ¢(A) is an orbit of G7 on 2;. Hence two similar
actions have the same number of orbits of the same length, and in particular they
are either both transitive or both intransitive.

9. Give an example of two non similar actions of the Klein group on a set of four
elements.

10. The action of G on the left cosets of a subgroup H defined by (aH)? = (¢~ 'a)H
is similar to that seen on the right cosets.

11. If H < G, the action of G by conjugation on the set of conjugates of H is similar
to that of G on the cosets of N (H).

12. Let I' = {a1,a2,...,a:} be an orbit of the action of G on its subsets. Show
that:

’L) G= U§:1 Qg

17) if the above union is disjoint, then one of the «; is a subgroup and the other
ones are its right cosets.

13. i) Let H < G, and let G act on £2. Show that the normalizer of H acts on the
set A of points fixed by elements of H.

#i) Let H < G and let « be the unique point of 2 fixed by every element of H.
Show that the normalizer of H is contained in G,.

14. The automorphisms of a group G fixing all the conjugacy classes of G form a
normal subgroup of Aut(G). (This subgroup contains I(G), but in general it does
not coincide with it; see footnote 6 of Chapter 2.)
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15. If H < G, then G/H acts on H/H'.

16. In a transitive group of prime degree the subgroups of a normal series are tran-
sitive. [Hint: Theorem 3.8.]

3.2 The Sylow Theorem

If m is an integer dividing the order of a group G, we know that there does
not necessarily exist a subgroup of order m in Gj; that is, the converse of La-
grange’s theorem does not hold in general (the alternating group A* providing
the smallest counterexample). If m = p, a prime, Cauchy’s theorem ensures
the existence of subgroups of order p. Sylow’s theorem, that we now prove,
says that, if |G| = jv}l“plz12 ~--pi“ is the prime factorization of the order of a
group G, then there exist in G at least one subgroup of order pi“, one of order
pg"‘, ..., one of order p?t. The main ingredient of the proof will be the action
of a group on a set whose cardinality is coprime to the order of the group
(coprime action).

Lemma 3.1. Let P be a finite p-group acting on a set 2 such that p 1 |£2].
Then there exists a point of 2 fixed by every element of P.

Proof. The orbits of P on {2 have cardinality a power of p. However, not all
can have cardinality p* with k& > 0, otherwise |£2| would be divisible by p.
Thus, for at least one orbit, we have k = 0; this orbit has only one point,
which is obviously fixed by every element of P. &

We already know that a finite p-group has a non trivial center. This result
can be proved, together with a generalization, using the above lemma.

Corollary 3.5. Let P be a finite p-group, and H # {1} a normal subgroup of
P. Then HN Z(P) # 1. In particular, the center of P is non trivial.

Proof. Take as {2 the set H \ {1} and let P act on {2 by conjugation (it is an
action because the image of an element of 2 still belongs to (2). If H has order
p", 2 has order p" — 1, and therefore p does not divide |£2|. By Lemma 3.1,
there exists z € {2 fixed by every element of g € P, 9 = . The action being
conjugation, this means g 'zg = =, i.e. £ commutes with every element of P.
Hence xz € Z(P), and x # 1 because z € 2. O

Corollary 3.6. Let P be a finite p-group, H a proper subgroup of P. Then H
is properly contained in its normalizer, H < P = H < Np(H).

Proof. If H <1 P there is nothing to prove. Assume H is not normal, and let
2 ={H* H", ...} be the set of conjugates of H other than H. The subgroup
H acts on {2 by conjugation (conjugation by elements of H keeps an element
of £2 again in §2, because if H9 € 2, and (H9)" ¢ (2, then (HY9)" = H,
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gh € Np(H), g € Np(H) and HY = H ¢ §2). The conjugacy class of H has
cardinality p*, some k (k > 0 since H is not normal), and therefore 2 has
cardinality p* — 1, a number not divisible by p. By Lemma 3.1 there exists
an element HY of (2 fixed by every element of H: (H9)" = HY, from which
gHg™' C Np(H). Since it cannot be gHg~! C H, otherwise HY = H, there
exists h such that ghg=! € Np(H) and ghg~' & H, as required. &

Corollary 3.7. In a finite p-group of order p™ a mazximal subgroup is normal,
and therefore is of index p.

Definition 3.6. Let p be a prime, and let p™ be the highest power of p divid-
ing the order of a finite group G. A subgroup S of order p™ is called a Sylow
p-subgroup of G, or simply a p-Sylow. The set of Sylow p-subgroups of G is
denoted by Syl,(G), and their number by n,(G), or simply n,.

Theorem 3.10 (Sylow). Let p be a prime dividing the order of a finite
group G. Then:

i) there exists in G at least one p-Sylow S;
1) if P is a p-subgroup of G and S is a p-Sylow, then P is contained in a
conjugate of S. It follows:
a) every p-subgroup, and in particular every p-element, is contained in
some p-Sylow;
b) all p-Sylows are conjugate; hence, if a p-Sylow is normal, it is the
unique p-Sylow of G.
i) a) n, = 1 mod p;
b) n, = [G : Ng(9)], where S is any p-Sylow. In particular, n, divides
the index of S°.

Before proving the theorem, we establish a preliminary lemma of an arithmetic
character.

Lemma 3.2. If p is a prime and p{m, then p{ (p;f”).
Proof. We have: (p"m)!/p"l(p"m — p™)!, i.e.
(p"m) _ptm(ptm—1)...(p"m—i)...(p"m —p" +1)
pn pr(pr—1)...(p"—4)...(pn —p* + 1) '

Since i < p™, the power of p dividing p™m — ¢ is the power of p dividing ¢,
and the same holds for p™ — i. Therefore, the corresponding terms on the nu-
merator and the denominator are divisible by the same power of p. The result
follows. &

5 The three parts of the theorem are sometimes considered as three distinct theo-
rems.
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We now come to the proof of the theorem.

Proof. i) Let p™ be the highest power of p dividing |G|, and let G act by right
multiplication on the set of subsets of G of cardinality p™:

2 ={aCG|la]=p"}.

We have |G| = p™m, and therefore |2| = (p;m), with p { m. By Lemma 3.2,
p1|42]. Hence there is an orbit of the action whose cardinality is not divisible
by p. Let A be such an orbit, and let € A; then |G| = |Gy 4|, and therefore
p"||Gql. On the other hand, if x € @ and g € G4, then zg € a, and therefore
G4 C . Thus,
|Gal = |2Ga| <ol =p",

and hence |G| = p™. We have found a p-Sylow as the stabilizer of a subset
belonging to an orbit of cardinality not divisible by p.

i1) P acts by multiplication on the set of right cosets of S, a set of car-
dinality [G : S] and hence not divisible by p. Then there exists Sg fixed by
every element of P: Sgx = Sg, for all z € P, from which gzg=' € S, € 9
and hence P C S9:

a) S9 has the same order as S, and therefore is also a p-Sylow. Moreover, if x
is a p-element, the subgroup P generated by z is contained in a p-Sylow;

b) if P is also Sylow, then P = S9 because they have the same order. Any two
p-Sylows are therefore conjugate, so that the p-Sylows make up a unique
conjugacy class. It follows that if a p-Sylow is normal, then it is the unique
p-Sylow of the group. In particular, S is the unique p-Sylow of its normal-
izer. If P is a normal p-subgroup of G, then P C S implies P9 = P C 59,
all g € G, and hence P is contained in all the p-Sylows of the group.

i11) a) Let So, S1,...,Sr, 7 =n, — 1, be all the p-Sylows of G. As in the
proof of Corollary 3.6 (with Sy playing the role of H) let Sy act by conju-
gation on the set {Si,S2,...,S,}. If g € Sy stabilizes S;, then Sy = S, and
g € Ng(S;). But since S; is the unique p-Sylow of N (S;) and g is a p-element,
by ii,a) g € S;. This shows that the stabilizer of S; in Sy is Sy N S;, so that
the orbit of S; has cardinality [Sy : Sp N S;]. No orbit can have cardinality 1:
this would imply Sp N .S; = Sy, i.e. Sg = S5;. It follows r = kp. Adding Sy, we
have n, = 1+ kp. b) follows from the fact that the p-Sylows are all conjugate,
and therefore the number of p-Sylows equals the index of the normalizer of

any of them. Moreover, since N¢(S) 2 S, we also have that n, divides the
index of S. ¢

The action of G by conjugation on the set of its p-Sylows (or on the cosets
of the normalizer of one of them) yields a homomorphism of G in S™. This
remark will be useful to prove that groups of a certain order cannot be simple.

Corollary 3.8. If p", p a prime, divides the order of a finite group G, then
there exists in G a subgroup of order p". In particular, for h = 1 we have
Cauchy’s theorem.
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Proof. If S € Syl,(G), with |S| = p", then h < n and therefore p”|p™. Thus
there exists in S, and so in G, a subgroup of order p” (for p-groups, Lagrange’s
theorem has an inverse; see Ex. 2.3, 2). &

Corollary 3.9. Let G be a finite abelian group. Then:

1) G has only one p-Sylow for all p dividing |G|;

it) G is the direct product of its p-Sylows, for the various primes p dividing
GI;

1it) G is cyclic if, and only if, its Sylow subgroups are cyclic.

Proof. i) Like all the subgroups of G, a p-Sylow is normal, and therefore, by
11,b) of Sylow’s theorem, unique.

1) The Sylow subgroups being normal, their product S1.52---S; -+ Sy is a
subgroup. If 1 # & = 2129+ - T;_1Ti41 - - - Tt, T € Sk, then o(z) = lem(o(zy)),
and therefore x ¢ S;. Then S; has a trivial intersection with the product of
the other Sylow subgroups. This shows that the product of the S; is direct.

iit) If G is cyclic, every subgroup is cyclic. Conversely, take a generator
in each p-Sylow for the various primes p dividing |G|. The product of these
generators is an element of order |G|. &

Note that, even if the group is not abelian, 7) and i) of this corollary are
equivalent; the proof is the same as that given above. If these conditions hold,
the group is said to be nilpotent (we shall be considering nilpotent groups in
Chapter 5).

Here is another proof of Sylow’s theorem, based on Cauchy’s theorem. Let
S be the set of the maximal p-subgroups of G, and let G act on S by con-
jugation. In the action of a subgroup S of S no element P of S is left fixed,
otherwise S normalizes P and SP would be a subgroup properly containing
S, against the maximality of S. Hence S itself is the only fixed point of the
action of S. Let {2 be the orbit of G to which S belongs. Since S only fixes
itself in this orbit, and since the other orbits of S in {2 have cardinality a non
trivial power of p, we have 2] = 1 mod p. Let P ¢ (2. Since P only fixes P,
it fixes no point in its action on £2; it follows [£2| = 0 mod p, a contradiction.
Hence there are no points outside {2, that is 2 = S, and G is transitive on
S, 80 S =[G : Ng(9)], and this index is congruent to 1 mod p. If p divides
[Ng(S) : S], by Cauchy’s theorem N¢(S)/S has a subgroup H/S of order p,
so H contains S and has order p|S|, against the maximality of S. Since p does
not divide either [G : Ng(S)] or [Ng(S) : 5], it does not divide their product
[G : S]. Hence S is Sylow. This proves existence; the above discussion proves
i), 4i) and iii) of the theorem (part ii)a) follows because every p-subgroup is
contained in a maximal p-subgroup). For other proofs of various parts of the
theorem see ex. 22, 59 and 60 below.
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Examples 3.4. 1. Consider the upper unitriangular n x n matrices with co-
efficients in F,, ¢ = p/, i.e. the subgroup of GL(n,q) of matrices (* denotes
any elements of Fy):

1
1 *
0 1
There are ¢"~! choices for the elements of the first row, ¢" 2 for those of the

second,. .., ¢q for those of the second to the last, and only one for the last.
This gives a total of

n—1 n—2 n(n=1)

matrices. The group GL(n,q) has

(qn _ 1)((]” _ q) . <qn _ qn—1> —
n(n—1) 9 " n(n—1)
g > (=@ -1 (¢"-1)=q > r
elements, where p 1 r (Fz. 1.3, 2). Then pfn(gfl) is the highest power of p
dividing |GL(n,q)|, so that the upper unitriangular matrices form a Sylow
p-subgroup of GL(n,q). These matrices have determinant 1, and therefore
belong to SL(n,q)), and this holds for the elements of any other p-Sylow be-
cause the p-Sylows are all conjugate, and conjugation does not alter the value
of the determinant. (This can also be seen directly by observing that if A is a
p-element, then 1:det(I):det(Apk ):det(A)pk, where I is the identity matrix;
the multiplicative group of F being of order ¢ — 1, and therefore not divisible
by p, we have det(A4) = 1.)

The existence of a Sylow p-subgroup in GL(n, q) can be used to prove the
existence of a Sylow p-subgroup in any finite group. Let G be any finite group.
By Cayley’s theorem, G is isomorphic to a subgroup of S™, n = |G|, and S™
is isomorphic to the subgroup of GL(n, ¢) given by the permutation matrices.
Hence G is isomorphic to a subgroup of GL(n, q). Let G act by multiplication
on the set 2 of right cosets of the Sylow p-subgroup S of GL(n,q). Since
p1|42|, there is an orbit of the action of G whose order is not divisible by p. If
H is the stabilizer of a point Sg in this orbit, then Sgh = Sg, for all h € H,
ie. H C S99, so that H is a p-group, and since the index of H in G is |{2]
which is not divisible by p, H is a Sylow p-subgroup of G.

2. The dihedral group D, induces a permutation of the four vertices and
therefore embeds in S*. We know (Ez. 1.7, 6) that there are essentially three
ways of numbering the vertices of a square, each of which corresponds to
a dihedral group. These three subgroups have in common the Klein group
{I,(1,2)(3,4),(1,3)(2,4), (1,4)(2,3)}, and since |S*| = 24 = 23-3, and ny = 3,
they are the Sylow 2-subgroups of S*. The eight elements of order 3 of S* are
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3-cycles and distribute in pairs in four subgroups of order 3. Thus ng = 4,
and these also are the 3-Sylows of A% because 3-cycles are even permutations.
The only 2-elements of S* that are even permutations are those of the Klein
group seen above; therefore this is the unique 2-Sylow of A%.

The following examples illustrate the use of Sylow theorem to study groups
for which the order has a special decomposition into prime factors, and in par-
ticular to show that such groups are not simple.

3. A group G of order the product of two primes pq, p < q, pt (¢ — 1), is
cyclic. We have ng|p, and therefore n, = 1 or p. But n, = 1 mod ¢, and if
ng = p then ¢|(p — 1), contrary to p < ¢. Then n, = 1. As for n,, we have
nplq, np =1,¢. If n, = g, then n, = 1 mod p would imply p|(g — 1), contrary
to pt(¢—1). Hence G has only one p- and only one g-Sylow subgroups, that
therefore are normal, and having trivial intersection they commute element-
wise. The product of an element of order p by one of order ¢ has order pq and
generates the group. Note that the assumption p{ (¢ — 1) is necessary as the
example of the group S shows®.

If p|(¢ — 1), besides the cyclic group there exists one more group, the
semidirect product of C), by C, (we have C), < Aut(C,)). This is a Frobenius
group (see Definition 5.12).

4. A group G of order pqr, p,q,r primes and p < q < r has a normal Sylow
subgroup. If for no prime there is only one Sylow subgroup, then n, = p,q
or pg. Now n, = p is impossible because p = 1 mod r means r|(p — 1), con-
trary to r > p. Similarly if n, = ¢. Thus n, = pq, and G has pq(r — 1)
r-elements. The same argument shows that n, > ¢ and n, > r, so that
G has at least ¢(p — 1) p-elements and (¢ — 1) ¢-elements. It follows |G| >
pg(r—1)+r(g—1)+q(p—1)+1, and being r(¢—1)+q(p—1)+1 > pg because
rq > q+r — 1, we have the contradiction |G| > (r — 1)pg + pq = pqr = |G/.

5. A group of order p*q, p and q primes and p < q, has a normal p- or q-
Sylow subgroup. If n, # 1, then n, = p or p*. The first possibility is excluded
because ¢|(p — 1) is impossible. As for the second, ¢|(p?> —1) = (p—1)(p+ 1)
implies ¢|(p 4+ 1), i.e. ¢ = 3 p = 2, and the group has order 12. From nz = 4
it follows that the group has eight 3-elements, and there is room left for only
one subgroup of order 4.

6. If a group G has a subgroup H of index 2,3 or 4, then it is not simple (or else
has order 2 or 3). In the three cases, letting G act on the cosets of H we have
a homomorphism G — S%, i = 2,3, 4. If the kernel is not {1}, G is not simple;
otherwise, G embeds in S?, and therefore has order 2,3,22,2 - 3,23,223 233,
Thus either |G| has order a prime, the power of a prime, 223, or G ~ S® or
G ~ S*: the latter groups have A% or A* as normal subgroups, respectively.

5 More generally, a group of order n is cyclic if (n, #(n)) = 1 (cf. ex. 45 of Chap-
ter 5).
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7. A group G of order 30 has normal 3- and 5-Sylow subgroups. The order
2-3-5 of G is of the form 2m, with m odd. Therefore there exists a subgroup
H of order m = 15 = 3-5 (Corollary 3.2), and since 3 1 (5—1), H is cyclic and
admits only one 3- and only one 5-Sylow subgroup, that are therefore char-
acteristic. But H < G (index 2) then implies that these two Sylow subgroups
are normal in the whole group G.

8. A group of order 120 cannot be simple. We have 120 = 23-3-5, and therefore
ns = 1 or 6. If n5 = 6 and G is simple, then G embeds in A® (Ez. 3.2, 5);
but then A8, which is of order 360, would have a subgroup of index 3 and it
would not be simple (Fz. 6 above).

9. In a group of order 36 a 2- or a 3-Sylow is normal. First, G is not simple
because it has a subgroup of index 4 (Ez. 6 above), i.e a 3-Sylow S. If the
kernel of G — S* is the whole of S, S is normal. Otherwise the kernel is a C3
(it cannot be {1} because we would have G' < S*, which is absurd), and G
has four 3-Sylows, which intersect in this C3, and 6 - 4 + 2 = 26 3-elements.
A group of order 9 being abelian, the four 3-Sylows centralize C3, so that
C(C3) has order divisible by 9 and by 4, and therefore is the whole group G.
In other words, C5 C Z(G). If a 2-Sylow is a Cy = (y), the product of y by a
generator x of C5 yields an element of order 12. But a Ci5 has four elements
of order 12 and two of order 6; together with the 26 3-elements we have a
total of 32 elements, and there is room left for only one 2-Sylow. If a 2-Sylow
is a Klein group, the three elements of order 2 multiplied by z and ! yield
six elements of order 6, and again there is room left for only one 2-Sylow.

10. A group of order 1056 is not simple. We have |G| = 2°-3-11. If G is simple,
then nyy # 1, ny; = 12, and therefore [G : Ng(C11)] = 12, Ng(Ch1) = 88 =
23.11. But Ng(C11)/Cq(Ch1) is isomorphic to a subgroup of Aut(Cy;) which
has order 10. It follows that 22 divides |Cg(C11)|, so that there is an element
of order 2 that centralizes C71, and this element, multiplied by a nonidentity
element of (4, gives an element of order 22. However, by assumption G is
simple, and n1; = 12 implies that it embeds in A'2, a group that does not
admit elements of order 22 (such an element must have at least one 2-cycle
and one 11-cycle, so that at least 13 digits are needed).

We know that the alternating group A is simple. We now prove this using
Sylow’s theory. Actually, we will prove something more general, namely, that
a group of order 60 in which the maximum order of an element is 5 is a simple
group.

11. A5 is simple. From the possible cycle structures we see that the maxi-
mum order of an element of A% is 5. The proper divisors of |A%| = 60 are
2,3,4,5,6,10,12,15,20 and 30. A® has no subgroups of order 15 or 30 because
these groups have elements of order 15 (Fz. 2 and 7), nor has normal sub-
groups of order 3 or 5, because multiplication by an element of order 5 or
3 (that exist by Sylow or Cauchy) would yield a subgroup of order 15. For
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the same reason there are no normal subgroups of order 2 or 4: the quotients
would be of order 30 or 15 and therefore would have elements of order 15, and
the corresponding group elements would be of order a multiple of 15. A group
H of order 10 has a unique 5-Sylow (index 2, therefore normal), and therefore
characteristic in H; if H < G then S < G, already excluded (or also because
the product of H by a Cj is a subgroup of order 30). Similarly, if |H| = 20,
a 5-Sylow is characteristic in H. If |H| = 6, a 3-Sylow is characteristic, and
if |H| = 12 the same happens for a 2- or a 3-Sylow (Ez. 5). (That A® is the
unique simple group of order 60 will be shown in Ez. 3.5, 3.)

12. Consider again A°. Since 4 divides 12, which is the order of A%, a 2-Sylow
of A® (which is a Klein group because there are no elements of order 4, an
element of order 4 in S° being a 4-cycle and therefore odd) is contained in
A%, and is normal there. Then its normalizer in A® has order at least 12, and
since it cannot be equal to A® because of the simplicity of A%, exactly 12, and
therefore is A%. Tt follows that ny = [A5 : N45(V)] = 5. A® acts by conjuga-
tion on the set of these 2-Sylows, and the action is transitive, and therefore
similar to that of the group on the cosets of the stabilizer of a 2-Sylow, that
is, on the cosets of its normalizer, which is A%. As the set of five elements on
which A% acts one can take the five 2-Sylows of A°.

As for the Sylow 3-subgroups we have, again because A° is simple, that
n3 = 10. The index of the normalizer of a 3-Sylow is therefore 10, its order is
6, and since there are no elements of order 6, this normalizer is 2. Finally,
ns = 6, the normalizer of a C5 has order 10, and since there are no elements of
order 10, it is the dihedral group D5 (an element of order 2 inverts a generator
of 05)

A5 provides an example of the fact that the product of a set of Sylow
subgroups, one for each prime dividing the order of a group, is not necessarily
the whole group. If |G| = p'flpgz ~~pft e |Si| = pé”, in order that a product
Si, Si, -+ S;, be equal to G we must have:

195, Sty - S, | = |G = Pl ph? -+ p)t = 183,183, -+ |85, |-

Thus the cardinality of G must be equal to that of the cartesian product set
of the S;, and this happens if, and only if, an element g € G can be expressed
in a unique way as a product g = x;, z;, - - - T;,, T;; € S;. Uniqueness of the
expression may depend on the choice of the Sylow subgroups and on the order
in which the product is performed. In A%, by taking:

V ={1,(1,2)(3,4),(1,3)(2,4),(1,4)(2,3)},
Cs;=1{I,(1,3,5),(1,5,3)},
Cs ={1,(1,2,3,4,5),(1,3,5,2,4),(1,4,2,5,3),(1,5,4,3,2)},

we have VC3C5 # A®. Indeed, there are for example two distinct expressions

for the cycle (1,2,3,4,5):
(172737475) =I-I- (17273a4a5) = (1a2)(3a4> : (17375) -1
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It can be proved that no permutation of the chosen three Sylows gives A®. If
instead we choose C3 = {I,(1,2,3),(1,3,2)}, then with V' and Cs as above,
we have VC3 = C3V = A* and therefore VC35C5 = C3VCs = AS. However,
for no choice of a 2-, a 3- and a 5-Sylow VC5C3 = A® (ex. 47)7.

Let us consider the relation between the Sylow subgroups of a group and
those of its subgroups and quotients. There are no surprises.

Theorem 3.11. The Sylow subgroups of a subgroup H of a group G are ob-
tained by intersecting H with the Sylow subgroups of G. Moreover two distinct
Sylows p-subgroups of H come from two different Sylow p-subgroups of G.

Proof. If P € Syl,(H), by it) of the Sylow theorem there exists S € Syl,(G)
such that P C S. Therefore P C HNS; HNS being a p-subgroup of H and
P a Sylow p-subgroup of H we have equality: P = H NS. Let P, = HN S,
and Pg :HQSQ. If Sl ZSQ we have P1 :PQ. <>

Corollary 3.10. The number of Sylow p-subgroups of a subgroup does mot
exceed that of the Sylow p-subgroups of the group.

It should be noted that the theorem just proved does not say that the
intersection of a p-Sylow of a group G with a subgroup H is a p-Sylow of H.
It only says that there exists a p-Sylow of G whose intersection with H is a
p-Sylow of H. However, if H is normal, and S is any Sylow subgroup, then
H NS is Sylow in H as the following theorem shows.

Theorem 3.12. Let H < G, and let S € Syl,(G). Then HN S € Syl,(H).

Proof. There exists Sy such that HNS; € Syl,(H). But S; = 59, some g € G,
so HNS1 =HNS9=HINS9 = (HNS)?. Then (HNS)9 € Syl,(H), and so
also H NS € Syl,(H) because it is contained in H9 ' = H and has the same
order as (H N S)9. O

Theorem 3.13. Let H < G, pt |G : H]. Then:
i) H contains a p-Sylow of G;
1) if H is normal, then it contains all the p-Sylows of G.

Proof. i) From |G| = |H|[G : H] and the assumption, we have that the highest
power of p dividing |G| also divides |H|. Hence a p-Sylow of H has the same
order as a p-Sylow of G.

1) The p-Sylows being all conjugate and H containing one of them, by
normality it contains all of them. &

" Groups the product gives the whole group independently of the choice of the Sy-
low subgroups and of the order in which they appear are the solvable groups (cf.
Chapter 5, ex. 72).
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Let us now see what happens with the quotients.

Theorem 3.14. The p-Sylows of a quotient group G/N are the images of the
p-Sylows of G in the canonical homomorphism G — G/N.

Proof. If S € Syl,(G), its image SN/N is a p-subgroup of G/N of index
[G/N : SN/N] =[G : SN] =[G : S]/[SN : 5], a divisor of [G : S|, which is
not divisible by p. But a p-subgroup whose index is not divisible by p has or-
der the highest power of p that divides |G|, and therefore is a p-Sylow. Hence,
the image of a p-Sylow is a p-Sylow of the quotient.

Conversely, if K/N is a p-Sylow of G/N, then p does not divide the index
[G/N : K/N] =[G : K], and therefore K contains a p-Sylow S of G. It follows
SN/N C K/N; but, by what we have just seen, SN/N is Sylow, and since,
by assumption, K/N is also Sylow, we have K/N = SN/N. Therefore, the
p-Sylows of a quotient are obtained as images of the p-Sylows of the group.<$

Corollary 3.11. The number of p-Sylows of a quotient does not exceed the
number of p-Sylows of the group.

The intersection of two Sylow p-subgroups S; and Sy is a mazimal Sy-
low intersection (for the prime p) if the intersection S; N Sz has maximal
cardinality among all possible intersections between two Sylow p-subgroups.
The intersection of two Sylow p-subgroups S7 and S; is a tame intersection if
Ng, (S1 N Ss) and Ng, (S1 N S2) are both Sylow p-subgroups of N (S1 N Sa).
Trivial examples of tame intersections are S; N Se = {1} and, if S = So,
S1 NSy = .51. More interesting is the following result.

Lemma 3.3. A mazimal Sylow intersection is a tame intersection.

Proof. Let N = Ng(S1NS2). If NNS; and N N Ss coincide, then N NSy =
(NﬂSl)ﬁ(NﬂSl) = (NﬂSl)ﬁ(NﬁSQ) :NﬁSlﬁSg = SlmSQ. But
N NSy = Ng, (51 N Ss) and this properly contains S; N Sy (Corollary 3.6).
This proves that NV N .S; and N NSy are distinct. If N NSy is not Sylow in
N, there exists a p-Sylow of N properly containing it, and this is obtained
as the intersection of NV with a p-Sylow S of G: NN S; < NN S. Therefore,
S1NSy < NNS1 < NNS, and in particular S;1 NSy < S. Since S1 NSy < Sy,
it follows that S; N .S < S1 N .S; by the maximality of S N .Sy this is only
possible if S; = S. Hence, NNS; = NN.S, and NNS is Sylow in N. Similarly
for SQ. <>

Since for no prime p is 2 = 1 mod p, besides N N.S; and N N Sy the nor-
malizer N (S1 N S2) contains at least one more p-Sylow, and hence at least
three. Lemma 3.3 will be used in some of the examples below to prove that
certain groups cannot be simple.

Examples 3.5. 1. A group of order p"q, p and q primes, is not simple (see
FEz.3.4,5). We have n, = 1,¢. If n,, = 1, there is nothing to prove. Let n,, = ¢;
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if the maximal p-Sylow intersection is {1}, since each of them contains p™ — 1
nonidentity elements, the number of p-elements is (p™—1)q = p"q¢—q = |G| —q.
There is room left for g elements, and since a ¢-Sylow has ¢ elements, it is
unique and therefore normal. Now let S; NSy # {1} be a maximal p-Sylow
intersection, and NN its normalizer. By the above lemma, N has more than
one p-Sylow, and therefore exactly ¢ (its order is of the form p¥q). These are
obtained intersecting N with ¢ distinct p-Sylow of G, i.e. with all the p-Sylow
of G, and such intersections all contain S7 NSy which is normal in N. Then all
p-Sylows of G also contain the nonidentity subgroup S; N Ss, and therefore so
does their intersection, which is normal, and is the required normal subgroup.

2. A group of order 144 is not simple. We have 144 = 2% . 32; the only case
to deal with is ng = 16. If any two 3-Sylows have trivial intersection, they
contain a total of 16 x 8 = 128 3-elements. There is room left for 16 elements,
that make up a unique 2-Sylow. Assume now that S; and Sy are two 3-Sylows
such that |S1N.S2| = 3. The normalizer N of this intersection contains S; and
Sy (they are abelian) and at least one more 3-Sylow, and since ng = 1 mod 3,
also another one. Since the product ns - 32 divides [N|, |[N| > n3-9 > 4-9,
and therefore | V| = 36,72 or 144, of indices 4, 2 and 1, and the group is not
simple.

3. A® is the only simple group of order 60. We show that if G is simple with
|G| = 60 =22 -3 -5 then ny = 5, and G embeds in A®; their orders being the
same, they are equal. From ns = 6 and ng = 10 we have 24 5-elements and
20 3-elements. Now, ny = 5 or 15. If no = 15, and the maximal intersection of
two 2-Sylows is {1}, then we have 45 2-elements which, added to the previous
ones, give a total 89 elements: too many. Now let |S1 N .S3| = 2; the normalizer
N of this intersection contains the two 2-Sylows and at least one more; thus
|N| > 12, of index < 5. By simplicity, |[N| = 12. However, since a 2-Sylow is
not normal in N, a 3-Sylow must be normal, and this is also a 3-Sylow of G.
Hence, the normalizer of a 3-Sylow would have at least 12 elements, but since
ns = 10, the normalizer of a 3-Sylow has order 6. In all cases, the assumption
ng = 15 leads to a contradiction. Thus ny = 5, as required.

4. A® is the only group of order 60 that has siz Sylow 5-subgroups. Let us
show that such a group G must be simple. Let {1} # N < G; if 5||N|, then
N contains a 5-Sylow, and being normal it contains all of them. It follows
6]|N| and therefore also 30||N|. But |N| > 30, because a group of order 30
has only one Sylow 5-subgroup (Ez. 3.4, 7); hence N = G. If 5 1 |N|, then
|IN| =2,3,4,6,12, and in each case G/N is a group having a unique 5-Sylow
subgroup C5N/N and therefore normal in G/N. Hence C5N < G, 5 divides
|C5N|, and if C5N < G we have again a normal subgroup whose order is
divisible by 5. If CsN = G, then |G| = 5-|N]J, so |[N| = 12, and a 2- or a
3-Sylow subgroup S is normal in N. Then G/S has order 15 or 20, and again
a 5-Sylow is normal in G/S. Here C5S is normal in G and has order 20 or 15,
so it is not the whole of G.
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5. A group of order 396 is not simple. 396 = 22-32.11; we should only consider
n11 = 12. The normalizer of Cy; has order 33, it is cyclic (31 (11 — 1)), and
therefore it also normalizes C's. However, this C3 is contained in a 3-Sylow of
order 32, and therefore abelian. Thus the normalizer of Cy has order divisible
by 11 and by 9, so at least 99, and index at most 4.

6. Groups of order 12. We show that, up to isomorphisms, there are five such
groups, two abelian and three nonabelian. By Ez. 3.4, 5, such a group has a
normal Sylow subgroup, and therefore is a semidirect product G of a 2- and
a 3-Sylow. There are two possibilities for a 2-Sylow: V' and C}, and only one
for a 3-Sylow, C'5. Let us consider various cases.

i) VAG, G=Csx, V. Since Aut(V) ~ S3, setting C3 = {1, z,2?} we
have three possibilities for a homomorphism Cs — S3:

pr:x—1, oo —(1,2,3), p3:2 — (1,3,2).

In the first case, the product is direct: C3 x V, the group U(21). The second
and third case give isomorphic groups (Lemma 2.5), i.e. C3 x,, V, which in
turn are isomorphic to A%. This can be verified directly, or else by observing
that the action of G on the cosets of C'5 induces a homomorphism of the group
in S of kernel {1} (because C3 is not normal in G) and taking into account
that A% is the unique subgroup of order 12 of S*.

it) C4 < G and G = C3 X, Cy. There is only one homomorphism of C3
in Aut(Cy) ~ Cs, the trivial one, and therefore only one group, the direct
product C3 x Cy ~ C».

i11) C3 <G and G =V x, C3. Since Aut(C3) =~ Cy, there are two possible
images for V' in Cs: the identity and Cs. In the first case we find again the
group V x Cs. In the second, there are three homomorphisms of V = {1, a, b, ¢}
in Cs, obtained by sending 1 and an element different from 1 to the identity
automorphism, and the other two to the inversion z — z~!. However, these
groups are all isomorphic (Lemma 2.5, taking the three automorphisms of V'
that interchange two nonidentity elements and fix the third one, and @ = 1 in
the notation of the lemma). Thus we have the group V' x, C3. The kernel of
v is a Cy, {1,a}, say, and being normal is contained in all three 2-Sylows, and
being a normal Cs is also contained in the center of the group (this can also be
seen by the fact that the kernel induces the identity on C3). The product of Cy
with a C3 yields a Cg, and the automorphism ¢(b)(= ¢(c)) that interchanges
x with 27! also interchanges ax, which has order 6, and its inverse. Now it is
clear that V' x, C3 ~ Cy x, Cs that we know to be isomorphic to Ds.

iv) C3 < G and G = Cy x,, C3. As above, the three Cy intersect in a Cs,
which is normal, so the group contains a Cg. The elements of order 4 invert
the generators of Cg, and therefore their squares centralize them. We are in

presence of a new group, the last of the series, which is denoted by T. Let
Cy = {l,a,a%,a®}, C3 = {1,b,b%}. C3 being normal, we have C3a = aCs,
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and therefore ba € aC3 = a{l,b,b%} = {a,ab,ab?}, and the only possibility
is ba = ab®. Thus T = {1,a,a?,a®,b,b?, ab,ab? ab, a®b? ab, a®b*}, with the
product determined by the relations a* = b = 1,ba = ab? (see ex. 53).

The following lemma may be useful to prove the non simplicity of certain
groups when the information contained in Lemma 3.3 is not sufficient.

Lemma 3.4. If n, # 1 mod p* and the order of a p-Sylow is p", then for
every p-Sylow S there is another p-Sylow Sy such that SN Sy has order p"~1.
Hence the normalizer of S NSy contains both S and S.

Proof. As in the proof of the Sylow theorem, iii), with So = S, if [Sg : SoNS;] >
p? for all i, then n, = 1 mod p*. Moreover, S N S; is maximal in S and S;
and therefore normal in both of them. &

Example 3.6. A group of order 432 cannot be simple. We have 432 = 2% .33,
so that n3 = 1,4 or 16. In the first two cases G is not simple. In the third, we
have 16 1 mod 9. If H = SN.S; is an intersection of order 9 of two 3-Sylows
(Lemma 3.4), then N = N¢g(H) contains both S and S;, and therefore two
more 3-Sylows. Then |N| is divisible by 27 and by 4 or 16, and N it has order
at least 108 and index at most 4.

Theorem 3.15 (Frattini argument). Let H < G and P a p-Sylow of H.
Then G = HNg(P).

Proof. Recall (Theorem 3.9) that if H is a transitive subgroup of a group G,
then G is a product of H and the stabilizer of a point. In our case, G acts by
conjugation on the set {2 of the p-Sylows of H, because if P € Syl,(H), then
P9 C H (H is normal), and P9 € Syl,(H) because it has the same order as
P. On the other hand, by the Sylow theorem, i),b), H is transitive on {2,
and therefore, by the quoted theorem, G = HGp. But Gp = Ng(P), and the
claim follows. &

Theorem 3.16. Let S be a p-Sylow of G and K a subgroup of G containing
the normalizer of S. Then Ng(K) = K. In particular, for K = Ng(5), the
normalizer of the normalizer of S coincides with the normalizer of S:

Ne¢(Ng(5)) = Na(S).

Proof. By the Frattini argument with N (K) playing the role of G we have,
being N (S) C K, that Ng(K) = KNg(S) = K. &

If K = Ng(S) the above result can also be proved as follows. Let g €
Ng(Ng(S)). Then S9 C Ng(S), and since S I N¢g(.5) is the unique p-Sylow
of N¢g(S) we have §9 = S and g € Ng(5), and equality follows.
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Theorem 3.17. Let P be a p-group of order p™. Then the number ng of sub-
groups of order p°, 0 < s < n, is congruent to 1 mod p.

Proof. If s = n there is nothing to prove. Let us first consider the two extreme
cases s =1 and s =n — 1, and then the intermediate ones 1 < s <n — 1.

i) s = 1. The idea of the proof is to fix a subgroup of order p and to show
that the other ones, if any, distribute p by p. Let H C Z(P) of order p; if it
is the unique subgroup of order p there is nothing else to prove. If not, let
H; # H of order p. The product HH; has order p* and is of type Z, x Zj,
and contains p? — 1 elements of order p that come p —1 by p—1in p + 1
subgroups of order p. If H is not one of these, the group H H, contains p sub-
groups of order p different from those of H Hy, and in general if Hy+1 € H Hy,
the subgroup H H41 contains p subgroups of order p different from those of
H Hj,. Thus at each step we obtain p new subgroups; together with H we have
1 + hp subgroups of order p.

ii) s = n — 1. Fix a subgroup M of order p"~! and let us show that the
remaining ones distribute p by p. Let M; # M of order p"~!; then the in-
tersection M N M; has index p? in P (in case i) the product had order p?)
because

pn—l

p:|P/M|:|MM1/M\:\M1/M0M1|:|MmM1|, (3.5)

from which |M N M;| = p"~2 and [P : M N M;] = p?. Setting K; = M N My,
the group P/K; is not cyclic because it contains at least two subgroups of
order p, i.e. M/K, and M, /K;; therefore, it is the group C, x Cp,. The p+1
subgroups of order p of this group come from subgroups of G containing K3
and have order p"~'. Thus besides M we have p subgroups of order p"~!, i.e.
a total of 1 + p such subgroups. If M is a subgroup of order p»~! that does
not contain Ky, let Ko = M N Ms; as above, we obtain p + 1 subgroups of
order p"~! containing K, one of which is M (M = K; K>, and is the unique
subgroup which appears also this time). Therefore, there are p new subgroups,
and at this point we have a total of 1 + 2p subgroups of order p”~!. Iterating
this procedure, at step k we have 1+ kp subgroups of order p"~!, as required.
Observe that this proof is dual to the previous one, according to the duali-
ties maximal-minimal (a subgroup of order p is minimal), order—index, union
(product)—intersection.

iii) 1 < s <n—1.Let |H| = p*, and consider Np(H)/H. By i), this group
contains a number of subgroups of order p congruent to 1 mod p, and these
come from subgroups Hy D H of Np(H) of order p**1. But all the subgroups
of order p**! containing H normalize H, and therefore those of Np(H) are
all the subgroups of P containing H. It follows that the number of subgroups
of order p**! containing H is congruent to 1 mod p. Next, let Hy, Ha, ..., H,,,
be the subgroups of P of order p*, and K1, Ko, ..., K, those of order ps*1.

? MNs41
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In a grid like the following:

put the H; in abscissa and the K; in ordinate, and mark a point at the in-
tersection of row K; with column H; if H; is contained in K. If there are a;
points marked on the column H}, a; is the number of subgroups of order pstl
containing H;. For what we have seen above, we have a; = 1 mod p. Then the
total number of points marked on the columns is:

Ns
Zai51+1+-~-+1=nsmodp.
i=1

Let b; be the number of points marked on the row Kj, i.e. the number
of subgroups of order p° contained in Kj; by i) we have b; = 1 mod p and

therefore
Ns41

ij =1+14---4+1=nsy; modp.

j=1
But the number of points on the rows is the same as that on the columns,
and therefore ny = ny41 mod p. Since ny = 1 mod p we have ny = 1 mod p,
n3 = ng = 1 mod p, etc. &

Exercises

17. Give a new proof of Corollary 3.6 by induction on |G|, distinguishing the two
cases Z(G) C H and Z(G) € H. [Hint: ex. 40 of Chapter 2.]

18. A non cyclic finite p-group cannot be generated by conjugate elements. [Hint: if
(z) # G, then (z) C M, M maximal and therefore normal (Corollary 3.6).]

19. i) Let G be a finite p-group, H < G. Then H contains a subgroup of index p
and normal in G. [Hint: consider G/(H N Z(G)) and induct.]

#3) If H is as in ¢) and contains an abelian subgroup A of index p, then it also
contains an abelian subgroup of index p and normal in G. [Hint: if A is not unique,
consider A1, H = AA;, from which AN A; C Z(H); distinguish the two cases AN
A C Z(H) and ANA; = Z(H)}

20. Show that a finite group G has a quotient of order p if, and only if, for every
p-Sylow S of G one has SN G < S. [Hint: |G/H| = p implies G C H, and if
SNG" =S then SC G C H so that pt|G/H|.]

21. Prove that if P is a p-subgroup of a group G and S is a p-Sylow of G, then the
normalizer in P of S, Np(S) = PN N¢g(S5), equals PN S. [Hint: S is the unique p-
Sylow of its normalizer; apply Theorem 3.10, i%) a).]
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22. Give a new proof of the existence of a p-Sylow in a group G as follows:

1) if p does not divide the index of a proper subgroup, the result follows by induc-
tion;

1) if p divides the index of every proper subgroup, from the class equation it follows
that p divides the order of the center of G}

191) if H is a subgroup of order p of the center (which exists by Cauchy theorem),
apply induction to G/H.

23. Let G be a finite p-group acting on a finite set 2, and let I' = {a € 2| a9 =
a, Vg € G}. Show that |2| = |I'| mod p.

24. (Gleason) Let G and {2 be finite, and assume that for each a € 2 there exists
a p-element x € G (a p-subgroup H) such that « is the unique point of 2 fixed by
z (by every element of H). Show that G is transitive on £2. [Hint: let Ay # Az be
two orbits, v € Ay, x € G a p-element such that «y is the unique point fixed by z.
Apply the previous exercise.]

25. Use ez. 23 and 24 to prove that n, = 1 mod p and that the Sylow p-subgroups
form a unique conjugacy class.

26. If G/N is a p-group and S € Syl,(G), then G = NS. [Hint: SN/N is Sylow in
G/N]

27. If G is finite and = € G, the p-components of = are the elements appearing in
the decomposition of = given in exz. 15, i) of Chapter 1. Show that if x and y are two
conjugate elements of G, their p-components are conjugate. Moreover, if z; € S; and
yi € S2 are the p;-components of = and y, and S1,S52 € Syl,(G), then a conjugate
of y; belongs to Si. (The conjugacy of = and y is thus reduced to that between
elements of the same Sylow p-subgroup.)

28. If G is not abelian and, for all p, the p-Sylows are maximal subgroups then the
center of G is the identity. [Hint: if p divides |Z(G)| and Q is a Sylow g-subgroup,
then G = QCp, and C,, is maximal and central.]

29. Let H < G, P € Syl,(H). Show that there exists S € Syl,(G) such that
S CNg(P). [Hint: P=SNHJS]

30. Determine the number of Sylow p-subgroups of S, and use the result to prove
Wilson’s theorem:

(p—1!'=—1mod p.

[Hint: p is the highest power of p dividing p! = |S?|, and the elements of order p of
SP are p-cycles.]

31. Let p||G|. Define O,(G) to be the maximal normal p-subgroup of G , i.e. the

product of all normal p-subgroup of G. Show that:

1) Op(G) coincides with the intersection of all the p-Sylows and is characteristic in
G;

1) if H is a subgroup of index p, then O,(H) is normal in G.

32. Define O?(G) to be the subgroup generated by the elements of order not divis-
ible by the prime p. Show that:

i) OP(G) is characteristic in Gj

i7) p does not divide the index in OP(G) of the commutator subgroup O”(G)’.
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33. If p > 2 is the smallest divisor of the order of a group G, and a p-Sylow S has
order p? and is normal, then S is contained in the center of G. [Hint: S = Cp2 or
Cp x Cp; Theorem N/C']

34. Let G act on £2, and let S be a p-Sylow of G. If p* divides |a|, some a € 2,
then p* already divides |a|.

35. Let G be a finite group in which any two 2-Sylows have trivial intersection.
Show that if S is a 2-Sylow, no coset of S, except S itself, contains more than one
involution. [Hint: let € Sz and sz be involution; szsx = 1, etc.]

36. Let G be a finite group in which any two p-Sylows, for a given p, have trivial
intersection. Show that if S is a p-Sylow, no coset of the normalizer of S, except
the normalizer itself, contains more than n, — 1 p-elements. [Hint: show that two
p-elements of a coset of N¢(S) belong to different Sylow subgroups.]

37. Let S € Syl2(G), and let M be a maximal subgroup of S. Let z € S be an

involution not conjugate in G to any element of M, and let {2 be the set of cosets

of M. Show that:

i) |£2] = 2m, m odd;

73) in the action of G on 2, z fixes no element;

iii) in the homomorphism of G in S*™ induced by the action the image of z is an
odd permutation;

1) G has a subgroup of index 2 not containing x.

Conclude that = does not belong to the derived group G’ of G.

38. A group of order p?¢?, p < ¢, has a normal Sylow subgroup. [Hint: show that if
ng # 1, then G has order 36.]

39. Let S be a non normal 2-Sylow of a group G such that SN.SY = {1} if S # 59.
Show that G has a unique conjugacy class of involutions. [Hint: Lemma 2.1.]

40. Let S € Syl,(G) be normal, and let € G be an element of odd order. Show
that x is not conjugate to its inverse. [Hint: if y txzy = y~ ! distinguish the cases
o(y) odd or even, and recall that if an element y inverts x then y? centralizes
(Chapter 2, ex. 14); if o(y) is even, write y = tu, with o(t) = 2" and o(u) odd.]

41. A group of order 108 has a normal subgroup of order 9 or 27.
42. If S € Syl,(G) then G = G'Ng(9). [Hint: G'S <G

43. A group of order 12p, p > 5, is not simple. [Hint: there are three cases, p > 11,
p=11and p=17]

44. G is not simple if it has order 180, 288, 315, 400 or 900.
45. Let G = HK, H K 4G. If S € Syl,(G) then S = (SN H)(SNK).

46. i) Prove that in the group A® the normalizer of a 7-Sylow has order 21, and use
this fact to prove that a group of order 336 is not simple.

i) Prove that in the group A'? the normalizer of an 11-Sylow has order 55, and
use this fact to prove that a group of order 264 or 396 is not simple.

47. List the subgroups of A%, and show that for no choice of a 2-, 3- and 5-Sylow
one has S»S5593 = A°.
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48. A group of order 24 in which the normalizer N of a 3-Sylow has order 6 is
isomorphic to S*. [Hint: the kernel of G — S* is contained in N]

49. Prove that there are five groups of order 18 and two groups of order 21. [Hint:
for |G| = 18, there are three direct products and two semidirect products.]

50. Show that a normal Sylow p-subgroup is the unique Sylow p-subgroup in the
two following ways:

1) using ez. 4 of Chapter 2;

1) assuming that there is another p-Sylow and considering the product of the two.

51. Show that the automorphisms of S* are all inner. [Hint: S* has four 3-Sylows
Si, i = 1,2,3,4, each generated by a 3-cycle fixing the digit 7, and o € Aut(S*)
permutes them; if o € S* is such that (i) = 4, then on the 3-Sylows o~ 'S;0 =
So() = Sj]

w 0
0 w?
and third primitive roots of unity, respectively, generate a subgroup of GL(2,C)
isomorphic to the group T of Ez. 3.5, 6, iv).

52. Prove that the two matrices <(z) é) and < ) , where 7 and w are fourth

53. A dicyclic group is a group generated by an element s of order 2n and an ele-
ment a of order 4 such that a® € (s) (hence a®> = s™) and a”'sa = s~ *. Prove that
a dicyclic group has order 4n, that for n = 2 it is the quaternion group, and that
for n = 3 it is the group T of Ez. 3.5, 6 (as a product of two cyclic groups, not
a semidirect product this time). The quotient of the group by the subgroup (a) is
the dihedral group D,. If n is a power of 2, the group is also called a generalized
quaternion group.

54. (Bertrand’s Theorem) Let n > 5. Show that:

i) S™ has no subgroups of index k, 2 < k < n, but has subgroups of index 2 and n;
#3) A™ has no subgroups of index k, 1 < k < n, but has subgroups of index n.

In the language of the classical theory of equations this result is stated by saying
that permuting in all possible ways the variables of a polynomial function of n # 4
variables only 1, 2 or n functions can be obtained. For n = 4 we have seen (Ez. 1.7, 6)
that permuting the variables in the function z1x2+z3z4 three functions are obtained,
and indeed S* contains three subgroups of index 3 (dihedral of order 8).

55. Let ¢ be a function of n variables, ¢ = 1, p2,..., ¢, those obtained from ¢
by permuting the variables according to the elements of S™, and let ¢; belong to
the subgroup G; (Fz. 1.7, 6). Show that K = (),G; is normal in S", and there-
fore, if n # 4, then K = A™ or K = S™. (This means that for n # 4, there exist
no functions, besides the symmetric ones (“one valued”) and the alternating ones
(“two valued”), such that all the values taken remain unchanged under one and the
same nonidentity permutation. In Galois theory, this corresponds to the fact that for
n > 4 there is no Galois resolvent of degree k, 2 < k < n, for the general equation
of degree n.) For n = 4, the function given in the previous exercise has three values,
and the intersection of the three dihedral groups fixing each value is the normal
Klein subgroup of S*.

56. Show that there are four groups of order 30. [Hint: from Ez. 3.4, 7 there is a
subgroup H of order 15. Consider the possible semidirect products of a Co with H,
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and show that, besides the cyclic one, the groups obtained have centers of order 5,3
and 1, respectively.]

57. Prove that the Sylow p-subgroup of GL(n,q) given by the upper unitriangular
matrices is normal in the subgroup B of all upper triangular matrices.

58. The number of p-Sylows of a subgroup is not in general a divisor of the order
of the number of the p-Sylows of the group.

59. Prove that any two Sylow p-subgroups are conjugate using ez. 7. [Hint: with
H and K two p-Sylows, from Frobenius formula we have |G| = p'm = 1" | =
|H||K|/d;, where d; = |K Na; ' Ha;|.]

60. Prove that the number of p-Sylows containing a given p-subgroup P is congru-
ent to 1 modp. (This generalizes part iii) of Sylow theorem.) [From ez. 7, iii), with
H = N¢(S), S a p-Sylow, and K = P, each term of the sum Y _.[P : Ng(S5)* N P]
is a power of p; the sum being equal to |G : Ng(S)|, it is coprime to p so that
some of the summands are equal to 1, i.e., P C Ng(5)%, a = a;, some 3. But then
P C S®. Conversely, if P C S?, then [P : Ng(S)* N P] = 1. If np is the number of
p-Sylows containing P, since S® = SY implies Ng(S)zP = Ng(S)yP, the number of
summands equal to 1 in the above sum is np. Therefore, [G : N¢(S)] = np mod p.
The left hand side being independent of P, setting P = S , we have [G : H] =1
because ns =1, and np = 1 mod p.]

3.3 Burnside’s Formula and Permutation Characters

Formula (3.1) says how many points an orbit contains. Let us now see how
many orbits there are. Throughout this section G will be a finite group.

Definition 3.7. The character of an action is the function x defined on G by
x(g) =number of points of {2 fixed by g.

Remark 3.2. If P is the permutation matrix representing an element o of S™, the
number of 1’s on the diagonal of P is the number of points fixed by o. Then x(o) is
the trace of P.

The following theorem relates the number of orbits to that of the fixed
points of the elements of G.

Theorem 3.18 (Burnside’s counting formula). The number N of orbits
of the group G acting on a set {2 is:

1
N = 2 x). (3.6)

geG

Proof. In a grid as that of page 113, put in abscissa the points of {2 and in
ordinate those of GG, marking a point at the intersection of the column of
a € {2 and the row of g € G if g fixes a. Let us count the marked points.
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On a row there are as many marked points as there are points of (2 fixed by
the corresponding element g, i.e. x(g). The total number of marked points
on the rows is therefore } ; Xx(g). On a column there are as many marked
points as there are elements of G fixing the corresponding point of 2. The
total number of points on the rows is therefore ) ., |Gq/|. Since the number
of points counted in the two ways is the same, we have:

> x(9) =Y |Gal- (3.7)

geG aef?

Now, two elements belonging to the same orbit have stabilizers of the same
order; the contribution of each orbit to the sum on the right hand side is
therefore |a¥||G, |, i.e. |G|. If there are N orbits, the sum on the right side
equals N|G|. The result follows. O

Note that in the case of a transitive group N = 1 and (3.6) becomes

Gl =3 geq x(9).

The number of orbits is therefore obtained as an average: the total number
of points fixed by the elements of G divided by the number of elements of G.
In other words, an element of G fixes, in the average, a number of points equal
to the number of orbits. In particular, in a transitive group an element fixes,
in the average, one point. However,

Corollary 3.12. In a transitive group there exist elements fixing no point.

Proof. By transitivity, |G| = dec x(g). If x(g) > 1 for all g, then |G| =
X(1) + 221 20ee X(9) = x(1) + |G| — 1, so that [£2] = x(1) =1 (of course we
assume |2 > 1). O

Remark 3.3. A much deeper result asserts the existence of an element of prime
power order fixing no point®. Here “prime power” cannot be replaced with “prime”.

Corollary 3.13. i) A finite group cannot be the set-theoretic union of proper
conjugate subgroups;

i1) if H < G, there exists a conjugacy class of G that has trivial intersec-
tion with H.

Proof. i) Let G = |J,c H*, H # G. G acts transitively on the cosets of H,
but if ¢ € G then ¢ = 2 'hx, some x and h, so that g fixes the coset Hzx.
Therefore, every element of the group fixes some point, contrary to the above
corollary (see ex. 70 below).

ii) Otherwise, given g € G, there exists a € G such that aga=! € H. Then
g fixes the coset Ha in the action of 7). &

8 Fein—Kantor-Schaker (1981).
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Let a; be the number of elements ¢ € G such that x(¢g) = é. Then
Yioiai = > cqx(g), where n = [2]. The number of elements of G be-
ing >, a;, (3.6) can be written as:

Zn:iai = Nzn:ai. (38)
i=0 =0

Examples 3.7. 1. If we color the sides of a square with two colors in all pos-
sible ways we obtain 16 colored squares. The dihedral group D, acts on the
set of these squares; if g € Dy we have:

g€ Dy x(g) squares left fived

id. 16 all

rot. of 7 2 all sides of the same color

rot. of § i 2 all sides of the same color

rot. of 7 4 opposite sides of the same color
diag. symm. 4 concurrent sides of the same color
other diag. symm. 4 concurrent sides of the same color
axial symm. 8 two opposite sides of the same color
other axial symm. 8 two opposite sides of the same color

By (3.6), N = ‘54‘ dem x(g) = é -48 = 6, and if the colors are W and B,
the six orbits have, respectively:

1 square with all sides W

1 square with all sides B;

4 squares with one side W and three B;

4 squares with one side B and three W,

4 squares with two concurrent sides W and the other two B;
2 squares with two opposite sides W and the other two B.

This means that there are essentially six ways of coloring the sides of a
square using two colors. The criterion according to which two squares are to
be considered distinct reflects the choice of the group acting on the set of
squares. If we take the subgroup H of D, consisting of the identity and an
axial symmetry we obtain 11 orbits, i.e. according to the group H there are
eleven essentially different ways of coloring a square with two colors. In gen-
eral, if H < @, since the orbits of G are unions of orbits of H, the smaller
H, the larger the number of different objects. The extreme case is that of
the identity subgroup, for which all the object of the set on which it acts are
different.

2. Let us now count the ways in which the vertices of a square can be col-
ored using four colors with all vertices of different colors, in other words, in
how many essentially different ways the vertices of a square can be numbered.
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There are 4 choices for the first vertex, 3 for the second, 2 for the third and 1
for the last one. Letting D, act, a nonidentity symmetry takes a square to a
square different from it; thus x(g) = 0 for g # 1, and being x(1) = 24 we have
N = 284 = 3. The three orbits may be represented by the squares numbered
1234, 1243 and 1324.

We now state a few properties of the function y.

Theorem 3.19. i) If z and y are conjugate, then x(x) = x(y);
it) if x and y generate the same subgroup, then x(x) = x(y);

1i1) two similar actions have the same character.

lxg fixes a9;

Proof. i) x fixes « if and only if g~
1) if an element fixes a point, the same holds for every power, and since z

and y are powers of each other we have the result;

i1) from @(a9) = @(a)?@ it follows that g fixes « if, and only if, A(g) fixes
pla). &

In the symmetric group, if two elements generate the same subgroup they are
conjugate. Indeed, if o(z) = m and () = (y), then y = ¥ with (m,k) = 1;
if ¢ is a cycle of x, then o(cF) = o(c) so that ¢* and ¢ have the same length.
Then the partitions of n induced by the cycles of x and y are the same, and
x and y are conjugate. Hence, in the symmetric group, i) follows from 7).

By ) of the preceding theorem, x has the same value on the elements of
a conjugacy class. For this reason, x is called a class function (also called a
central function).

Statement 4i7) of Theorem 3.19 cannot be inverted, i.e two actions with
the same character are not necessarily similar, as Ez. 3.8 below shows. First
a theorem.

Theorem 3.20. In the action of a group G on the cosets of a subgroup H we
have, for g € G,
vio) = el eagynm. (3.9
|H|
In particular, the action of G on the cosets of two subgroups H and K have
the same character if, an only if,

|cl(g)NH]| = |el(g)NK], (3.10)
forall g € G.

Proof. A coset Hzx is fixed by the elements of H* and only by them; therefore,
the conjugates of g fixing it are the elements of cl(g) N H*. But the corre-
spondence cl(g) N H — cl(g) N H® given by a~'ga = h — (az) 'g(ax) = h*
is one-to-one, and therefore |cl(g) N H*| = |cl(g) N H|. In a grid like that
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of page 113 put in abscissa the conjugates ¢1,gs2,... of g, and in ordinate
the cosets Hxy, Hxo,... of H, and mark a point at the intersection of the
column g; and the Hzx; row if g; fixes Hx;. On the row of Hx; there are
|cl(g) N H*i| = |cl(g) N H| marked points, for a total of |cl(g) N H*| - [G : H|
points on the rows. On the g; column there are x(g;) marked points, and since
two conjugate elements fix the same number of points on the columns we have
a total of |cl(g)|x(g) marked points. Equality (3.9) follows. O

Theorem 3.21. Let H and K be two subgroups of a finite group G such that
(3.10) holds. Then the two subgroups have the same number of elements of

each order. Conversely, if the latter property holds, then the two subgroups
embed in S™, n = |H| = | K|, and (3.10) holds for all g € S™.

Proof. Assume (3.10) holds. The set of elements of a given order decomposes
into a disjoint union of conjugacy classes, U = [Jcl(g), so that (U H| =
> lel(g) () H|. By assumption, the elements of the summation are the same
for K, and we have the result. Conversely, the two subgroups having the same
order n embed in S™ via the regular representation. Let g € S™; if both in-
tersections in (3.10) are empty, there is nothing to prove. So assume there is
an element h € cl(g) () H; then there exists k € K having the same order as
h and conjugate to h in S™ (they have the same cycle structure). It follows
that cl(g) N K is also nonempty. Now cl(g) (| H contains the elements of H
having order equal to that of g, and so does cl(g) () K; by assumption, the
cardinalities of these two sets are the same. &

Condition (3.10) is equivalent to saying that for every element h of H
there is an element of K that is conjugate in G to h. We shall say that two
subgroups satisfying (3.10) are almost conjugate.

Example 3.8. Consider the following subgroups of S6:

Vi ={I,(1,2)(3,4)(5)(6), (1,3)(2,4)(5)(6), (1,4)(2,3)(5)(6)},
Va = {1, (1,2)(3,4)(5)(6), (1,2)(5,6)(3)(4), (3,4)(5,6)(1)(2) }-

V1 and Vs are both isomorphic to the Klein group. The orbits of V; are
{1,2,3,4},{5},{6}, those of V5 are {1,2},{3,4},{5,6}, so that V; and V5
are not conjugate. Let g € S5 if g = 1, cl(1) = {1}, and (3.10) is satis-
fied. If g # 1, and the cycle structure of g is (¢,7)(h, k)(1)(m), then all the
nonidentity elements of V7 and V5, belong to the conjugacy class of g, so that
lcl(g)NV4| = |cl(g)N V| = 3. If g has a different cycle structure, then g cannot
be conjugate to an element of V; or V5, and therefore both intersections are
empty. Then (3.10) is satisfied for every g € S®. By Theorem 3.20, the actions
of S% on the cosets of V; and V5 have the same character, but they are not
similar because V; and Va are not conjugate®. (Further examples in ex. 78, 79
and 132.)

9 See Theorem 6.7 and Remark 6.1. This example goes back to Gafmann F.: Math.
Z. 25 (1926), p. 665-675.
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Remark 3.4. A theorem of Sunada states that if G is a finite group acting on a
Riemannian manifold by isometries, and H and K are two subgroups of G acting
without fixed points and satisfying (3.10), then the quotient manifolds with respect
to H and K are isospectral (the spectra of the Laplace operator that acts on smooth
functions on the manifolds are the same). If H and K are conjugate the manifolds
are isometric'?.

Characters are additive functions: if G acts on £2; and (25 with characters
x1 and x2, then it also acts on 21 U {25, and the number of points fixed by
g € G in this action is the sum of the number of points fixed on 27 and {25:
x(9) = x1(g9) + x2(g). It follows that one can define the sum x = x1 + x2 of
two characters y; and x2 as the character x of the action of G on 27 U £25.

It is also possible to define the product of two characters. Consider the di-
rect product G x G and its action on §2; x 2, given by (a, )" = (a9, 5").
Then x((g,h)) = x1(9)x2(h). The “diagonal” subgroup {(g,9),9 € G} of
G x G is isomorphic to G, and this allows one to define an action of G on
2 x 25: (o, B)? = (a9, 39). If x is the character of this action, then x(g) =
X1(9)x2(g); this equality defines the product of the two characters.

If A and B are two permutation matrices representing g then, in the case
of the sum, x(g) is the trace of the permutation matrix having on the main
diagonal two blocks equal to A and B and zero elsewhere. In the case of
the product, x(g) is the trace of the tensor product of A by B (the matrix
obtained by replacing the 1’s of A with the matrix B, and zero elsewhere).

Exercises

61. How many essentially different squares are obtained coloring the sides using
n colors in all possible ways? What if it is required that each side has a different
color? [Hint: following the list of Ez. 3.7, 1, the elements of Dy fix, respectively,
nt,n,n,n% n% n?% n? n® squares.

62. i) Let G be cyclic of order n, G = (g). Show that (3.6) may be written as N =
n 2 apn X(gd)sO(Z), where ¢ is Euler’s function.

1) Using n pearls of a different colors, how many necklaces are obtained?

63. If H < G, show that }° . |Cru(z)| =3, .y [Cc(y)| [Hint: let H act on G by
conjugation, and apply (3.7).]

64. Let ¢(G) be the number of conjugacy classes of G. Show that if H < G, then 3)
c¢(H) < ¢(@)|[G : H] and ii) ¢(G) < ¢(H)[G : H], and if in i) equality holds, then
H is normal, but the converse is not true. [Hint: in the action by conjugation of G
on itself x(g) = |Cca(g)], and if ¢(G) is the number of conjugacy classes we have, by
(3.6), c(G) = (1/IG]) X2 cc ICa(9)], and similarly for H. As for ii) see ez. 4]

10 Gordon C.S., Webb D.L., Wolpert S.: One cannot hear the shape of a drum.
Bull. AMS 27 (1992), 134-138.
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65. If G acts non trivially with NV orbits, there exists an element g € G that fixes less
than N elements: x(g) < N. [If G is transitive, N = 1, we obtain Corollary 3.12.]

66 (Jordan''). Let G be a transitive group. Show that there are at least |2| — 1
elements of G such that x(g) = 0.

67. Let G be a transitive permutation group. Show that:

1) if G has degree n, x(g) <1 for all 1 # g € G if, and only if, x(g9) =0 for n — 1
elements of Gj

1) if G has degree p, a prime, and x(g) < 1 for every 1 # g € G, then G has a
unique subgroup of order p;

131) if G is as in 47), then G is isomorphic to a subgroup of the affine group over the
integers mod p (Ez. 2.10, 2, 4i))'?, and the two actions are similar.

68. Prove that Corollary 3.13 implies Corollary 3.12.

69. Let a € Aut(G), plo(), p t |G|. Show that a cannot fix all the conjugacy classes
of G. [Hint: if H = {g € G | g* = g}, there exists g € G such that cl(¢g) N H = 0,

otherwise G = |J, .o H* (Corollary 3.13).]

70. An infinite group may be the union of the conjugates of a proper subgroup.
[Hint: consider G = GL(V'), V of dimension greater that 1, a vector v # 0, H the
set of the € G having v has an eigenvector; then H < G. Over the complex num-
bers, every x € G has an eigenvector u and there exists g € G such that vy = u; it
follows that G is a union of conjugates of H.]

Definition 3.8. The rank of a transitive group G is the number of orbits on 2 of
the stabilizer G of a point «. (By transitivity, this number does not depend on «.)

71. Show that the rank of a group G equals the number of double cosets of Gg.
[Hint: if G = |J!_,GaxiGa, then the sets 2; = {a?, g € GaxiGa, i = 1,2,...,t}
are the orbits of Gq .

72. If r is the rank of G show that r|G| = 3> . x(g)?. [Hint: let 2 ={1,2,...,n},
G = UzzlGlti, t1 = 1; g € G fixes i if, and only if, g € t;'G1t;, and if x(g) = r,
g belongs to exactly r conjugates of G1. Summing over the ¢ conjugates of G1, the
contribution of g is x(g)?. If a subgroup is not conjugate of G1, its contribution to
the sum is zero.]

Definition 3.9. G is 2-transitive if given two ordered pairs (a, 8) and (v, d) of dis-
tinct points of (2 there exists g € G such that o = v and 39 = §. More generally,
G is k-transitive if, given two ordered k-tuples (o, ae,...,ax) and (81, B2, .., Ok)
of distinct points of 2, there exists g € G such that af = §;, ¢ = 1,2,...,k. In
other words, G acts on the set (25 of ordered k-tuples of distinct points of (2 as
(a1,a2,...,ar)? = (af,ad,...,a}), and this action is transitive. If, given two k-
tuples, there is only one element g taking one k-tuple to the other, G is sharply
k-transitive. If |2| = n, then |2, =n(n —1)---(n — k4 1). Note that 1-transitive
simply means transitive.

1 A translation into number theory and topology of this result may be found in
Serre J.-P.: On a theorem of Jordan. Bull. AMS 40, N.4 (2003), 429-440.

12 For this reason, the action of a transitive group in which every element fixes at
most one point is said to be affine.
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73. Prove the following:

1) G is 2-transitive if, and only if, is of rank 2, i.e. G4 is transitive on 2\ {a}.
(Thus, by ez. 71, G is 2-transitive if, and only if, G = Go U GazGy.) [Hint: (i)
If G, is transitive on 2\ {a}, let (8,7), (n, €) be two pairs of elements of 2. Let
B89 =, a" =4, and (9)* = ehil, g, h € G, k€ Ga.]

i1) G is k-transitive if, and only if, is of rank k, i.e. G4 is transitive on 2\ {a}.

it1) G is k-transitive if, and only if, the stabilizer Ga; N Ga, N ... N Gq, of any k
points is transitive on the remaining ones.

74. A" is n — 2 transitive, but not n — 1 transitive. [Hint: consider the stabilizer H
of a point, n say, and let it act on the remaining points; induct on n.]

75. i) Prove that if G is k-transitive, then
IGl=nn—1)---(n—k+1)|Ga; NGay, N...NGq,|;

1) if G is sharply k-transitive, then |G| = n(n —1)---(n — k + 1) (hence sharply
k-transitive means that G is regular as a group acting on the set of ordered
k-tuples).

1i1) A™ is sharply (n — 2)-transitive.

76. Let G be of degree n and k-transitive, kK > 2. Prove that:
1) if G contains a transposition, then G = S™;
13) if G contains a 3-cycle, then G O A™.

77. If Xj, is the character of G on 2 (see the above definition) prove that xx(g) =
x(9)(x(g) = 1)---(x(g) — k + 1). Conclude that G is k-transitive if, and only if,

IGl = 2>"geq xk(9)-

78. Embed the two groups of order p® of Ez. 2.10, 6 in S™, n = p>, via the regular
representation, and prove directly that their images in S™ are almost conjugate.

79. Determine two actions of the Klein group on a 12-element set with the same
character but not equivalent.

Definition 3.10. An element of o € S™ has a descent at ¢ if o(i) < 4. The descent
is strict if o (i) < i.

80. i) Let d, be the number of descents of o. Show that for a subgroup G of S™
we have ‘é‘ > e do = "5, where N is the number of orbits of G. [Hint: mimic
the proof of Theorem 3.18 by marking a point on the grid of page 113 if o(7) < 3.
The total number of marked points on the rows is ) . dr, and on the columns is
?_1 {olo(i) < i}|. Split the latter sum into the contributions of the single orbits,
each orbit giving a contribution equal to |G|(nk + 1)/2, where ny, is the cardinality
of the k-th orbit.]
1) Let di, be the number of strict descent of o. Show that |é.| Ypeade ="V,
i13) The difference d, — d., equals x(g). One obtains Burnside’s formula (3.6)
subtracting sidewise the equality of i7) from that of 7).

81. Let G < S™, 0 € G, and let zi(o) be the number of k-cycles of o. If Cj
is the set of k-cycles appearing in the cycle decomposition of the elements of G,
the group G acts by conjugation on Cy: if ¢ = (1,2,...,k) is a k-cycle of 7 € G,
c¢? =(19,29,...,k%) is a k-cycle of 77 € G. Show that:
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i)  the elements of G containing a given cycle ¢ € o are those belonging to the coset
Ho, where H is the subgroup of the elements of G fixing the points appearing
in the cycle;

ii) the stabilizer of ¢ is G. = |J'_) Ho', where o contains ¢ (disjoint union);

iii) the orbit of ¢ has cardinality |c%| = |G|/k|H|;

1) the total number of orbits of G on Cf is P, = |é| >
number of orbits of G on the n points);

v) for k = 1, Burnside’s formula (3.6) is obtained (the action is on the cycles of
length 1, i.e. on the n digits);

vi) if C = Ji_,Ck, in the action of G by conjugation on C' the number of orbits

vec kzu(o) (Py is the

is n;
(The n-tuple P = (P1, P, ..., Py) is the Parker vector of the group G.)
vii) the Parker vector of S™ is (1,1,...,1), n times.

3.4 Induced Actions

In this section we see how an action of a subgroup can be extended to an
action of the group.

Let H < G be of finite index, and let an action of H on a set {2 be
given. Let T be a transversal of the right cosets of H. If g € G and « € T,
the element xg belongs to a certain coset Hy, y € T; let h be the unique
element of H such that g = hy. Then an action of G on the product set
2 x T can be defined as follows: (o, x)? = (a,y). It is an action: if g, g1 € G,
and yg; = hyz, z € T, then ((a,x)9)% = (o, y)9 = (a1 2), and since
2(gg1) = (z9)g91 = (hy)g1 = h(yg1) = hh1z we also have (o, )99t = (a1 2).

Definition 3.11. The above defined action of G on the product set {2 x T is
said to be induced by the action of H on 2.

We shall see in a moment that a change of coset representatives leads to
similar actions. Note that if the action of H is transitive, that of G on 2 x T
is also transitive. Indeed, given («, z) and (f,y), there exists h € H such that
ol = j3; then with g = x~'hy we have (a, )9 = (5,v).

Examples 3.9. 1. Let |2| = |H| = 1. Then the elements of T are the ele-
ments of G, and the set 2 x T is that of the pairs («, ), where € G and «
is the unique element of 2. Thus the degree of the action is |G|. If zg = y (i.e.
xg = 1-y) then (o, 2)9 = (a, y) = (a, zg). It is clear that this action is similar
to the one that gives rise to the regular representation of G: z9 = zg (with
¢ :x — (a,2)). Thus, the regular representation of a group G is induced by
the representation of degree 1 of the identity subgroup.

2. Let again [f2| = 1, and let H be any subgroup of G. It is clear that the
induced action is now that of G on the cosets of H. If H is normal we have
the regular representation of G/H.
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3. Consider now the regular representation of a subgroup H. In this case {2 =
H. The action of G on the pairs (h, x) is given by (h,z) = (h",y) = (hh1,y),
where zg = hyy. If a € G, a has a unique expression as a product a = hx.
Therefore, the correspondence ¢ : @ — (h,x) is one-to-one: p(a)? = (h,z)? =
(hhi1,y), and since ag = hzg = hhyy, p(a9) = ¢(ag) = (hhy,y). Hence, the
reqular representation of a group is induced by the regular representation of
any of its subgroups.

Let us now show that the induced action does not depend on the choice of
T. Let T = {t1,t2,...,tm} and T" = {y1,¥2,...,ym}. The idea of the proof
is to go from T to T’ by replacing the ¢; with the y; one at a time. To fix
ideas, pick t; and consider Ty = {y1,22,...,Zm}. The action of G on 2 x T
is similar to that on {2 x T7. Indeed, define ¢ : 2 x T — (2 x T} as follows. If
y1 = hity, for the pairs whose second element is 1 set ¢(a,t1) = (ahfl,yl)
(the mapping o — ol s a permutation of (2); for the other pairs take for ¢
the identity mapping. For the first pairs we have, if t1g = ht; with j # 1, that
p((a,1)9) = pla”,ty) = (o t5) = ("™, 15) = (", 11)? = (p(er.11))",
because y19 = hitig = hiht;. If j = 1, then ¢((o,t1)9) = p(a, ;) =
(a1 y1); on the other hand, (¢(a,t1))9 = (a1 ,y1)9 = (ahm1'y;) since
Y19 = hitig = hihty = hihhy'y;. For the other pairs, if t;g = h'ty, and
k# 1, then o((o, ;)9) = p(a™ ) = (& 1) = (a,t:)9 = @(a, t;)9. If k = 1,
then @(aati)g) = L)O(Oéh/aﬁl) = (ah/hflayl) = (avti)g = (@(avti))g'

Hence, the actions of G on 2 x T and {2 x T3 are similar. In the same way,
one sees that the action of G on 2 x T} is similar to that on {2 x T5, where
T, is obtained by replacing an element of Ty, to say: To = {y1,y2,t3, - -+, Tm }-
Proceeding in this way, the action of G on {2 x T proves to be similar to that
on 2 x T,

Now let H and K be two subgroups of G, with H C K. If H acts on
{2, consider the action of K induced by that of H, and then that of G in-
duced by that of K. As we shall see in the following theorem the result is
the same as that obtained by inducing directly from H to G. Recall that if
Ty = {t1,ta,...} is a transversal for H in K and T = {y1, 2, ...} one for K
in G, then T = {t;y;,t; € Th,y; € T»} is a transversal for H in G.

Theorem 3.22 (Transitivity of induction). Let H C K be two subgroups
of G with H acting on 2. Then the action induced from H to G is similar to
that obtained inducing first from H to K and then from K to G.

Proof. With the above notation, the action induced from H to K on {2 x T}
is given by (a,t;)* = (a”,t;), where t;k = ht;, and that induced from K to
G (on (2 x Th) x Ta) is ((ast),u;)0 = (@, 5", 5s) = (1), s), where
y;9 = kys. But t;y;9 = htjys, and therefore the action of G on 2 x T is
(o, tiy;)9 = (", t;ys). The correspondence ¢ : (v, t;y;) — ((a,t;),y;) is one-
to-one, and, for what we have just proved, preserves the action of G. &
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Let us now investigate how characters behave with respect to induction.
Denote by x¢ the character of G induced by the character x of a subgroup,

Theorem 3.23. Let H < G, x a character of H. Then:
i) x%(g9) =0, if g is not conjugate to an element of H;
1) put x(y) =0 if y & H; then:

ZX rgrt). (3.11)

mGG
Proof. i) If in the induced action g € G fixes a point (a,t;) € 2 x T, then
from t;g = ht; we have (a,t;)9 = (a,t;) = (a,t;), and in particular, ¢; = t;,
and therefore t;gt; ' = h € H.
i) From the proof of i) we have, if m is the index of H, x%(g) = >./~, x
(tigt; 1). Now, if h € H, by i) of Theorem 3.19 x(ht;gt; 'h™') = x(t;igt; '),
and therefore

x(tigt; ) Z (htigtii=*h™1).
hEH

It follows .

> x(tigt) = Z > x(tigt7th7h).

i=1 i=1 heH
As h varies in H, and ¢; in the transversal T for H, the products ht; run over
the elements of G. The result follows. &
Exercises

82. Let H < G, K be the kernel of an action of H, K; that of the action of G
induced by the action of H. Show that if K <G then K C K;.

83. Denote by i the character of the restriction to the subgroup H of the character
7 of G. Show that if x is a character of H then x“7 = (x7u)°.

84. Let G = HK, H,K < G, and let an action of H on a set {2 be given. Prove
that the following actions of K are equivalent:

i) the action induced to G by that of H and then restricted to K;

1) the restriction of the action of H to H N K and then extended to K.

85. (Mackey). Let G = |J, HaK be the partition of G into double cosets of H and
K. Let T be a transversal of the right cosets of H in G, and let T, be the set of
elements of T belonging to HaK. If H acts on {2, show that:

1) 2xT=,(02xTs), and K acts on each of the 2 x Ty;
#i) the action of K on {2 x T, is similar to that of K induced by the action of

a"'HanN K on {2 defined by a® = a“”il, forz€a *HaN K.
86. i) Prove that if H < G, and x is a character of H, then (3.11) may be written as

_ ~  x(z:)
X%(9) = Ca(g)| ; Cor ()] (3.12)
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where the h;,i = 1,2,...,7, are representatives of the conjugacy classes of H con-
tained in that of g in G, and where x%(g) = 0 if r = 0, i.e. H Necl(g) = 0. [Hint:
if » = 0, there are no conjugates of g in H, and from (3.11) we have x(zgz™"') = 0
and x%(g) = 0. If r > 0, let zgz ™" be conjugate in H to one of the h;; in this case,
x(zgz™") equals x(h;), and this happens |Cg(g)| times; there are [H : Cg(hi)]
elements in the class of h;.]

1) Let k; be the order of the class of h;; then (3.12) can be written as

g IGI~ ki _
D= 1] 2 e gy

3.5 Permutations Commuting with an Action

Let Ag be the set of permutations of {2 commuting with the action of G:
Ag = {p € 57 |p(a?) = p(a)?}

for all o« € 2 and g € G. Ag is a group, subgroup of S. Indeed, 1 € Ag; if
P, € Ag then

(P9)(a?) = p(¥(a?)) = p((a)?) = (p(P(@)))? = ((pi)(@))°.

Moreover, with a = ¢(3),

7M@) = o1 (@(B)) = ¢ (@(B9) = 57 = T (),
and so also ¢! € Ag.

Definition 3.12. The group Ag is the automorphism group of the group G
acting on 2. If G < S™, then Ag is the centralizer of G in S™.

Remark 3.5. It goes without saying that the group A¢g is not to be confused with
the group Aut(G).

Our purpose now is to determine for a transitive group G the structure of
Ag from that of G. The result will be that Ag is isomorphic to a quotient of
a subgroup of G'3. This is a further demonstration that transitivity allows
us to work inside the group.

Throughout this section 2 will be finite, |2| = n. Let us consider a few
properties of Ag in the case of some special actions.

Definition 3.13. A group G acting on 2 is semiregular if G, = {1} for every
a € 2. 1t is regular if it is both semiregular and transitive.

13 A quotient of a subgroup of a group G is also called a section of G.
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Remarks 3.6. 1. A semiregular group is necessarily a permutation group because
Go = {1} for every a € {2 implies that the kernel of the action is {1}.

2. In Galois theory, let K’ = K(a1,as,...,a,) be the extension of the field K
obtained by adding the roots «; of a polynomial f(x). Then the Galois group G of
f(x), i.e. the group of permutations of the «; that preserve all relations among them,
is a semiregular group if, and only if, f(z) is a normal polynomial, that is, if the «;
may all be expressed as a rational function (polynomial) of any one of them (each o
is then a primitive element of the field K'). If in addition f(z) is irreducible over K,
then G is also transitive, and therefore regular. In general, if 7y is a primitive element
of K, i.e. K' = K(v), and G; is the Galois group of the minimal polynomial g(z)
of v over K, then (G1 is isomorphic to GG as an abstract group, and as a permutation
group of the roots of g(x) is regular (G1 affords the regular representation of G).

Let G be semiregular, and let o9 = 3 and also o = 3. Then o9 = o,
a%h”" = a so that gh™' =1 and g = h. Thus, semiregular means that given o
and 3, there exists at most one element of G taking a to 5. If G is transitive,
such an element exists; therefore, regular means that, given a and 3, there
exists exactly one element taking « to . Note also that a subgroup H of a
semiregular group is itself semiregular.

Theorem 3.24. Let G be semireqular on 2. Then all the orbits of G have
the same cardinality, namely |G|. In particular, if G is regular, |G| = |£2|, i.e.
order and degree are equal.

Proof. Under the given assumptions, (3.1) means |a%| = [G : G,] = [G :
{1}] = |G|. If G is regular, then a“ = {2, and |2| = |G]|. &

It follows that a proper subgroup H of a regular group cannot be regular
(otherwise |H| = |2] = |G]).

Corollary 3.14. Let G be a semiregular group. Then the cycles of an element
of G all have the same length.

Proof. The subgroup generated by g € G is itself semiregular, and its orbits
are the cycles of g. &

Definition 3.14. A permutation is regular if its cycles all have the same
length.

Thus, a group is semiregular if its elements are regular permutations.
Theorem 3.25. If G is transitive, then Ag is semiregular.

Proof. It is enough to show that if ¢ € Ag fixes a point, then it fixes all the
points. Let p(a) = «, and let 8 € £2. By transitivity, there exists g € G such

that a9 = 8. Then ¢(8) = p(a9) = p(a)? = a9 = (. o

Theorem 3.26. Let G be a transitive group acting on a set 2. Then two
elements « and 3 of 2 have the same stabilizer if, and only if, there exists
v € Ag such that p(a) = (.
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Proof. First we show that if p(a) = § then G, = Gz. We have
geGa e =as p(af) =pla) & (@) =pa) g e Gy =Gs.

Suppose now G, = Gg; we construct ¢ as follows. By the transitivity of G,
as g varies in G, o9 runs over all the elements of £2; we define ¢ : @9 — 9. ¢
is well defined and injective: a9 = o & gh™! € G, = Gg & 9 = g It is
surjective: if v € (2, there exists g € G such that 89 = v, so that a9 — ~.

It remains to show that ¢ € Ag, namely that ¢ commutes with the action
of G. If v € 2, then v = a9; it follows p(v") = ¢((a9)") = p(aI) = B9 =
(BN = p(a9)" = p(y)" for all h € G. &

Lemma 3.5. Let G be transitive on 2, G, the stabilizer of a point, and let
A={B€ 2| Gz =Gy} Then the normalizer of G, is transitive on A.

Proof. First let us show that N = Ng(G,) actually acts on A, namely, if
B € Aand g € N, then 89 € A. Indeed, G, = (G4)? = (G)? = Ggs, so that
the stabilizer of 9 is G, i.e. B9 € A.

We shall show more than the transitivity of N on A, namely that given
~v,0 € A an element of G taking v to 4, which exists by the transitivity of G,
already belongs to N. Indeed, let ¢ € G be such that ¢ = §. Then for all
z € G, we have v97 = §% = § = 49, so that gzg~! € G, = G4, gGag™ C G,
and ¢ 'Gog = G,. &

We now show that the structure of Ag is determined by that of G.

Theorem 3.27. Let G be transitive. Then the group Ag is isomorphic to the
quotient Ng(Gyp)/Ga.

Proof. Set H = G, and N = Ng(H). The proof consists in showing how an
element of Ag determines an element of N/H. We have seen in the above
lemma that N acts on A; the kernel of this action is H, so that it is the quo-
tient N/H that actually acts on A, and the action is transitive. If g € N fixes
an element of A, then g € H (the elements of A are those whose stabilizer
is G4). It follows that N/H moves all the points of A, so that given « and
B in A there exists a unique element Hg € N/H such that o9 = 3. Now,
if o € Ag, a and () have the same stabilizer (Theorem 3.26), and there-
fore, since o € A, they both belong to A. Thus there exists Hg € N/H such
that ¢(a)f9 = a, and such an element is unique. In this way, ¢ determines
a unique element Hg, the one that takes ¢(a) to a. Therefore, the mapping
Ag — N/H defined by ¢ — Hg is well defined. It is injective, because if
1 — Hg, then p(a)f9 = 1(a)9, and therefore p(a) = (), contradicting
Ag being semiregular. Let us show that it is surjective. Given Hg € N/H,
a and o9 both belong to A, and therefore have the same stabilizer, i.e.
H. Then by Theorem 3.26 there exists ¢ € Ag such that ¢(af’9) = a. But
a = p(afl?) = p(a?) = p(a)? = p(a)f9(among other things, this sequence
of equalities shows that ¢ commutes with the action of N/H on A). Thus
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the mapping is surjective. Finally, we show that it is a homomorphism. If
@ — Hg and ¢ — Hg; then, by first letting act ¢ and then v, we have
p(a) = Y(p(a)) = P(a9) = (@) = allo Ho™ = oMle9)™", from
which ¢ (a)991 = a. This shows that @i — Hg - Hgy, as required. %

Corollary 3.15. |Ag| = |4|, that is, the order of Ag equals the number of
elements fized by G .

Proof. Na(Ga)/Ga acts transitively on A, and the stabilizer of a point is the
identity. By (3.1), |A| = |Ng(Ga)/Ga| and the result follows. &

We recall that if G is a permutation group, G < S™, then Ag is the
centralizer of G in S™.

Corollary 3.16. Let G be a reqular permutation group. Then G is isomorphic
to its own centralizer.

Proof. G being regular, G, = 1. It follows G ~ Ag. &

Corollary 3.17. Let |G| = n, and let G, and G, be the images of G in S™
under the right and left reqular representations, respectively. Then these two
subgroups centralize each other. In particular, if G is abelian, they coincide.

Proof. Let v, € G, and l, € Gj. Then for all a € G we have r,l,(a) =
re(y~ta) = (yta)z = y~(az) =, (rz(a)) = lyr.(a), and this shows that G,
and G centralize each other; denoting C' the centralizer we have G, C C(G)
and G; C C(G,). G| being regular, it is isomorphic to its own centralizer
(Corollary3.16), G, C C(G;) ~ Gy, and since |G| = |G| (they are both equal
to |G|), we have G, = C(G)). Similarly, G; = C(G,). Note that the intersec-
tion G, NG, is the image of the center of G in both representations, so that,
if G is abelian, then G, = G|. &

Let A be the image of Aut(G) in S™. An automorphism fixes 1, and 1* = z,
so that G, N A = {1}. Now, A normalizes G,. Indeed, let z € G, and let r,, be
the image of = in S™, and let (z1, 217, ...,212%) be a cycle of 7. If o, is the
image of the automorphism « in S™, then o, (x;) = ¢, and therefore, by con-
jugating the above cycle of r, with o, we obtain (¢, (z12)%, ..., (z12%)®) =
(2§, z¢a®, ..., 2§ (x*)F), which is a cycle of 7,a. Let us show that the semidi-
rect product of G, by A is the normalizer of G, in S™. Let 7 € Ngn(G,);
then 7 induces, by conjugation, an automorphism ¢ of G, and this is given
by an element of A. It follows rT = r¢, for all 7, € G,., so that 7¢~! cen-
tralizes G, and therefore belongs to G;. But G; C G, A. Indeed, let I, € G,
and let p, € A be the conjugation by x; then, for all g € G, r,-1p,(g9) =
re—1(z7tgr) = a7 lgr - 27t = 279 = 1,(g), so that I, = r,-1p, € G, A.
Finally, since 7¢o~! € G; and ¢ € A we have the result.
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Summing up (see Ex. 2.10, 6):
Theorem 3.28. The normalizer of G, in S™ is the holomorph of G.

When G is not abelian, the correspondence ¢ : g — ¢! is not an auto-

morphism of G, and therefore it does not belong to the holomorph of G. But
¢ lrep(g) = ¢ re(97h) = 9 (g ') = 27 g = 14(g), and therefore ¢ in-
terchanges G, and G;. Moreover, ¢ centralizes A because, if & € Aut(G), then
ap(z) = a(z™) = (a(z)) ™! = pa(x), z € G. Thus ¢ normalizes K = G, A,
and in the semidirect product () K the subgroups G, and G; are conjugate.

Exercises

87. Determine a transitive and faithful but not regular action of Dy.

88. Prove the equivalence of the following two statements:
1) the only faithful and transitive action of the group G is the regular one;
it) every subgroup of G of prime order is normal.

From now on G will be a permutation group.

89. Let H be a regular subgroup of G; prove that G = HG, with H NG, = 1.
[Hint: Theorem 3.9.]

90. Let H < G, H regular. Given a € (2, we obtain a one-to-one correspondence
2 — H if we associate with v € 2 the unique (H is regular) element of H taking o
to 7y; note that o — 1. Thus, one can make G act on H by defining h? as the unique
element of H that takes o to o*9. Prove that:

i) if k € H then h* = hk;

ii) if g € Go then h? = g hg.

91. If the centralizer of a subgroup is transitive, then the subgroup is semiregular.
92. A transitive abelian group is regular.

93. Let H < (G, H transitive and abelian. Prove that H equals its own centralizer.
[Hint: Cq(Cg(H)) O H. Then, Cq(Ce(H)) = H (H is said to have the double
centralizer property).]

94. If G is transitive, then = € Z(G) is regular.
95. An element of S™ is regular if, and only if, it is a power of an n-cycle.

Definition 3.15. If G is transitive, a subset A of 2 is a block (imprimitivity sys-
tem) if either A9 = A or AIN A =, for all g € G. The singletons, the whole set
{2 and the empty set are trivial blocks; if these are the only blocks, G is primitive,
otherwise G is imprimitive'®.

The blocks are the classes of an equivalence relation p on {2 compatible with the
action of G, i.e. apf = aIpp?, g € G. In particular, the blocks all have the same
cardinality, which therefore divides the degree of G.

1 With reference to Remark 3.6, 2, the Galois group of f(z) is primitive as a per-
mutation group if, and only if, every element of the field K’ is primitive.
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A group can be imprimitive in more than one way. For instance, in S°, the sub-
group generated by the cycle o = (1,2,3,4,5,6) has the blocks A; = {1,3,5}, Ay =
{2,4,6}, but also the blocks It = {1,4}, 1> = {2,5}, I3 = {3,6} (corresponding to
the cycles of 0% and o2, respectively).

96. The intersection of two blocks is a block.

97. If H < (G, a block of G is also a block of H. If A is a block of H, AY is a block
of HY.

98. A 2-transitive group is primitive.

99. Let a € (2. Prove that there exists a one-to-one correspondence between the
set of blocks containing «, D = {A | @ € A}, and the set of subgroups H of G
containing Go: § = {H < G | Go C H}, by showing that:

i) if HE S eac 2, the orbit o™ is a block;

ii) the mapping 0 : S — D given by H — o' is injective;

iii) if A € D, the set §'(A) = {z € G| o® € A} belongs to S;

i) 6 and 0’ are inverse of each other.

100. A transitive group is primitive if, and only if, the stabilizer of a point is a
maximal subgroup.

101. A transitive group on p elements, p a prime, is primitive. [Hint: G4 has index p.]

102. If N < G and A is an orbit of N, then A is a block of GG. Hence, a non trivial
normal subgroup of a primitive group is transitive. [Hint: A% is an orbit of N® = N.]

103. If G is primitive, then either Z(G) = {1} or |G| = p, a prime.

104. The group D4 acting on the vertices of a square is a transitive group which is
not primitive. Show that there exists a non trivial equivalence relation compatible
with the action of the group. [Hint: let the vertices be 1,2,3,4 in the circular order.
Then {1,3} and {2,4} are non trivial blocks (corresponding to the orbits of the nor-
mal subgroup {7, (1,2)(3,4)}, the stabilizer of 4 is {1,(2,3)} which is not maximal,
and {7, (1, 3)(2,4)} is normal but not transitive.]

105. If G is primitive and the stabilizer of a point is a simple group, then either G
is simple, or it contains a regular normal subgroup.

106. Let G be the direct product of two regular subgroups Hi, and Hs. Prove that:
Z) H1 ~ HQ;
i) if the two subgroups are simple, then G is primitive.

107. Prove that A" is simple, n > 6, assuming the simplicity of A% and using n =
5 as basis of induction, by showing that:

i) A" is primitive;

13) if A™ is not simple, then it contains a regular normal subgroup;

131) a normal subgroup of A™ cannot be regular.
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3.6 Automorphisms of Symmetric Groups

We devote this section to proving a theorem that describes the automor-
phisms of symmetric groups. We will see that the case n = 6 is special. First

a lemmal®.

Lemma 3.6. An automorphism v of S™ sending transpositions to transposi-
tions is inner.

Proof. Let T'(i) be the set of transpositions containing the digit ¢. Let us show
that, for a certain j, T'(¢)Y = T(j). Since two transpositions of T'(¢) do not
commute, two transpositions of T'(4)” do not commute either; therefore, they
all have one and the same digit in common (if (j,u), (j,v) and (u,v) belong
to T'(4)7, their product has order 2, whereas the product of three elements of
T'(i) has order 4). It follows T'()Y C T'(j), for a certain j, and by applying
to T(j) the inverse of v we have equality. Thus, with « there is associated
the permutation o such that o(i) = j if T(:)" = T(j), i = 1,2,...,n. We
show that ~ coincides with the inner automorphism induced by o, and since
every element of S™ is a product of transpositions, it suffices to show that this
happens for the transpositions. Observing that 7'(:) N T'(j) = (¢,7), we have
(i,5)Y =T@GE)NT () =T(°)NT(5°) = (i°,7°) = 0~ 1(i,j)o, as required. <

An automorphism v preserves the order of the elements and sends conju-
gacy classes to conjugacy classes. It follows that v sends the conjugacy class
C of the transpositions to a class C of k disjoint transpositions. For a given
k, the class C}, contains:

tk:;!<’;)<”;2>.--(”_2<2k_1)) :k!;kn(n—1)~--(n—2k+1)

elements, so that, if C7 = Cy with k& > 1, it must be ¢; = t, from which
(n—2)(n—3)---(n— 2k + 1) = k!2k=1. The right hand side is positive, so
n > 2k, and

n—2)(n—3)---(n—2k+1)> (2k—2)(2k —3)--- (2k — 2k + 1) = (2k — 2)!

For k = 2 this equality becomes (n — 2)(n — 3) = 4, which is satisfied by no
n. For k = 3, since n > 6, the equality is satisfied for n = 6, whereas if n > 6
the left hand side is at least 5-4 -3 -2 = 120, while the right hand side is
3122 = 24. If k > 4 one always has (2k — 2)! > k1281 (induction on k:

(2(k+1)=2)! = (2k)! = 2k(2k—1)(2k—2)! > 2k(2k—1)k!12F~1 = k(2k—1)K!12"

and since k(2k — 1) > k + 1 the last quantity is greater than (k + 1)!2%). It
follows that for, n # 6, there are no classes of involutions that are not trans-
positions but that have the same cardinality of the class of the transpositions.
From the above lemma it follows:

15 We follow Kargapolov-Merzliakov, Theorem 5.3.1.
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Theorem 3.29. Let n # 6. Then:

i) (Hdélder) the automorphisms of S™ are all inner;

i1) the subgroups of S™ of index n are the stabilizers of the digits 1,2, ..., n.

Proof. i) follows from the lemma.

i1) Let [S™ : H|] = n, and consider S™ in its action on the cosets of H by
identifying the digits 1,2,...,n with the cosets of H (let H = 1). The homo-
morphism ¢ : S™ — S™ induced by this action has kernel {1}, and therefore
is an automorphism of S™. The image @(H) of H fixes the digit 1; it follows
that o(H) C S"71, and p(H) = S"~!. But the automorphisms of S™ are all
inner: ¢ = v, for a certain o, so that p(H) = v,(H), H = (S" 1) . H
being a conjugate of the stabilizer of a digit, it is itself the stabilizer of a digit:
if 7 fixes 4, then o~ 'yo fixes i°. &

Remark 3.7. This result has an interesting consequence in the theory of equa-
tions. Let f(x) = ™ + a12™ ' + a22™ 2 + - - + a,, be a polynomial over a field K,
a1,Q,...,0, its distinct roots. Let ¢ = 1, 92,..., ¢y be n rational functions of
the n roots that are transitively permuted by the n! permutations of the «;, and
let H be the stabilizer of one of the functions ¢;. Then H has index n in S", and
therefore, if n # 6, is the stabilizer of one of the roots, a; say. It follows that ¢; is

a symmetric function of the remaining roots aa, ..., ay, and therefore is a rational
function of the elementary symmetric functions of these roots with coefficients in
K (o). But the elementary symmetric functions of as, ..., ay, are rational functions

of the coefficients of the polynomial and of o, so that ¢ is a rational function ¢ of
a1 with coefficients in K. It follows that it is possible to choose the indices of the
®; so that the n functions ¢; are expressed as values of ¢ at the a;: p; = p(au),
i=1,2,...,n.For example, with n = 3, let a1, a2, a3 be the three roots of 2°+qz+r,
and consider the three functions ¢1 = a% + a3, p2 = oz% + aza, w3 = ag + arao.
53 acts transitively on these three functions by permuting the three roots, and since
araeaz = —r, with ¢(z) =z — » we have p; = plas), i = 1,2,3,

5% admits outer automorphisms and subgroups of index n that are not
stabilizers of digits. See ex. 108 below.

Exercise

108. ) Show that S% contains, besides the S° obtained fixing a point, and therefore
not transitive, and conjugate to one another, six more subgroups isomorphic to S°,
also all conjugate to one another, but transitive. [Hint: letting S5 act by conjugation
on the set of its six 5-Sylows, S®> embeds in S°.]

i1) Let H be one of the transitive subgroups isomorphic to S°. Show that H does
not contain transpositions. [Hint: H contains a 5-cycle, and if contains a transposi-
tion then by transitivity it coincides with S9.]

6 See Todd J.A.: The ‘odd’ number six. Proc. Cambridge Phil. Soc. 41 (1945), 66—
68. In this paper there is an example of six rational functions ¢; of six elements
a; on which S® acts transitively, but for which there exists no rational function
¢(x) such that ¢; = p(a), 1 =1,2,...,6.
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iii) Let H be as in i4), and let ¢ be the action of S® on the conjugates of H.
Show that ¢ induces an automorphism of S°.

i) The automorphism of 4i%) is not inner. [Hint: if 7 is the transposition (1,2)
and ¢ is inner, then ¢(7) would be a transposition, and therefore would have four
fixed points and 7 would transpose two conjugates of H fixing the other four.]

v) Prove that Aut(S®)/I(S®) ~ C,. [Hint: by the discussion preceding Theo-
rem 3.29, an automorphism which is not inner interchanges the conjugacy class of
the transpositions and that of the products of three disjoint transpositions.|

vi) Prove that |Aut(S%)| = 1440.

3.7 Permutations and Inversions

In the sequel z(y) denotes the number of cycles of the permutation v, including
cycles of length 1 (fixed points).

Lemma 3.7 (Serret). Let o be a permutation and T = (i,7) a transposition
of S™. Then:

(o) = z(0) + 1, if 7 and j belong to the same cycle of o,
~ | 2(0) — 1, otherwise.

In the first case we say that T disconnects o, in the second that T connects o.

Proof. Let 0 = (4,...,k,j,...,s)...; then o7 = (4,...,k)(4,...,5) - and o7
has one cycle more than o. If 0 = (¢,...,k)(4,...,1) -+, then o7 = (4,...,¢,
Jy.--y8)-++, and o7 has one cycle less than o. O

Corollary 3.18. The minimum number of transpositions whose product is a
cycle of length n isn — 1.

Proof. Let 0 = (1,2,...,n) = 7172 -+ - 7. Multiply on the right by 74, then
by Tk—1 up to 71: the permutation o7y has two cycles, o7,7x_1 at most three
(exactly three if the two letters of 7,1 belong to the same cycle of o7%),. ..,
OTRTE—1 -+ T1 at most k + 1. But the latter permutation is the identity, that
has n cycles. Thusn < k+1,and k >n — 1. &

The product of two n-cycles is an even permutation (they are both even
or both odd), and the product of an n-cycle and an (n — 1)-cycle is an odd
permutation (one is even and the other one odd). Conversely:

Theorem 3.30. i) An even permutation of S™ is the product of two n-cycles;
1) an odd permutation of S™ is the product of an n-cycle and an (n—1)—cycle.
Proof. i) It n = 1, (1) = (1) - (1) ((1) is even); if n = 2, the only even

permutation is the identity, and we have I = (1,2)(1,2), a product of two
2-cycles. Let n > 3, and let o be even. If ¢ = I, and c is an n-cycle, then



3.7 Permutations and Inversions 137

I=cct. If 0 #1, let (1) = 2. Let us consider the 3-cycle (1,k,2), k # 1,2.
Then o(1,k,2) = (1)o’, with o/ € S"~!. By induction on n, ¢/ = ¢/¢” and
therefore o = (1)0’(1,2,k) = (1)o’(1,2)(1,k) = (1) - (1)” - (1,2)(1,k) =
(1) - (1,k)[(1)c"(1,2)]"F). Since k € ¢, the transposition (1,%) connects
(1), and therefore (1)¢’ - (1,k) is an n-cycle. Similarly, 2 € ¢’ and therefore
(1)’ (1,2) is an n-cycle, and then so is its conjugate by (1, k).

i1) If n = 1 there are no odd permutations; if n = 2, (1,2) = (1,2) - (1). If
n > 3 we have, as above, 0(1,k,2) = (1)’ and o = (1) - (1)(1)c” - (1,2)(1, k).
We distinguish two cases.

a) | = 2. Then (1,2) commutes with (1)(2)c” and we have o = (1)/(1,2) -
(1)(2)¢"(1, k), where the first factor is an n-cycle, and the second an (n — 1)-
cycle because k € ¢”, and therefore (1,%) connects (1)c”.

b) I # 2; as above, 0 = (1)c/(1,k) - [(1)(1)¢”(1,2)]*) | and here also the
first factor is an n-cycle, and the second an (n — 1)-cycle. &

1 2...n
ki ko ... kn
(k1,ka,...,kn). An element o € S™ can act on this n-tuple in two ways: either
by permuting the digits, (k1,ks2,...,kn)® = (a(k1), a(ks),...,a(ky)), or by
permuting the indices: (K1, k2, ..., kn)* = (ka(1), ka2)s - - - kam)). These two
actions correspond to the two permutations obtained from the first by multi-

1 2 ... n
k) alks) ... a(kn)> , the second on the

. In the multiplication by « on the right the

Let now o = ( ) be an element of S™, and consider the n-tuple

plying o by « on the right: ca = (a(

1 2 ...on
digits 1,2,...,n are permuted according to o', while in the multiplication
on the left the places 1,2,...,n undergo the same permutation.

left: o = (

Remark 3.8. It is hardly necessary to point out that the result of the multiplica-
tion on the right or on the left (the permutation of the digits 1, j, ... or of the digits
at the places 4, 7, ...) depends on how the action of a product o7 is defined, i.e. if &
acts first and then 7, or viceversa.

1 2 ...n
ki ko ... kn
left of k; and that are greater than k; of the sequence ki ks ...k,'", is the
number of inversions of k;. If b; is the number of inversions of digit j, j =
1,2,...,n, the table [by,bs, ..., by] is the inversion table of the permutation o,
and the number of inversions of the permutation is the sum of the b;. Observe
that b <n—i,1=1,2,...,n.

Definition 3.16. Let 0 = < >E S™. The number of digits to the

Example 3.10. In the permutation 541632 digit 1 presents two inversions,
2 four, 3 three, 4 one, 5 and 6 zero. The table of inversions is therefore
[2,4,3,1,0,0] and the number of inversions is 10. We now want to reduce

17 In Combinatorics, a permutation is defined as a rearrangement of the sequence
1,2,...,n. In this section, we will use this definition interchangeably with ours.
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541632 to 123456 by interchanging each time two consecutive digits. Digit 1
can be shifted to the first position by first interchanging it with 4: 514632,
and then with 5: 154632, i.e. by first interchanging the digits that are at the
second and third place and then those that are at the second and first ones.
We have seen above that interchanging the digits that are at the i-th and
j-th place amounts to multiplying o on the left by the transposition (i, 7),
so that the two mentioned operations amount to ¢’ = (1,2)(2,3)o. Proceed-
ing in this way, to take 2 to the second place we multiply ¢’ on the left
in turn by (5,6),(4,5),(3,4) and (2,3); to take 3 to the third place we multi-
ply the result by (5,6),(4,5) and (3,4). Finally, we take 4 to the fourth place
by multiplying by (4,5), and we arrive at the identity permutation. Hence,
(4,5)(3,4)(4,5)(5,6)(2,3)(3,4)(4,5)(5,6)(1,2)(2,3)0 = I, from which we de-
duce the following expression of o as a product of transpositions of consecutive
digits: o = (2,3)(1,2)(5,6)(4,5)(3,4)(2,3)(5,6)(4,5)(3,4)(4,5). This is true in
general. Thus, the transpositions of the form (i,i + 1) generate S™8. The 10
transpositions necessary to write o correspond, by construction, to the 10
inversions of . Moreover, 10 is the minimal number of such transpositions.
This is the content of the following theorem.

Theorem 3.31. The minimal number of transpositions of the form (i,i + 1)
whose product is o equals the number I(o) of inversions of o.

Proof. As seen above, with a product of transpositions of the form (¢,7 + 1)
equal in number to that of the inversions we obtain the identity. When we
multiply by (i,i 4+ 1), the number of inversions increases by 1 if k; < ki1,
and decreases by 1 if k; > k;+1. Thus, by multiplying by s transpositions, the
resulting permutation has at least I(o) — s inversions, and if this permutation
has to be the identity then 0 > I(0) — s, i.e. s > I(o). Thus, the identity
cannot be obtained with less than I(c) transpositions of the aforementioned
form. &

Corollary 3.19. The parity of a permutation equals that of the number of its
1NVersions.

The inversion table determines the permutation (M. Hall). Given the table
[b1,b2,...,bp], b <m—i,i=1,2,...,n, the following algorithm allows one to
determine the permutation admitting that table of inversions: in an n-place
string, put digit ¢ in the (b; + 1)-st free place starting from the left.

Example 3.11. Consider the table [2,4,3,1,0,0] of ez. 3.89, and a 6-place
string. Since a; = 2, insert digit 1 in the (2 + 1)-th place, i.e. in the third
free place (which in this case is simply the third place):

I e

8 They are the so called Cozeter generators of S™.
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Let us now insert 2. This digit has four inversions, so that it goes to the fifth
free place (the last one):

Exercises

109. How many inversions does the transposition (i, ) have?

110. i) If o has t inversions, how many inversions does o~ ! have?

1) If kiks...k, has t inversions, how many inversions does its transpose
knknfl . kl have?

131) Conjugation does not preserve the number of inversions.

In the next two exercises, assume that the permutations all have the same possibility.

111. What is the average number of inversions in a random permutation? [Hint:
consider the total number of inversions of a permutation and its transpose.]

112. Let 0 € S™ be a random permutation.

i) What is the probability that the digit 1 be contained in a cycle of length k7
[Hint: a k-cycle containing 1 is obtained by choosing the remaining k — 1 dig-
its from the n — 1 different from 1 (this can be done in (}~]) ways) and then
ordering these k — 1 digits and the remaining n — k.|

#i) What is the probability that 1 and 2 belong to the same cycle?

113. Show that S™ imbeds in A™+2.

114. Let 0 € S™, n > 3, fixing at least two digits. Show that if 0 ~ a in S™, then
o ~ a by an element of A™.

115. Using Serret’s lemma prove that the parity of a permutation is well defined as

follows:

i) the permutations of S™ divide up into two classes according to the parity of the
number of their cycles (cycles of length 1 being counted);

i) if a permutation o is multiplied by k transpositions then the permutation ob-
tained belongs or not to the same class of ¢ according as k is even or odd;

#i1) conclude that a permutation o cannot be at the same time a product of an even
and of an odd number of transpositions. [Hint: write o as a product of transpo-
sitions and multiply the identity by ¢; the number of transpositions of ¢ is even
if, and only if, o belongs to the class of the identity.]

116. A permutation is even if, and only if, n — z(o) is even.

117. Given the table [2,4,3,1,0,0] of Ez. 3.10, find the corresponding permutation
by devising an algorithm that sorts the digits in the order n,n — 1,... 1.
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118. For each of the inversion tables defined below devise an algorithm to find the

corresponding permutation.

1) Interchanging “right” and “left” and “greater” and “less”, we obtain a new table
[c1,c2,...,cn], “dual” to [b1,ba, ..., by]: ¢ is the number of digits to the right of ¢
that are less than i. The digits less than ¢ are ¢ — 1 in number, so that 0 < ¢; < i.

13) Instead of the inversions of a digit ¢, one may consider the inversions of the digit
that finds itself at place i: if x1x2 ...z, is a permutation, one obtains the table
[d1,d2,...,dxs], where d; is the number of digits to the left of x; that are greater
than x;. Since to the left of x; there is room for at most ¢ — 1 digits, one has
0 < d; < 4. Dually, one has the table [l1,ls,...,1,], where [; is the number of
digits to the right of x; that are less than z;. Since to the right of z; there is
room for at most n — i digits, one has [; < n —i.

119. Let (o, ) be a pair of permutations of S™, and let the group (o, @) they gen-

erate be transitive. Prove that:

i) if z(g) > 1, then « is not the identity, and there exists a transposition 7 con-
necting o and disconnecting «;

1) for o and 7 asin 1), the group (o7, ac) is transitive; [Hint: prove that if k = a(h),
then there exists v € (o7, at) such that h = y(k).]

1i1) z(0) + z(a)) < n+ 1; [Hint: induct on z(0).]

w) z(o) + z(a) + z(ao) < n+ 2; [Hint: induct on z(o) and use i) and 4i).] If the
group is not transitive, but has t orbits, then z(c) + z(a) + z(ao) < n + 2t;

v) the difference between the right and left sides of iv) is even, 2g say:

z(o) + z(a) + z(ao) =n + 2 — 2g. (3.13)

The non negative integer g is the genus of the pair (o, ). Formula (3.13) will be
referred to as the genus formula®®;
vi) Let 01,02,...,0m generate a transitive subgroup of S™; prove that:

> 2(03) + 2(0102 -+ 0m) < (m = 1)n + 2%

=1

[Hint: induct on z(o1). If z(01) = then, by Serret’s lemma and Corollary 3.18,
20102+ 0m) < 2(01) + (m—1)n = > 2(0n),
1=2

i.e. the result. Assume z(c1) > 1, and let & be maximum such that the group gen-
erated by o1,02,...,0k is not transitive, and consider 1032 - - - orok+1. Proceed
as above.|

120. Let G and G; be two subgroups of S™ that commute elementwise, and let I"
and A be the sets of orbits of G and G, respectively. Prove that G acts on A, G1
on I', and that the number of orbits of these actions is the same.

19 Jacques A.: Sur le genre d’une paire de substitutions. C.R. Acad. Sci. Paris 267
(1968), 625-627.

20 Ree R.: A Theorem on Permutations. J. Comb. Theory 10 (1971), 174-175, where
the resut is proved using the theory of Riemann surfaces.
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121. Let (o, «) be transitive, and let G be a subgroup of its centralizer in S™. G
is semiregular (Theorem 3.25), so its orbits all have the same length, namely |G]|.
Prove that:

1) o and «a act on the set I" of these orbits. Call & and @ the permutations thus
obtained;
1) the group (7, @) is transitive on I'. Call (7, @) the quotient pair of (o, ) w.r.t. G.

122. With notation as in the previous exercise, and with g the genus of (o, a) and
~ that of (7, @) we have:

29-2=|GI2y—-2)+ > x(¢) (3.14)
I#¢eG

(the Riemann—Hurwitz formula®"), where x(¢) is the total number of cycles of o, a
and ao left fixed by ¢. Prove this formula as follows:

1) z() equals the number of orbits of G on the cycles of o (ez. 120, with o playing
the role of G1), and the latter is given by Burnside’s formula ‘Cl;‘ > sea Xa(9),
where ., denotes the number of cycles of o fixed by ¢;

ii) since xo(I) = 2(0), we may write 3, Xo(¢) as 2(0) + 32 scq Xo(¢). This
yields:

@) ="+ 1S w0
ol Fiol, 2,

#41) do the same for & and @o;

1v) sum the equalities thus obtained. The left hand side of the sum is z(c) + z(&) +
z(@o) which equals ‘g‘ + 2 — 2+; the right hand side is

z(o) + z(a) + z(ao 1
MR AR O]
I#¢9eG

where the first summand equals "+|2G*‘29 . The conclusion follows.
123. With the above notation, prove that v < g.

124. If G is cyclic, G = (¢), then (3.14) becomes:
o(¢)—1

29-2=0(¢)(2y—2)+ Y_ x(¢). (3.15)

i=1

125. The stabilizer S of a cycle c of 0, or ac in the centralizer of (o, ) is cyclic.
[Hint: consider the restriction ¢ to ¢ of an element ¢ of S, and the mapping ¢ — ¢.]

126. Let I # ¢ € G and g = 0. Then the number of points fixed by ¢ is exactly 2%2.

21 In the theory of Riemann surfaces this formula relates the genus g of a surface,
that of the quotient surface w.r.t. a group G of automorphisms (conformal self
maps), and the number of branch points for the covering W — W/G.

22 A permutation group in which every nonidentity element fixes two points, and the
stabilizer of a point is cyclic, is one of the groups Cy, Dy, A*, 5% or S° (see Zassen-
haus H.: The theory of groups. Chelsea Publishing, New York (1958), pp. 16-19;
these groups are the finite rotation groups of the sphere). From ez. 125 and 126,
this is the case for the centralizer of a pair (o, ) for which g = 0.
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In the next two exercises, by a “point” we mean a cycle of either o, or ao.

127. With the above notation, prove that a non trivial element ¢ € G fixes at most
2g + 2 points. [Hint: x(¢*) > x(¢).]

128. Assume that g > 2, and that G contains an involution ¢ fixing 2¢ + 2 points>3.

Prove that:

1) ¢ is the only involution fixing 2g+ 2 points [Hint: if ¢ is another such involution,
then the group (¢, ¢) is dihedral, of order 20(¢®) (Lemma 2.1). An application
of (3.14) with G = (¢) yields o(¢yp) =1, and ¢ = 1.

1i) ¢ is central. [Hint: an involution conjugate to ¢ also fixes 2¢g + 2 points, so
equals ¢.]

129. Assume that o, a and ao are regular permutations of orders a, b and ¢, respec-
tively. Show that:
i) the genus formula (3.13) becomes

n

b+Z:n+2—2g, ie. n(l—l—l—i)ZQ(Q—l);

"y
a a b

41 “and is attained for

ii) the maximum value (less than 1) of the sum | + } + ! is 1},

the triple 2,3, and 7;
1i1) if g > 2, the quantity 1 — }1 - 11) - i is positive, and has 412 as minimum value;
1) conclude that n < 84(g — 1). Since |G| divides n we have, in particular, |G| <
84(g — 1).

130. Prove that (3.14) can be reduced to the following form:

29—2=1Gl2y -2 +[G| - 1) (3.16)

n
i=1 *

where 7 is the number of orbits of G of cycles of o, a and ao fixed by nonidentity
elements of G and n; is the order of the stabilizer of a cycle in the i-th orbit.

131. By a discussion of the possible values of v, r and n; in (3.16), prove that for
g > 2 the upper bound |G| < 84(g — 1) holds in any case (i.e. not only for regular
o, and «ao). [Hint: if v > 2, then 2g — 2 > 2|G|, and |G| < g — 1. If v = 1, then
29-2=|G|>_,(1— 731- ); the minimum value of the sum X' is obtained for n; = 2,

all i, so that X > 7 and r|G| < 4(g — 1). If v = 0, then 2‘ng|2 =r—2->7, nli; i

r < 2,then2g—2 < 0and g < 1. Thus r > 3. If r > 5, then |G| < 4(g—1). Similarly
for r =4 and r = 5.] (The upper bound |G| < 84(g — 1) is the same as that due to
Hurwitz for the order of the automorphism group of a compact Riemann surface of

genus g > 2.)

23 In the theory of Riemann surfaces, such a ¢ is the so-called a hyperelliptic in-
volution, and the 2g + 2 fixed points are the Weierstrafi points. Various results
concerning the centralizer of a pair of permutations are the same as those for
the automorphisms of compact Riemann surfaces (see Chapter V of Farkas H.M.,
Kra I.: Riemann surfaces. GTM, Springer, Berlin-New York (1980)).
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3.8 Some Simple Groups

In this section we prove the existence of simple groups other than the alter-
nating groups.

3.8.1 The Simple Group of Order 168

Consider the group G = GL(3,2) of invertible linear transformations of a 3-
dimensional vector space V over Zy (V contains 8 vectors, so G can also be
considered as the group of automorphisms of the elementary abelian group of
order 8). This group has order 168; among other things, we will show that,
up to isomorphisms, it is the unique simple group of order 168. We have
|G| = (23 —1)(2% — 2)(23 — 22) = 168 = 23 -3 - 7. Let v,w € V be nonzero,
and let {v1 = v,v2,v3} and {w1 = w,ws,ws} be two basis of V. Then the
function f such that f(v;) = w;, i = 1,2,3 extends uniquely to an invertible
linear transformation of V in V| i.e. to an element x of G. Since v* = w, G is
transitive on the 7 nonzero vectors of V. Let N # {1} be a normal subgroup
of G; we will show that N = G. N is transitive (Theorem 3.8), so 7||N|. The
stabilizer G, of a vector v # 0 has index 7, and therefore order 24. The action
on the cosets of G, yields a homomorphism of G in S7, whose kernel K is
contained in G,,. If K # {1} and normal, its order is divisible by 7; but then
7||G,| = 24, impossible. Hence K = {1}, and G imbeds in S”. A subgroup of
order 7 cannot be normal in G. If it is, its image in S” would have a normalizer
of order at least 168; but a subgroup of order 7 in S” is generated by a 7-cycle,
and therefore its normalizer has order 7-(7) = 7-6 = 42 (Theorem 2.26, i7)),
and is the holomorph of C7. It follows that the number of 7-Sylows of G is 8,
and since 7||N| and N 4G, the eight 7-Sylow are all contained in N. Thus, |N|
is divisible by 8 and by 7, and so by 56; it contains 8- (7 —1) = 48 7-elements,
and in addition the 8 elements of a 2-Sylow, and so at least 56 elements. If
|N| = 56, the 2-Sylow is unique in N, therefore characteristic in N and so
normal in G. However, a normal subgroup of G must have order divisible by 7.
Hence |N| > 56, |[N| = 168 and N = G. Incidentally, we have shown that a
transitive subgroup of S7 of order 168 is simple.

We now show that a simple group G of order 168 imbeds in A%, and that
two such groups are conjugate in A%. Hence, up to isomorphisms, there is a
unique simple group of order 168. We split the proof into various parts. We
first determine the number of Sylow subgroups of G.

i) n7 = 1mod 7 and nr|24 imply n; = 8. G acts by conjugation on these
eight Sylow 7-subgroups, and therefore imbeds in A®. N (C7) has order 21.
If C3 < Ng(C7), Ng(Cr) is cyclic. Then G, and hence A%, would contain an
element of order 21. But A® does not contain such an element. Hence N (Cr)
contains seven subgroups of order 3.

1) ng = 28. We have ng = 7,28. If ng = 7, Ng(C7) contains all the Sy-
low 3-subgroups, and is generated by the set of elements they contain. These
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subgroups being conjugate, N (C7) would be normal, and this implies Cy
normal (Theorem 3.16), which is excluded. Thus nz = 28 and |Ng(C3)| = 6.
If Ng(Cs) is cyclic, it contains two elements of order 6, and this happens
for all the N¢(C3) that are all conjugate. Then there would be 28 - 2 = 56
elements of order 6. But there are already 8-6 = 48 7-elements and 28-2 = 56
3-elements: a total of 160 elements, and there would be room for only one
Sylow 2-subgroup, which is excluded. It follows Ng(C3) ~ S2. In particular,
there are no elements of order 6 in GG, because the subgroup generated by one
of these normalizes (and in fact centralizes) the C3 it contains.

iii) ma = 21. We have ny = 7,21. If ng = 7, then |[Ng(S2)| = 24. The center
of S5 is normal in N (S2) and commutes elementwise with a C3. The product
of a central element of order 2 with an element of order 3 gives an element
of order 6, which is excluded. It follows |N¢g(S2)| = 8, i.e. the 2-Sylow is
self-normalizing, and therefore no = 21.

iv) An element of order 2 of G C A8 fixes no point (i.e. no 7-Sylow: 2 should
divide |[Ng(C7)| = 21). Then in the image of G in A% an element of order 2
is a product of four disjoint transpositions.

An element of order 3 of A% is either of type (1,2,3)(4)(5)(6)(7)(8) or
(1,2,3)(4,5,6)(7)(8). N(C3) acts on the set of fixed points of C3 (Lemma 3.5).
If y is an element of order 2 of Ng(C3), and = € Cj is of the first type, y
acts on the five points fixed by z, and therefore one must be left fixed, which
is excluded. Hence, an element of order 3 is of the second type. If Cj is
generated by (1,2,3)(4,5,6)(7)(8) the three elements of order 2 of Ng(Cj3)
are (1,4)(2,6)(3,5)(7,8), (1,5)(2,4)(3,6)(7,8) and (1,6)(2,5)(3,4)(7,8), and
these are the only fixed point free involutions of A% that normalize Cs.

v) Let us now prove that two simple groups G and G of order 168 are conju-
gate in A8. In A%, the normalizer of a 7-Sylow has order 21. Indeed, in S® an
element x of order 7 is a 7-cycle, and so it must fix a digit. Then the elements
of the normalizer of (z) all fix the same digit, and so they belong to an S”.
In S7 the normalizer of (z) has order 42, and contains a cycle of order 6: if
xr = (1,2,3,4,5,6,7), the permutation 7 = (1,4,6,5,2,7)(3) takes z to 23 and
therefore normalizes the subgroup (z). But 7 is odd, so it cannot belong to
AS. It follows |NA8 (C7)| =21.

Let C7 and C7 be two 7-Sylows of G and G, respectively. These being
also 7-Sylow of A%, there exists o € A® that conjugates them: C¢ = C7,
from which Nys(C7)7 = Nas(Cr). It follows N, (C7) = Nys(C7) NG C
N 4s(C7), so that N (C7) = Nys(C7) since they have the same order. It
follows N (C7) = Ng(C7)?. Let o(t) = 3, t € Ng(C7), and let I be the set
of fixed-point-free involutions of A® that normalize (t). By the above, |I| = 3,
and since there are three elements of order 2 of G that normalize (t) we have
I C G. Similarly, if I’ is the set of fixed-point-free involutions of A% that
normalize (t7) we have |I'| = 3, and therefore I' C G. But the elements of
I? that normalize (t”) are fixed-point-free and are three in number, and so
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I = I'. Since N¢(C7) together with an involution that normalizes (t) gen-
erate GG, their conjugates by o are contained in G and generate G. It follows
G=G".

vi) Let us show that a Sylow 2-subgroup is dihedral. Let H be a maximal
2-Sylow intersection. |H| # 1 (since there are already 48 7-elements, there is
no room left for 147 2-elements). If |H| = 2, since a normal subgroup of order
2 is central, x € H of order 2 commutes with all the elements of N¢g(H).
But |[Ng(H)| is divisible by 3 or 7, so that an element of order 3 o 7 mul-
tiplied by = would yield either an element of order 6, which is excluded, or
of order 14, that does not exist in A® (at least nine digits are needed). Thus
|H| = 4, and therefore N (H) contains a 2-Sylow, and hence at least three.
If it contains more than three 2-Sylows, then their number is 7 or 21, so that
NG (H)| is divisible by 8 -7 = 56, |[Ng(H)| > 56, and G is not simple. Hence
INg(H)| = 23-3. C3 is not normal in Ng(H) because |Ng(C3)| = 6; therefore
there are four C5 in Ng(H), so the normalizer in Ng(H) of C5 has order 6
and cannot be cyclic, and hence is S3. It follows Ng(H) ~ S* (ex. 48), the
2-Sylow of N (H), and so of G, is dihedral. In particular, H is a Klein group.

vii) A subgroup L of G of order 24 is isomorphic to S*. If N7 (C3) ~ S3,
the result follows (er. 48 again). Otherwise, since Ng(C3) ~ S3, we have
N (C3) = Cs; but then ng = [L : C3] =8 # 1 mod 3. Moreover, Ng(L) = L.

viii) G contains two distinet conjugacy classes of subgroups isomorphic to
S%. Consider GL(3,2). The stabilizers G,, of the points are all conjugate, and
since 7 = [G : G,], we have |G, | = 24. Moreover, as a group of linear transfor-
mations of a vector space, G is transitive on the subspaces W of dimension 2.
Like the points, these are 7 in number, so that [G : Gw| = 7 and |Gw| = 24.
It cannot be G, ~ Gw. Indeed, if (G,)* = Gw, then G,» = Gy . But the
stabilizer of a vector u cannot coincide with the stabilizer of a subspace W.
Indeed, if u € W, given ' € W, v # u, and w € W, u,v’ and u,w can be
extended to two bases u,u’,u” and u,w,w’ and the mapping taking the first
three vectors to the other three in the given order extends to a linear trans-
formation that belongs to G, but takes an element of W outside W. Similarly
ifug W (with w e W and v/ € W and extending to two bases the pairs u, w
and u, w’). The stabilizer of a vector and that of a subspace are not conjugate
(but see ex. 132).

Let us now take a closer look at the structure of G = GL(3,2). First, from
the number of Sylow p-subgroups for the various p one sees at once that G
has 56 elements of order 3 and 48 elements of order 7.

The elements of order 3 are all conjugate. Indeed, if z and y belong to
one and the same 3-Sylow, then y = 2! and the two elements are conjugate
in the normalizer S3 of the 3-Sylow; if they belong to two distinct 3-Sylows,
the conjugacy of the two 3-Sylows takes x either to y or to y~!. If a,b,c
are three generators of the space V, an element of order 3 is, for instance,
(a,b,¢)(a+b,b+c,a+c)(a+ b+ c). It can be verified that this permutation
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of the 7 nonzero elements of V' takes subspaces to subspaces (lines to lines in
the representation of V' as a Fano plane, i.e. it is a collineation).

If o(x) = 7, since its centralizer C' coincides with that of the 7-Sylow C7
generated by z, we have C' C N¢g(C7). But there cannot be equality (there
would be an element of order 21 (see i)), and therefore C' = C7 and = has
168/7 = 24 conjugates. The 48 elements of order 7 split into two conjugacy
classes, each with 24 elements. An element of order 7 is, for instance, the 7-
cycle x = (a,a+b,b+c¢,b,a+c¢,c,a+b+c), and an element of the normalizer
of Crisy = (a)(a+b,b+c,a+c)(b,a+ b+ ¢, c), which conjugates x and z?
and together with = generates N¢(C7).

An element z of order 4 belongs to a unique 2-Sylow. Indeed, the inter-
section of two 2-Sylows has order 1, 2 or 4; if it contains z is of order 4, and
therefore is a maximal 2-Sylow intersection; by vi) it is a Klein group, a con-
tradiction. Since there are 21 2-Sylows, there are 21 cyclic subgroups of order
4, all conjugate, and therefore 42 elements of order 4, also all conjugate (for
the same reason as that for the elements of order 3). At this point we have
48+4-56+42+1=147 elements, including the identity. An element of order 4 is,
for example, z = (a,a +b+c)(a +b,b,a+c,c)(b+c).

The remaining 21 elements are involutions. Indeed, let o(u) = 2. C =
Cq(u) has order |C| > 4 (at least the Klein group or the C4 containing it
centralizes u). If |C| = 4, u has [G : C] = 84 conjugates, which is absurd. It
follows |C| > 8, and since u cannot commute with elements of order 3 (there
are no elements of order 6) or 7 (the normalizer of a C7 has order 21), we
have |C| = 8, and hence C is a 2-Sylow. In particular, each element of or-
der 2, together with the identity, is the center of a 2-Sylow: these elements
are therefore as many as the 2-Sylows, i.e 21, and are all conjugate.

Let V be a Klein subgroup of G. Let us show that V is the intersection
of two 2-Sylows. Let w and v be two elements of V. By what we have just
seen, their centralizers are two 2-Sylows S7 and S2, and hence the intersection
of the latter, containing V', has order at least 4, and therefore exactly 4, so
that S NSy = V. V being a maximal 2-Sylow intersection we have, as in vi),
that Ng(V) has order 24, and is isomorphic to S*. The conjugacy class of a
Klein group thus contains [G : S%] = 7 subgroups. In S* the three dihedral
2-Sylows intersect in a Klein group, which is therefore normal. Each dihedral
group contains one more Klein group, which is normal in another S.

The Klein groups split into two conjugacy classes. To prove this we shall
make use of the following lemma, with which we anticipate the discussion
about fusion of elements or subgroups of a Sylow p-subgroup we shall deal
with in Chapter 5 (see Lemma 5.6 and Definition 5.9).

Lemma 3.8 (Burnside). Two normal subgroups of a Sylow p-subgroup S of
a group G that are conjugate in G are already conjugate in the normalizer

of S.

Proof. Let H and K be the two subgroups, and let H* = K, x € G. Let
N = N¢g(K); then S C N. But K is also normal in S*, because K = H* and
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H is normal in S, so that we also have S* C N. It follows that S and S* are
Sylow N, and therefore conjugate in N: S = (S*)¥, y € N. But then zy € N,
and with ¢ = zy we have H9 = H*Y = (H*)Y = KY = K. O

Let now two Klein subgroups of a Sylow 2-subgroup S of G = GL(3,2)
be given. Were they conjugate in G, they would already be conjugate in the
normalizer N of S. However, N = S, and the two Klein subgroups are normal
in S; therefore, they belong to two distinct conjugacy classes of G. By what
we have seen above, each class contains 7 subgroups, so that we have 14 Klein
subgroups that split into two conjugacy classes.

3.8.2 Projective Special Linear Groups

The simple group of order 168 belongs to an infinite class of simple groups,
the projective special linear groups. These groups are obtained as quotients
SL(n,K)/Z, where Z is the center of SL(n, K). In the course of proving the
simplicity of these groups, we will see that certain linear transformations,
the so-called transvections, play the role the 3-cycles play in the proof of the
simplicity of the alternating groups.

We first prove that SL(n, K) is generated by these transformations, and
in fact we will see that only a subset of them suffices.

Let V be a vector space over K. A linear transformation 7 # 1 of V in V
is a transvection if it fixes a hyperplane H (i.e. a subspace of dimension n — 1)
and the quotient V/H elementwise:

T(u) =u,u € H, and 7(v) —v € Hyv € V.
Let H be the kernel of a linear form f, and let v € H. Then
7(v) =v+ f(v)u,

is a transvection over H. The subspace (u) of dimension 1 (the “line” (u))
is the direction of the transvection, and u is its center. We shall write 7, in
case is necessary to specify the vector u. Every transvection is obtained in
this way, as the following lemma shows.

Lemma 3.9. Let 7 # 1 be a transvection over a hyperplane H and let F be
a linear form with kernel H. Then there exists a vector 0 # u € H such that
7(v) =v+ f(v)u, for allv e V.

Proof. Let V. = H @ (w); w can always be chosen such that f(w) = 1. The vec-
tor v = 7(w) —w is the one we seek. First, u # 0 because 7 is not the identity.
Let ve V;thenv =h+aw, h€ H,a € K, and f(w) = f(h)+af(w) =a. It
follows 7(v) = 7(h+aw) = h+a7(w) = h+aw+ au = v+ au, as required.
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A matrix differing from the identity only in the (i,j) entry, ¢ # j, where
there is an element « € K, is called elementary, and is denoted F; ;(a). Such
an elementary matrix with a # 0 is the matrix of a transvection. Indeed, if
€1,€2,...,ey is a basis of V, then the transformation 7 with matrix E; ;(«)
fixes ey, k # j, and sends e; to e; + ae;. If H is the hyperplane generated by
the ey, k # j, then 7 fixes H elementwise, and the line (e;) is the direction.

Multiplication of a matrix on the right (left) by a matrix E; ;(«) amounts
to adding column (row) j multiplied by « to column (row) 7 . The effect of
this multiplication is an elementary transformation of the given matrix.

Lemma 3.10. The matrices of the transvections have determinant 1.

Proof. Let T be a transvection over H, with matrix T' = (¢; ;), and let vy, ve,
...,Un—1 be a basis of H. Let us extend it to a basis of V' by means of a vector
vp. Then, since 7 fixes v;, ¢ = 1,2,...,n — 1, we have ¢;; = 1 and ¢; ; = 0;
moreover, since 7(vyp) — v, € H,

n—1 n—1
Z tn,ivi + (tn,n — 1)7171 = Z iV
=1 i=1

It follows t, ; —A; =0, =1,2,...n—1,¢,, —1 =0 and ¢, , = 1. The matrix
T has 1’s on the main diagonal, all 0’s on top of it, the A\; on the last row up
to the (n,n — 1) entry, and 1 in the (n,n) entry; the result follows. O

Therefore, the transvections are elements of SL(n, K).

Lemma 3.11. i) The conjugate of a transvection is a transvection;

1) all transvections are conjugate in GL(n, K), and if n > 3 they are already
conjugate in SL(n, K).

Proof. i) Let 7(v) = v + f(v)u; then o760~ (v) = o7(071(v)) = o(c71(v) +
fle™ (v))u = v+ f(o~1(v))o(u). This is the transvection over the hyperplane
o(H), which is the kernel of the form fo~!, with vector o(u) € o(H).

i1) Let 7(v) = v+ f(v)u and 7/ (v) = v+g(v)u’ be two transvections, u € H,
u’ € H', respectively, and let z,y € V such that f(xz) =1 and g(y) = 1. Let
B and B’ be two bases of V obtained by adding z to a basis {u,ug, ..., up—1}
of H and y to a basis {u/,u),...,u,,_;} of H'. Then there exists a linear
transformation o € GL(n, K) taking u to «/, u; to u; and z to y, and we
have o7o0~! = 7'. Indeed, oo~ (v') = or(u) = o(u) = v/, and similarly
b, ... ul,_q,and finally oo~ (y) = o7(x) = o(x+u) = o(x)+o(u) = y+u'.
This proves that 7 and 7/ are conjugate in GL(n, K). If n = 2, the two bases
are {u,z} and {v’,y}, and these cannot be modified if the centers of the two
transvections are to be v and v’ . If n > 3, there exists uy € H independent
of u. If A is a matrix of o of determinant d, let n be the linear transformation
sending ug to ug/d and fixing all the other vectors of B; then on has determi-
nant 1 (in terms of matrices, it is obtained from A by dividing the elements
of the second row by d). O
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Lemma 3.12. The elementary matrices E; j(o), a € K, generate SL(n, K).

Proof. We shall prove something more general, by showing that by means of
elementary transformations of type E; ;(«) on the rows of an invertible matrix
A € GL(n, K) one obtains the diagonal matrix D=diag(1,1,...,1,d), where d
is the determinant of A. If ) is the product of the E; ;(a) corresponding to the
operations performed on the rows of A, then QA = D, from which A = Q' D,
and since the inverse of an E; j(«) is still of the same type, i.e. F; ;(—«), the
result will follow.

A = (a; ;) being non singular, not all the elements of the first column
are zero; if as; = 0, let us add to the second row a row j with as; # 0
(i.e multiply A on the left by Es ;). Thus we may assume as; # 0. Now
multiply the second row by a;j(l —ay,1) and add it to the first one, thus
obtaining 1 in the (1,1) entry, and subtract multiples of the first row from
the other ones to obtain a; 1 = 0,7 # 1. Proceeding similarly with the second
row and column we obtain a2 = 1 and a;2 = 0, ¢ > 2, and subtracting a
suitable multiple of the second row from the first, a1 = 0, and a1; # 0,
i # 2. The procedure terminates when one reaches a, ,, and at this point
QA = D, where D=diag(1,1,...,1,a,, ). Taking determinants, we have on
one side det(QA) =det(Q)-det(A) = 1-d, because @ is a product of matrices
E; j(a) that have determinant 1, and on the other det(D)=ay, ,; it follows
ann = d. In particular, if A € SL(n, K), then d = 1, D is the identity, and
A = (Q, a product of elementary transformations of type E; ;(a). &

Lemma 3.13. Letu € V, G, = {0 € SL(n,K) | o(u) = u} be the stabilizer
of vector u. Then the transvections with center u,

T(v) = v+ f(v)u,

as f wvaries in V*, f(u) = 0, form an abelian normal subgroup T, of G,.
Moreover, SL(n, K) is generated by the conjugates of T,, in SL(n, K).

Proof. i) T, is abelian:
mIr9(v) = 77 (v + g(v)u) = v+ g(V)u+ f(v + g(v)u)u
=v+gu+ f(v) +9()f(u) =v+(f+9)(v)u,

and similarly 7977 (v) = v+ (g+ f)(v)u. Since f+g = g+ f, the result follows.
This also shows that T, is isomorphic to the additive group of the dual space
V*of V.

it) Ty, < Gy. Let 0 € G,,. Then:
o 'lo(w) =07 o (v) + flo(v)u) = v+ f(o(v)o™ (u) = v + f(o(v))u,

so that o~ '7fo = 777 which is also a transvection with center .

3i) The conjugates of T, generate SL(n, K):
(T | o€ SL(n,K)) = Ty | 0 € SL(n,K)) = (T3, |[ve V) = SL(n, K)
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where the second equality follows from the transitivity of SL(n, K), and the
third one from the fact that the transvections generate SL(n, K). &

Lemma 3.14 (Iwasawa). Let G be a primitive permutation group on a set
2, and let A be an abelian normal subgroup of the stabilizer G, of a point
a € (2 such that its conjugates under the various elements of G generate G.
Then every non trivial normal subgroup of G contains G', the derived subgroup
of G. In particular, if G = G', then G is a simple group.

Proof. Let N # {1} be a normal subgroup of G. Then N ¢ G, some «,
and is transitive (es. 102). By Theorem 3.9 (or by the maximality of G,
ex. 100) G = NG,. A <G, implies NA <4 NG, = G, so that A9 C NA,
all g € G, and since these conjugates of A generate G, G = NA. It follows
G/N = NA/N ~ A/AN N, an abelian group, and therefore N D G'. O

Lemma 3.15. Ifn >3, or if n=2 e |K| > 3, then:
GL(n,K) = SL(n,K)" = SL(n, K).

Proof. (Write GL for GL(n, K) and SL for SL(n, K)). Since GL/SL ~ K*, we
have GL' C SL, and since SL' C GL' it is sufficient to show that SL C SL’,
and for this that every transvection belongs to SL'.

i) n > 3. In this case, the transvections are conjugate in SL (Lemma 3.11,
i1)) and therefore they all belong to the same coset of SL'. Let 7, be a transvec-
tion with center u, f(u) = 0, and let v’ # —u, f(u') = 0, and 7, a transvection
with center u’. Then 7/ 7'1{, = 7'5 4 18 still a transvection, and therefore belongs
to the same coset 7,, mod SL': SL't,7, = SL'7,; it follows SL't, = SL’
and 7, € SL'.

i1) n = 2. Since SL' <GL, and since the conjugate of a transvection is still
a transvection, if one of these belongs to SL’ then all do. Let {v1,v2} be a
basis of V, and 7 be the transvection 7(v;) = v1 and 7(v) = v+ vy (center vy,
hyperplane (v1) and f(v) = 1). Since |K| > 3, there exists d € K such that
d? #0,1. Let o(v1) = dvy and o(v1) = d~'vg; as for the commutator [o, 771
we have, on vy, o~ lror " (v1) = o tro(v1) = ot (dvy) = o (dvy) = vy,
and on vy, 0 o (v9) = o lro(va +v1) = o T (d g +dvy o T H(d vy +
d=tvy — dvy) = vy + d vy —v1 = vy + (d72 — 1)vy. It follows that the com-
mutator [o,77!] is the transvection 7, = v + f(v)v1 (f(v) = B(d~? — 1),
v = aw + Pug), with center v; and hyperplane (v;); the result follows. &

We recall that if V' is a vector space of dimension n, the subspaces (v)
of dimension 1 (the lines) are the points of the projective space P"~1(K). In
other words, P"1(K) is the set of equivalence classes of non zero vectors of
V w.r.t. the relation“upv if there exists A # 0 in K such that v = Av”. If
K = F,, each equivalence class contains ¢ — 1 vectors, and since |V| = ¢",
the space P"1(K) has ¢" ! +¢" 2+ .-+ ¢*> + ¢+ 1 points. SL(n, K) acts
on P""1(K) (lines go to lines): (v)° = (v7). However, the central elements,
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that are multiplications by scalars, fix all the lines, and therefore the quo-
tient group PSL(n,K), the projective special linear group, acts: if a = (v),
a?? = (v)%7 =405 (V) (cf. ex. 138).

Now let (a1,a2) and (b1,b2) be two pairs of distinct points a; = (u;),
b; = (v;), i« = 1,2. The points being distinct, the vectors u; and uy are in-
dependent, and therefore belong to a basis w1, us, ..., u,. Similarly, we have
a basis vy, vs,...,v,, and therefore there exists o € GL(n, K) taking u; to
v;. If o has determinant d # 1, one can obtain ¢’ € SL(n, K) by proceeding
as in the proof of Lemma 3.11, ii): consider o’ = on, where n(u;) = Lu
and n(u;) = u;,t > 2. Then ¢’ sends u; to ;'Ul and u; to v;, ¢ > 2, so that
(u)?" = (ug) = ((jv1)) = (v1) In other words, Zo' € PSL(n,K) takes
a; = (u;) to b; = (v;), i = 1,2. We have proved:

Lemma 3.16. The group PSL(n, K) is 2-transitive on the points of the pro-
jective space P"~1(K).

We now have all the ingredients to prove the main result of this section.

Theorem 3.32. The group PSL(n,K) is a simple group if n > 2, or if n =
2 and | K| > 3.

Proof. Let us verify that PSL satisfies the hypothesis of Iwasawa’s lemma. Let
T, be as in Lemma 3.13; then the conjugates of T, Z/Z generate SL/Z = PSL.
It follows that a non trivial normal subgroup of PSL contains PSL'. By
Lemma 3.15, SL = SL’, and since PSL' = (SL/Z) = SL'Z/Z = SL/Z =
PSL, the result follows. O

In case the field is finite, this theorem yields a new infinite class of finite
simple groups. As to the orders of the groups SL(n,q) and PSL(n.q) we have:

Theorem 3.33. Let K = F,. Then:

i) |SL(n,q)] =|GL(n,q)l/(¢—1) = (¢" = 1)(¢" —q) -~ (¢" —¢" ") /(g —1);
ii) [PSL(n,q)| = [SL(n,q)|/(n,q —1).

Proof. i) The order of GL(n,q) is given in Ez. 1.3, 2. The result follows from
the fact that SL(n,q) is the kernel of the homomorphism sending a linear
transformation to the determinant of its matrix. The kernel of this homomor-
phism is the multiplicative group F; of the field, of order ¢ — 1.

1) PSL(n,q) is the image of SL(n,q) under a homomorphism whose ker-
nel is given by the n-th roots of unity of Fjy, and since F is cyclic of order
g — 1, the n-th roots form a subgroup of order (n,q — 1). O

The groups PSL(2,2) and PSL(2,3), excluded in Theorem 3.32, are iso-
morphic to S and A%, respectively (cf. ex. 141), and therefore are not sim-
ple. In case n = 3 and ¢ = 2, the group GL(3,2), that we have proved to
be the unique simple group of order 168, is found as the group PSL(3,2)
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(on a 2-element field there is no distinction between GL(n, K), SL(n, K) and
PSL(n,K)) or also as PSL(2,7). The alternating group A° is isomorphic to
PSL(2,4) and to PSL(2,5).

Exercises

132. In the group G = GL(3,2) consider the stabilizer H of the vector u = (1,0,0),
and the stabilizer K of the subspace W = {(0, 0, 0), (0, 1,0), (0,0, 1), (0,1,1)}. Prove
that H and K are almost conjugate, i.e. they satisfy (3.10)). [Hint: in the matrix
representation, the elements of K are the transposed of those of H. Moreover, the
cardinality of ¢l(g) N H equals the number of fixed points of g.]

133. Prove that GL(n, K) is the semidirect product of SL(n, K) and the multiplica-
tive group K* of K.

134. Given a transvection 7, determine an E; j(«) conjugate to 7.

135. Prove that if the dimension of the space is 2, and —1 is not a square in K, the
two transvections E 2(1) and E; 2(—1) are not conjugate in SL(2, K).

136. Let 7, and 7, be two transvections over the same hyperplane. Prove that
TuTv = Tu4v- I this way, one obtains an isomorphism between the group of transvec-
tions over the same hyperplane and the additive group of the hyperplane.

137. Prove that if n > 3, every F; j(a) is a commutator.

138. Prove that the action of PSL(n, K) on the points of P" *(K) is well defined
and faithful.

The two exercises to follow allow a new proof of the simplicity of PSL(n, K),
n > 324,

139. Let n > 3, 0 € SL(n, K) \ Z; then there exists u such that o(u) = v # u. The
plane (u,v) is contained in a hyperplane H. Let 7, be a transvection over H. Prove
that for 6 = Uruaflrufl one has:

i) 8 # 1; [Hint: use the existence of a vector w ¢ (u,v).]

1) 6(v) —v € (u,v), for all v € V;

1) 6(H) C H, §(v) =v+ h, h € H and therefore 6(H) = H;

1) if 6 commutes with all the transvections over H, then it fixes H elementwise,
and therefore is a transvection over H;

v) there exists a transvection 7, over H such that 6’ = 67,0 ‘7, ' # 1. Thus ¢’
is a product of two transvections (67,6~ and 7, ') over §(H) and H; however,
0(H) = H, and therefore these are two transvections over the same hyperplane,
so that ¢ is a transvection over H.

140. Let n > 3, N < SL(n,K), N  Z. Show that:

i) N contains a transvection; [Hint: if o € N\Z, N either contains § = o (7,0~ 7, ")
or & = 8(r67 1 1))

73) N contains all the transvections (Lemma 3.11).

Conclude that PSL(n, K) is a simple group.

24 Cf. Lang S.: Algebra. Addison-Wesley, London (1970), p. 476.
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141. Prove that PSL(2,2) ~ S® and PSL(2,3) ~ A*. [Hint: PSL(2,2) acts faith-
fully on the three points of the projective line P*(F») (the three lines of the space
V = {0,u,v,u + v}), and PSL(2,3) on the four points of P'(F3) (the four lines of
the space W = {0, u, —u,v, —v,u + v,u — v, —u + v, —u — v}).]

142. Prove that PSL(2,4) ~ PSL(2,5) ~ A®.

143. Prove that the simple groups PSL(3,4) and PSL(4,2) have the same order

20160 but are not isomorphic. [Hint: prove that the center of a Sylow 2-subgroup

of PSL(3,4) is a Klein group by considering the upper unitriangular matrices
10z

(Ex. 3.4, 1); those belonging to the center are: | 01 0 |, with € Fy. The center
001

of a Sylow 2-subgroup of PSL(4,2) is of order 2. (The use of matrices is justified by

the fact that the Sylow p-subgroups of PSL(n, q), ¢ = p’, are isomorphic to those of

SL(n,q).) 20160 is the smallest integer such that there exist non isomorphic simple

groups of the same order.]

Remark 3.9. The following isomorphisms hold:

i) PSL(2,2) ~ SL(2,2) =GL(2,2) ~ 53,

i) PSL(2,3) ~

1it) PSL(2,4) ~ PSL(, )~ A%

w) PSL(2,7) ~ PSL( 2);

v) PSL(4,2) ~
vi) PSL(2,9) ~

(Most of these have been proved in the text proper or in the exercises.) It can be
shown?®® that these are the only isomorphisms among the groups PSL(n, K) or with
symmetric or alternating groups.

25 Artin E.: Geometric Algebra. Interscience Publishers, Inc., New York (1957),
pp. 170-172.
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Generators and Relations

4.1 Generating Sets

We recall that the subgroup (S) of a group G generated by a set S of elements
of G is the set of all products

(S) ={s152-+-5n, 5; € SUST'}, (4.1)

n=0,1,2,...,and S7! = {s71, s € §}. If S is empty, (S) = {1}. In the form
(4.1) the elements of (S) are words over the alphabet SUS~1U{1}. Similarly,
one can define the normal subgroup generate by S, also called the normal
closure of S, denoted (S)“. The latter is also generated by the elements of
S and their conjugates, and coincides with the intersection of all the normal
subgroups of G containing the set S (there is at least G). If the elements of
S commute, then (S) is abelian. Moreover, if S is finite, and all its elements
have finite period and commute, then (S) is finite. If N <G, and G = (5), the
quotient G/N is generated by the images Ns, s € S. A set S of generators
(also called a system) is minimal if no proper subset of S generates (S).

As seen in Definition 1.8, a group G is said to be finitely generated (f.g. for
short) if there exists a finite subset S such that G = (S). However, a subgroup
of a f.g. group is not necessarily f.g. (see Ez. 4.1, 3 and 4).

Examples 4.1. 1. We know that group of integers is generated by the set
S = {1} and also by S = {2,3}. They are both minimal systems. This shows
that the cardinality of a system of generators is not determined, not even in
the case of a minimal set.

2. The additive group Q of rational numbers. It is a group that cannot be f.g.
Indeed, if S = {2?}, i=1,2,...,n, is a finite set of rationals, and r € (S),

— n P it ti
r= Zi:lmlqi T q192qn

nominator. As r varies in (S), the elements >, ¢; thus obtained make up
a subgroup of the integers (because (S) is a subgroup), and therefore it is

for some t;’s, after reduction to the same de-

Machi A.: Groups. An Introduction to Ideas and Methods of the Theory of Groups.
DOI10.1007/978-88-470-2421-2 4, © Springer-Verlag Italia 2012
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cyclic, generated by a certain integer h. Then (S) is also cyclic, and is gener-
ated by qlqz}?“qn. In other words, every f.g. subgroup of the rationals is cyclic
(a group with this property is called locally cyclic). However, Q is not a cyclic
group: given a rational, there always exist other rationals that are not integral
multiples of it.

In the group of rationals no minimal generating systems exists. In fact,
every element of a generating system is superfluous. Indeed, let Q = (S),
s € S; we show that S\ {s} generates Q. Let H be the subgroup generated
by S\ {s}, and let y € H. Then there exist two integers n and m such that
ns = my, and therefore ns € H. Now, for n > 0, 7115 must be expressible in
the form 's = Y m;s; + ks with s; € S\ {s}; but then, as a sum of two
elements of H, s =Y nm;s; +nks € H. It follows Q = (S) = (S\ {s}) = H,
and s is superfluous.

Remark 4.1. In the example of Q, or in similar cases, one could think of eliminat-
ing one by one all the elements s1, s2, ... from a generating set S and arrive at the
empty set; this would yield the absurd equality Q = (@) = {0}. The latter equality
arises because the above operation of elimination corresponds to a proposition with
an infinite number of conjunctions, which is not allowed.

From the above proof one also sees that Q does not have maximal sub-
groups. Indeed, if M < Q is maximal, let * € M; then Q = (M, z), and as
above Q = (M) = M.

A system of generators for Q is given by S = {}I,n = 1,2,...}: one has
" =r!. Another systemis { },}: here 7 = (r(s—1)!) }, k= 1,2,.... The latter
system allows us to represent Q as a union of subgroups (as is the group Cpe ):

<1>C<21!>C<;!>c...

((1) is the group of integers). Observe that, setting ¢, = kl!, Q has a system
of generators c1, ¢, ... such that ¢; = 2¢a,¢0 = 3cs,...,cn = (n+ 1)cpy1, ...
(see Ez. 1.6, 3).

In the group of integers, all proper subgroups have finite index; in Q
we have the opposite situation: all proper subgroups have infinite index (see
FEz. 1.7, 7). However, for H # {0}, the elements of Q/H all have finite period.
Indeed, let H+a € Q/H," € Hand a = Z. Then r = s', € H, and therefore
pr € H.But rqa = pr € H, and so rq(H +a) = H.

3. Let H be an infinite direct sum of copies of Zs indexed by Z:
H= 02 ®Zy®ZyD---.

H has all its elements of order 2, so is abelian, and therefore cannot be f.g.
(otherwise it would be finite). Consider the automorphism of H given by
o(x;) = x;41, where z; is the generator of the i-th summand, i € Z. It
is clear that the semidirect product G of (o) by H is generated by one of
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the x;, for instance zq, and by o, because s; can then be obtained as ak(xo).
Hence G = (H,0) = (xg,0)! is generated by two elements and contains
H which is not f.g. Note that we even have a descending chain of f.g. sub-
groups whose intersection is not f.g. Indeed, from xg,z; and o? one obtains
all the elements of H, and therefore (H,0?) = (x¢,1,0?), and in general

(H,0%") = (20,%1,...,290_1,02 ). Hence we have the chain of subgroups:
G=(Ho)D>(Ho*)>...D(Ho*)>.. .,

the intersection of all the subgroups of the chain, that are f.g., is the subgroup

(H,o%") = H,

13

i=1

which is not f.g.

4. In the affine group of the real line consider the two transformations:
s:x—2x, t: x—x+1,
and the subgroup G = (s,t) they generate. The elements:

sk:skts_k:xﬁm—&— k>0,

2k’

are such that s, = s, |, and therefore (si) C (sp11). The subgroup of G

H = (s)

k>0

cannot be f.g.; in particular, H # G. Observe also that s 1sp 15 = 3%+1 = Sk,
and therefore (sg11)® = (sx)2.

There are two cases which ensure in general that a subgroup of a f.g. group
is itself f.g. This is the content of the two theorems to follow.

Theorem 4.1. A subgroup of finite index in a f.g. group is itself f.g.

This theorem is an immediate consequence of the following lemma.
Lemma 4.1. Let G be a group, H a subgroup of G, T a system of represen-
tatives of the right cosets of H with 1 € T'. Let X be a system of generators of
G. Then the elements of TXT ™" that belong to H form a system of generators
of H, i.e. H= (TXT 1N H).

! This group G is the lamplighter group.
2 This gives an example of a conjugation that “shrinks” a subgroup.
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Proof. Let h € H be given, h = 3192+ - yn, ¥ € X UX !, and let y; € Ht;.
Then y; = hit1, so that hy = yltl_l =1 yltl_l. If yy = 21 € X, then
h1 € XT7 1 ify; = :c;17 then 1 ~y1tf1 = (t;71 - 1)7! so that hy is the in-
verse of an element of TXT~!. Similarly, t1ys = hots; if yo = 2 we have
hy = tixoty, L € TXTY and if yo = x5 *, then hy = (taxoty ')~ . Tt follows:

h=yity " tiys - ys- - yn = lynty - tiyaty - toys o Yn = ..
= 1y1t1_1 : tlyQtz_l ce tn—2yn—1t;i1 “tp—1Yn = hihg - hp_1 - th_1Yn,
and since t,_ 1y, = tn_12y - 1 = (h1hg - hy,—1)~th € H, we are done. O

By construction, in an element h = t1xaty 17 ty is the representative of
the coset to which t1xo belongs. Writing to = tixo, h takes the form h =
tiwo(tiae) L If h = tlxz_lt;l, then hatoxo = t1, and t; is the representative
of the coset to which tsz9 belongs; in this case:

h= tlxgltgl = (tgxztfl)_l = (t2$2 . (tg.’lﬁg)_l)_l.
In other words, the preceding lemma says that H = (tx(tx)~!, t € T,z € X).
Theorem 4.2. A subgroup of a f.g. abelian group is itself f.g.

Proof (Additive notation). By induction on the number n of generators of
the group. If n = 1, the group is cyclic, and so is every subgroup. If n > 1,
r1,Ts,...,T, are generators and H is a subgroup, we can write, for h € H,

h =mixy +moTs - +mpxy,, m; € 7. (4.2)

Let S be the subset of Z consisting of the integers that appear as coefficients of
21 in the expression of some element of H. If hy =tz1+---and hg = rz1+- -+,
then ¢ — r appears as coefficient of x1 of the element hy — ho € H. It follows
that S is a subgroup of Z, and as such is cyclic, generated by s, say. Let h'

be an element of H having s as coefficient of x1: A’ = sx1 + ---, and let h
be as in (4.2). Then m; = ps and x; is missing in h — ph'; hence h — ph’ €
K = (x9,23,...,2,). K being generated by n—1 elements, by induction every

subgroup of K is f.g.; in particular, H N K is f.g: HNK = (y1,Y2, -, Ym)-
But h —ph’ € HN K, and therefore h € (', y1,y2,...,Ym); h being arbitrary
in H, it follows that H C (h',y1,y2,-..,Ym). The other inclusion is obvious
since I/ and the y; are elements of H. &

Exercises

1. Let G be an abelian group, n an integer. Show that nG = {na, a € G} and G[n] =
{a € G | na = 0} are subgroups of G and that nG ~ G/G[n].

Definition 4.1. In a group G, an element x is divisible by the integer n if there
exists y € G such that x = ny (z = y", in multiplicative notation); it is divisible if
it is divisible by every n. A group is divisible if every element is divisible.
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In other words, G is divisible if nG = G for all n (see the previous exercise).
For instance, the additive groups of the rationals is divisible (y = ), as is the
multiplicative group of the complex numbers (y = ¥/z).

2. If (o(z),n) = 1, then z is divisible by n.

3. Let G be an abelian divisible group. Show that:

1) G is infinite, and every proper quotient is also divisible;

#4)  the torsion subgroup of G is divisible;

7i1) the torsion subgroup of C* consists of the n-th roots of unity, all n, and is
isomorphic to the additive group Q/Z. The p-elements of this group constitute
the group QP of Fz. 1.6, 4;

1w) if G is torsion free, then it is isomorphic to a vector space over the rationals;
[Hint: define the scalar multiplication of = € G by a rational 7" as my, where
y is the unique element such that x = ny.]

v) G is divisible if, and only if, it is divisible by every prime;

vi) @G is divisible if, and only if, it does not contain maximal subgroups; [Hint: if
G is not divisible, then pG < G, for some prime p; consider G/pG, a direct
sum of copies of Zp, and the sum H/pG of all summands except one.]

vit) use 7) to show that the additive group of the rationals does not have subgroups
of finite index, and in particular it does not have maximal subgroups;

viii) a direct sum of divisible groups is divisible.

4. Show that Cpe is divisible.
5. Show that Cpee is isomorphic to every proper quotient. [Hint: use ez. 1 and 3

recalling that a subgroup of Cpes consists of the the p™-th roots of unity, all n, and
hence of the elements z such that 2 =1, some n.]

6. Using the generators X = {1/k!, k = 1,2,...} of Q give a new proof that Q is
locally cyclic (see Ez. 4.1, 2).

7. Let p1,pa2,...,pn be distinct primes. Show that the products
D; =P1P2- - Pi-1Pit1 - Pn, 1 =1,2,...,m,

form a minimal generating system of Z.

8. If (X) = G and « is an automorphism of G, then (X%) = G.

9. A f.g. group is countable.

10. A group is locally finite if every f.g. subgroup is finite. Show (Schmidt) that if
N <G and G/N are locally finite, so is G. [Hint: let {z;} be finite; the images z; N
generate a finite subgroup of G/N.]

11. Show that:

1) the rationals of the form m/p", p prime, m,r integers, form a subgroup Q, of

Q which is p-divisible but not divisible; [Hint: let n be coprime to m and p.]
11) Qp/Z =~ Cpoo, and therefore is divisible (see Ex. 1.6, 4);

i) Qp # Qq, P # &

iv) QpQq =Z.

12. Show that the subgroup H of Ez. 4.1, 4, is normal and abelian (and in fact
locally cyclic), and that G/H is cyclic.
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4.2 The Frattini Subgroup

An element x of a group is a nongenerator if whenever x together with a set
S generate G, than S alone generates G:

(S,2) =G = (S)=G;

in other words, a nongenerator is an element that can be removed from any
generating set of the group.

The identity element is a nongenerator: if (S, 1) = G, then (S) being a sub-
group, contains 1, and therefore (S) = G (if S = {1}, S\ {1} = 0, and we know
that (@) = {1}). If z is a nongenerator, and if z~! together with S generate G,
then since x = (z71)~! € (S,271), we have G = (S,z71) = (S, x) = (S). The
more interesting fact is that if £ and y are two nongenerators, their product
ay also is a nongenerator. Indeed, let G = (S, zy); since (S, zy) C (S, z,y), we
have G C (S, z,y) and hence G = (S,z,y). But y is a nongenerator, so that
(S,z) = G, and x being a nongenerator, (S) = G, as required. Thus, the set
of nongenerators is a subgroup.

Definition 4.2. The subgroup of nongenerators of a group G is the Frattini
subgroup of G, and is denoted ®(G).

This subgroup is normal, and in fact characteristic. Indeed, let o be an
automorphism of G, € ® and (S,2*) = G. Then:

(S 2y =G =G= (5" )=G=(S) =G =G.

It may happen that the Frattini subgroup coincides with the whole group.
This is the case, for example, of the additive group of rationals. As we have
seen, every element of a generating set of this group is superfluous (EFz. 4.1, 2:
if Q = (S) then H = (S\ {s}) = Q). We already know that Q does not
have maximal subgroups; in general, the fact that the Frattini subgroup is or
not a proper subgroup is related to the existence of maximal subgroups. If
M < G is maximal, and x ¢ M, then x cannot be a nongenerator: indeed,
(M,z) = G but (M) = M # G. For every element x not belonging to a
maximal subgroup, there is at least one generating system of G from which
x cannot be removed. It is natural to suspect that the nongenerators belong
to every maximal subgroups; this is indeed the case. For the proof we need
Zorn’s lemma, in the following form:

let F be a non empty family of subsets of a set ordered by inclusion, and
such that every well ordered subfamily (a chain) {H,}qcr of elements of F
has an upper bound H belonging to F, i.e. there exists H € F such that
H, C H, for all « € I. Then there exists in F a maximal element, i.e. a
subset M € F which is not properly contained in any other subset of F.

Lemma 4.2. If H < G and x & H, there exists a subgroup M of G containing
H and mazimal with respect to the property of not containing x.
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Proof. The family F of subgroups of G containing H and not x is not empty
(there is at least H). If {H,} is a chain of elements of F then the union
U = U, Ha also belongs to F, since any H, contains H, and if x € U then
x € H,, some «, contradicting H, € F. The family F satisfies the hypothesis
of Zorn’s lemma, and therefore there exists in F a maximal element M.

This lemma allows us to prove that a f.g. group always admits maximal
subgroups. More precisely:

Theorem 4.3. Let G be a f.g. group, H a proper subgroup of G. Then there
exists a mazximal subgroup of G containing H.

Proof. Let si,s9,...,s, generate GG, and let z; be the first of the s;’s not
belonging to H. Let M; O H be maximal with respect to the property of
not containing s1. If (My,s1) = G, M is the required subgroup, since every
subgroup of G properly containing M; contains s1, and therefore coincides
with G. If (Mq, s1) < G, let sz be the first of the s; not contained in (M, s1),
and let My O (My, s1) be maximal with respect to the property of not con-
taining ss. By continuing in this way we reach a subgroup M; such that
M; O (M;_1,8i—1) 2 ... 2 H with (M;, s;) = G. M; is the required maximal
subgroup. &

But there are non f.g. groups for which this theorem holds, as the following
example shows.

Example 4.2. Let H be the group of Ez. 4.1, 3, K a subgroup of H, x an
element not in K, M a subgroup containing K and maximal w.r.t. the prop-
erty of excluding = (Lemma 4.2). We show that M is maximal in H. Let y
be an arbitrary element outside M; then x belongs to (M, y), otherwise this
subgroup, which properly contains K would exclude x, contrary to the maxi-
mality of M. Hence z is of the form yhiyhs - - - yhy,, h; € M. H being abelian,
we may collect the h; and the y: = y*h, some h € M, and y being of order 2,
we have k = 0 or kK = 1. But k£ = 0 is impossible, otherwise z € M, so x = yh,
i.e. y = zh, and y being arbitrary, we have (M, z) = H. By the maximality
of M, a subgroup containing M must contain x and therefore is the whole
group H.

We observed above that if there exists a maximal subgroup in a group
then there exist elements that are not nongenerators. Conversely,

Theorem 4.4. i) Let ®(G) < G; then G contains a mazimal subgroup;

i1) let G # {1}, and let ®(G) be finitely generated. Then G contains a maxi-
mal subgroup.

Proof. i) Let x € G, x ¢ ®. Then there exists a set S such that:

(S,2) =G, () £G. (4.3)
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In particular, x & (S). Let M 2 (S) be maximal with respect to the property
of excluding z. Then M is maximal tout court (i.e. maximal in the family of
all subgroups of G). Indeed, if M < L, then S C L and therefore L must also
contain z. Thus L contains S and z, and therefore also (S,z) = G, so that
L=aG.

i1) If not, ®(G) = G, and therefore if ®(G) = (x1,x2,...,x,) we have
G =®G) = (r1,72,...,Tp) = {1, T2, ..., Tp_1) = ... = (z1) = () = {1}
(see Remark 4.1). O

With the same proof of Theorem 4.4:

Theorem 4.5. If ®(G) < G,then ®(G) is the intersection of all mazximal
subgroups of G.

Proof. If ®(G) < G then by Theorem 4.4, i), there exists at least one maxi-
mal subgroup M. We already know that a nongenerator cannot lie outside a
maximal subgroup, so ®(G) C (| M. Conversely, let © € (M and = ¢ ®(G).
We are in the situation (4.3), and proceeding as in Theorem 4.4, i), we find a
maximal subgroup L that does not contain z. &

Example 4.3. The Heisenberg group H over Z. It is the group of 3 x 3 ma-
trices with integer coefficients:

lac
01b ], a,bceZ,
001

with the usual matrix product. H can also be viewed as the set of integer
triples (a,b,c) with the product:

(a1,b1,c1)(az, b, c2) = (a1 + ag, b1 + b2, c1 + c2 + arb2).

By letting the triple (a, b, ¢) correspond to the above matrix, this product cor-
responds to the matrix product. The unit element is (0,0,0), and the inverse
of (a,b,c) is (—a,—b, —c + ab). Moreover, for n > 2,

(a,b,¢)" = (na,nb,nc + (Z) ab)

so that (a, b, c) = (0,b,0)(a,0,0)(0,0,c) = (0,1,0)"(1,0,0)%(0,0,1)¢, and since
(0,0,1) =[(1,0,0),(0,1,0)], H is generated by the two elements (1,0,0) and
(0,1,0). It is torsion free. The commutator of two elements is [(a1,b1,c1),
(ag,b2,c2)] = (0,0,a1b2 — azby), and therefore is of type (0,0,c¢). Since
(a,0,0)" = (na,0,0), (0,0,¢)™ = (0,0, nc), the elements (a, 0, c), with a, c € Z,
form a subgroup isomorphic to the direct product Z x Z. If (a, b, ¢) commutes
with (1,0,0), then b = 0, as is easily verified, and if it commutes with (0, 1,0)
then @ = 0. An element commuting with both of them, and therefore with all
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the elements of the group, is of the form (0,0, ¢), and since such an element
actually commutes with all the elements of H, it follows that the center of H
is given by:

Z(H) ={(0,0,¢), c € Z}.

Thus, this center is cyclic, generated by (0,0,1). However, the commutator
of two elements z,y is [z,y] = (0,0,c¢) and therefore H' C Z(H). On the
other hand, [(1,0,0),(0,1,0)] = (0,0,1), which generates Z(H): it follows
H' = Z(H). Moreover,

H/Z(H) ~Z x Z,

and this quotient is generated by the images of the two generators of H (the
powers of these two elements only have (0,0,0) in common with Z(H)).
Consider now the subgroup:

HP = {(hp7b7c)7 P prime, h, b,C € Z},

we show that it is a maximal subgroup. Indeed, let H, < L, and let (a,b,c) €
L\H,. Then p does not divide a, and therefore there exist two integers m and n
such that na+mp = 1. Let g = (a,b,c)" = (na,nb,c’), h = (mp, —nb,n’ab —
c'); then h € H, and gh = (1,0,0) € L. But (0,1,0) € L, so that L = H. This
holds for all primes p. Let H = (H, = {(0,b,¢), b,c € Z}, where the inter-
section is over all primes. Similarly, K, = {(a, kp,c), p prime, k,b,c € Z} is
maximal. Let K = K, = {(a,0,¢), a,c € Z}, then HN K = {(0,0,¢), c €
Z} = Z(H), so that ®(H) C Z(H). If Z(H) € ®(H), let M be maximal and
Z(H) € M. Then MZ(H) = H and therefore M < H; it follows |H /M| = p,
a prime, and therefore H' C M. But H' = Z(H), so that Z(H) C M, a
contradiction. In conclusion, ®(H) = Z(H) = H'.

Exercises

13. Let G be a f.g. group having a unique maximal subgroup. Show that G is a
cyclic p-group (in particular G is finite).

14. The group Cp~ equals its Frattini subgroup.

15. The Frattini subgroup of the integers is trivial.

16. If G is a finite cyclic group, G = (z), then the Frattini subgroup G is generated
by xP1P2Pn where the p; are the prime divisors of the order of G.

17.1f H < G and ®(G) is f.g., then H®(G) < G.

18. Let H, be the Heisenberg group defined as in the text but with coefficients in
Z,. Show that for p > 2, H, is a nonabelian group of order p® in which all the
elements have order p, and that Hs is the dihedral group Djy.

19. Let G be a group, S a subset of G, H a subgroup of G, and let SN H = K.
Show that there exists a maximal subgroup M of G containing H and such that
MNH=K.
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20. A f.g. group contains a maximal normal subgroup (possibly trivial).

21. A divisible abelian group cannot be f.g.

4.3 Finitely Generated Abelian Groups

For the finitely generated abelian groups there is a structure theorem that we
now prove. The main tool is the following lemma.

Lemma 4.3. Let uy, uo, ..., u, be generators of the abelian group G, and let
V= 01U1 + U2 + -+ F Aply

be an element of G such that the ged of the a; is 1. Then there exists a gen-
erating system of G, also with n elements, one of which is v.

Proof. If n = 1, then v = ayuy, and the conditions on the ged implies a; = £1,
and therefore G = (v). If n = 2, there exist two integers e and f such that
ea; + fas = 1; then the two elements

U = a1u) + agug,

/
v = —fuy + eug,

generate G because the matrix of this system has determinant 1 so that u;
and us can be expressed as functions of v and v':

Uy = ev — agt’,

!
uz = fo+av,
Assume now n > 2. Setting
/7 / /
V= aU1 + AU + v+ Gy Un—1,

where a; = a;/d, i = 1,2,...,n — 1, and d is the ged of the first n — 1
of the a;, by induction on n we have that in the subgroup H generated by

UL, U, ..., Up_1 there exist n — 2 elements wvg,vs,...,v,_1 such that H =
(v, v9,v3, ..., vp—1). It follows
/
G = <U1,U2,... 7un> = <H,Un> = <U , V2,V3, ... avn717un>~

Now, v = dv’ + anuy, and (d,a,) = 1. As in the case n = 2, (v, u,) = (v, vy),
for a certain v,. Hence G = (v, va, ..., vy). &

Remarks 4.2. 1. This lemma shows, in a different language, that every n-tuple of
integers (a1, az, ..., an) with ged equal to £1 (a unimodular row of integers) is a row
of an n X n integer matrix invertible over the integers. That the row be unimodular is
necessary since the cofactor expansion along the n-tuple shows that the determinant
of the matrix is a linear combination of the a;’s.
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2. In the polynomial ring K[z1,2,...,z,] over a field K an n-tuple (fi1, f2,..., fn)
of polynomials that generate the whole ring (a unimodular row of polynomials) is a
row of a polynomial matrix with nonzero constant determinant. (This was proved
in 1976 by Quillen and Suslin, independently, thereby answering in the affirmative
a question of Serre as to whether finitely generated projective modules over the ring
Klz1,x2,...,2n] are free.)

3. It may very well happen that the element v of the lemma is zero. For instance,
for G = Z, G = (u1,u2) with u1 = 2, ug = 3, and v = a1u1 + a2uz, with a1 = 3
and az = —2. Heree = f =land v = —f -u1 +e-uzs = —-1-2+1-3 = 1. Then
the lemma yields G = Z = (v,v") = (0,1) = (1). In other words, if v = 0 the given
system of generators is not minimal.

The proof of the lemma contains an algorithm that allows the construction
of a system of n generators containing v. Let us see an example of how this
algorithm runs.

Example 4.4. Let G = (uy, us, ug), and let v = 4uy + 6ug + Sus. Let us seek
a generating system of G with three elements, one of which is v. Consider the
subgroup H = (uy,uz2). The ged of the coefficients of u; and ug in v is d = 2;
then let

6
’Ul = _uy+ us = 2'LL1 +3'LL2.

2 2
Since (2,3)=1, v’ is part of a generating system with two vectors; the other
one is obtained using Bézout’s relation 2e; + 3f; = 1; with e = —1, f1 =1
we have:
V] = —fu + ejus = —ug — us.

It follows H = (uy,us) = (v/,v}). Now, v = dv’ + bug = 20" + Sug, and since
ged(2,5)=1, by Bézout we have 2e5 + 5f5 = 1; with eo = =2, fo =1 let

V" = = fou] +equz = —v' — 2uz = —2u; — 3ug — 2us.

Now G = (uy,us,uz) = (H,ug) = (v',v],us), and since (v',us) = (v,v"), we
have G = (v,v],v"), as required. Summing up:

v = 4uy + 6ug + dug,

!

v; = —uy — ug + Ous,
v = —2u; — 3ug — 2us.
4 5
The matrix of this system M = [ —1 —1 0 | has determinant 1 and inverse
-2 -3 -2
2-3 5
M= -2 2-5]; by multiplying M ! on the right by the column vector
1 0 2

[v,v],v"]" we have M ~1[v,v],v"]" = [u1, us, us]" (t denotes transposition).
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Theorem 4.6. Let G be a f.g. abelian group and let n be the smallest integer
such that G is generated by n elements. Then G is a direct sum of n cyclic
groups.

Proof. For every generating system S with n elements, let kg be the minimum
among the orders of the elements of S. Let k be the minimum of the kg as S
varies, and let uy,us, ..., u, be a system of generators in which one of the u;,
Uy say, has order k (k infinite is not excluded). If n = 1, G is cyclic and there
is nothing to prove. Let n > 2; the subgroup H = (u1,us,...,u,—1) cannot
be generated by less than n — 1 elements, otherwise G = (H,u,) would be
generated by less than n elements. By induction on n, H is a direct sum
of cyclic groups; it is therefore sufficient to prove that H N (u,) = {0}. In-
deed, if this is not the case, then aju; + agus + -+ 4+ apn_1Un_1 — Gy = 0,
for certain integers a;, and where we may assume a, > 0 and a, < o(uy)
(otherwise we divide by o(u,) and obtain a relation with the remainder of
the division, which is less than o(u,), in place of a,). If d = (a1, az,...,a,),
the element v = ajuy + abus + -+ + al,_jun—1 — a,u,, with a} = a;/d, is

such that (a},d},...,al,)=1. By Lemma 4.3 there exist vs,...,v, such G =

’'n
(v,v2,...,v,). But dv =0, so that o(v) is finite; if o(u,,) is infinite, this con-
tradicts the choice of the system {u;}, and the same happens if o(u,,) is finite

because o(v) < d < a, < o(uy,). &

Note that the fact that n be minimum is essential. For instance, for Z we
have n = 1; but Z is also generated by 2 and 3, that form a minimal but not
minimum system, and in fact Z is not the direct sum of (2) and (3).

In an abelian group the elements of finite period form a subgroup, the
torsion subgroup, denoted T. If G is f.g., so is T' (Theorem 4.2), and therefore
finite. In any case, the quotient G/T is torsion free, because if r(T' +z) =T
then rx € T, and therefore s(raz) = 0 for some s, (sr)x = s(rz) = 0, ie.
x € T. Now G/T is f.g., and by Theorem 4.6 we have

GIT={TH+z1)® (T +x2) D DT+ ),
with m minimum. The subgroup H of G generated by the x;
H=(x1,22,...,Tm)

is torsion free because if > h;xz; € T, then > hz; + T = > hi(x; +T) =T,
and the sum being direct, h;(x; + T) = T all 4, and G/T would be a torsion
group. It follows TN H = {0} and G = H & T. By applying Theorem 4.6 to
H, and H being torsion-free, the summands must be infinite cyclic. Hence we
have m copies of Z:

H=76¢6Z& - -®Z.
As for T', we have if |T'| = p}'p5? - - - pi*,

T=8®S5® - &S5,

where the S; are Sylow p;-subgroups of order p'*, and by Theorem 4.6 each
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S; is a direct sum of cyclic groups, and so of cyclic p;-groups:
Si - Cpizl EB Cpi}z EB R @ Cp?,,.7
where h; + ho + -+ + h, = n;. In conclusion:

Corollary 4.1 (Fundamental theorem of f.g. abelian groups). 4 f.g.
abelian group is isomorphic to a direct sum of cyclic group in which each
summand is either isomorphic to Z or is a p-group.

A decomposition as that of Corollary 4.1 cannot be refined: neither Z nor
a cyclic p-group can be decomposed into a direct sum of non trivial subgroups.
By Theorem 4.6, the latter are the only f.g. abelian groups for which this hap-
pens, and therefore the only ones that are irreducible with respect to direct
sum. Corollary 4.1 also provides a means to determine the number of abelian
groups of order n. Indeed, let P be an abelian p-group of order p™. We know
that P is a direct product of cyclic groups (we switch to multiplicative no-
tation) P = Cpny X Cpny X -+ X Cpny, where hy + ho + -+ + hy = m; the
p-group P is said to be of type (h1, ha, ..., hs) and the orders pt phz ... pht
are its elementary divisors. The integers h; appearing in the decomposition
make up a partition of m. Conversely, given a partition of m like the above,
we have an abelian p-group as a direct product of cyclic groups of order p’i,
i = 1,2,...,t. It follows that the number of abelian p-groups of order p™
equals the number 7w(m) of partitions of m. In particular, this number does
not depend on the prime p, but only on the exponent m. Thus, for example,
there are five non isomorphic abelian groups of order 16 = 2* because there
are five partitions of the number 4: to the partition 4=4 there corresponds the
cyclic group Cig, to the 4=14142 the group Cy x Cy x Cy, etc. For the same
reason, there are five abelian groups of order 34,19, etc. An abelian group
G of order n = p"'pg™* - pI" is the direct product of its Sylow subgroups.
As we have seen, for each Sylow subgroup of order p;*, expressed as a direct
product of cyclic groups, we have a partition of m;, and viceversa. This holds
for every Sylow subgroup. Hence:

Corollary 4.2. The number of abelian groups of order n = p"'py? .- plr
is equal to the product w(my)m(msz)---w(m,), where w(m;) is the number of
partitions of m;. In particular, the number of abelian groups of order n does
not depend on n but only on the exponents of the prime numbers appearing in
its prime decomposition.

For example, there are four abelian groups of order 36: since 36 = 22 - 32,
we have m(2)7(2) = 2 -2 = 4. Corresponding to the two partitions of 2 we
have the 2-groups C4 (2=2) and Cy x Cy (2=1+1), and the 3-groups C3 x C3
and Cy. The direct products of a 2- and a 3- group give the four groups.

The number of summands isomorphic to Z given by Corollary 4.1 is the
(torsion-free) rank of the group G. This number is an invariant of the group,
that is, there cannot be another decomposition of G with a different number
of summands isomorphic to Z, as the following theorem shows.
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Theorem 4.7. If a group is at the same time a direct sum of m copies and
n copies of Z, then m = n.

Proof. Let K be the subgroup of the multiples px of the elements x of the
given group G, for a certain prime p. Then G/K is generated by K +x1, K +
To,..., K+ x,,, where x; generates the i-th copy of Z in the sum of m copies,
and is a finite p-group in which all nonzero elements have order p. The sum
of the (K + z;) is direct. Indeed, if > a;(K + z;) = K, then Y a,z; € K and
therefore > a;x; = px, some z. Let & = 3 b;x;; it follows > (a; — pb;)z; = 0,
and the sum of the copies of Z being direct, one has (a; — pb;)x; = 0, from
which, since o(x;) = 00, a; — pb; = 0, a; = pb;, a;x; = pbix; € K, and all the
summands of Y a;(K + z;) are equal to K. It follows that H/K is a group of
order p™. Similarly, H/K has order p™, so that m = n. &

G/K is a vector space over Z,, and m is its dimension, which therefore is
well determined.

Let us now give a new proof of the decomposition of Theorem 4.6 in the
case of a finite group.

Lemma 4.4. Let G be a group, z,y € G, y™ = x* and m|o(y). Then o(y) =
mo(z)/(o(x),t), and if o(y)|o(x) then m|(o(x),t).

Proof. (If m = 1, this is Theorem 1.9, vii).) We have:

m o(y) oly) o(x)
o(y™) = = 7, o(a') = ;
(o(y),m) — m (o(z), 1)
and the result. Writing (O(;)’t) = Zg; we have that if o(y)|o(z), then

m|(o(z), t). %
With the same proof of Theorem 2.4 we have:

Lemma 4.5. Let G be abelian, x an element of G of maximal order, y any
element of G. Then o(y) divides o(x).

The crucial result is given by the following lemma.

Lemma 4.6. Let G be a finite abelian group, x an element of maximal or-
der, H = (x), and let Hy be a coset of order m. Then there exists in Hy an
element of order m.

Proof. Let (Hy)™ = H, that is y"™ € H and y™ = 2, some t. Since the
order of a coset divides the order of every element of the coset, we have
m|o(y). Then, by the two previous lemmas, m|(o(z),t). Now consider z =
ya—(@)0/m)(t/(o(=).t) = yr—=t/m The element z belongs to the coset Hy,
and therefore m|o(z), and is such that z™ = y™z~! = 1, so that o(z)|m.
Hence o(z) = m, and z is the element we seek.
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The previous lemma is false for nonabelian groups. In the quaternion group,
the coset {j, —j, k, —k} of the quotient with respect to (i) has order 2 but does
not contain elements of order 2.

Theorem 4.8 (Fundamental theorem of finite abelian groups). Let G
be a finite abelian group. Then

G:G1XG2X-~-XGt,

where the G; are cyclic of order e;. Moreover:
1) ey divides e;;
1) the product of the e; equals the order of G;

1it) the e; are uniquely determined by properties i) and ii).

Proof. By induction on |G|, the theorem being trivially true for the identity
group. Let |G| > 1, g1 an element of G of maximal order e, and G; = (¢1).
By induction, the result holds for G/G;:

G/G1 = (G1g2) x (G1g3) X ... x (G1t),

where the groups (G1g;) are of order e;, with e;11|e;, i = 2,3,...,t — 1, and
where, by Lemma 4.6, we can take g; of order equal to the order of the coset
G1g; to which it belongs, i.e. 0(g;) = e;. Let H be the product of the sub-
groups (g;):

H = (g2){gs) -~ {9¢),

and let us show that this product is direct. We have to show that the order of
H equals the product of the orders of the subgroups (g;), i.e. |H| = eaes - - - e;.
However, |[H| < [{g2)[[{g3)]---(g¢:)| = e2e3---e;, and in the canonical homo-
morphism ¢ : G — G/G; the image of H contains G1g2, G193, - .., G1g:, and
therefore equals the whole group G/G; which is generated by these cosets:
p(H) = HG1/Gy = G/G1, so that |p(H)| > |G/G;] and a fortiori |H| >
|G/G1| = eges - - - €. Moreover, HGy = G and |H| = |G/G1| = |HG1/G1| =
|H/H NG1| = |H|/|H NG|, and hence H N G; = {1}. It follows

G =Gl =Gy x H=Gyx(g2) x(g3) X+ X (g),

and with G; = (g;) the result follows. As for the uniqueness of the e;, let
G = Gl X GQ X oo X Gt = H1 X H2 X e X HS, with |HJ| = fja and the
f; satistying ¢) and 7). As f;|f1 for all j, hy is an element of maximal or-
der of GG, and so is g;. Then, e; = f;. Let k be the first index for which
ex # fr, and suppose e > fr. The set A of the fi-th powers of the elements
of G is a subgroup. If x € G, then x = g{'g5*...g;*, some r;, and therefore
ok = (f]{k)r1 (ggk)m e (g{’“)”. It follows that x/* belongs to the product of
the subgroups generated by ng ¥ which is a direct product. Conversely, this

product is contained in A, and therefore A ~ (g/*) x (gI*) x -+ . x <g£’“> X ey
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and the assumption e, > fj implies that all the displayed factors are different
from {1}. Similarly, A =~ (h{*) x (") x -~ x (hf* |), because hf* = 1if j > k,
since fr is a multiple of the order of h;. Now, if j < k, then fi|f;; it follows

O(hj-c"’) = ffjfk) = }Z . From the second decomposition of A we then have
|A] = ;,1 : }2 f’};l = 20T, recalling that f; = e; if j < k. Similarly,

k-1
i

from the first decomposition of A it follows |A| =

eleg-ep_1

.oek L.
P (e T B
(e:kfk) > 1, and recalling that ey > fx, comparison of the two expressions for

A gives the contradiction |A| > |A|. O

Like Corollary 4.1, this theorem provides a way to determine the number
of abelian groups of order a given integer n. Indeed:

Corollary 4.3. The number of abelian groups of order n equals the number of
ways of decomposing n into a product ejes - --e; of integers e; such that e; 1
divides e;.

For example, the four abelian groups of order 36 seen above may be recov-
ered from the decompositions 36 = 36 (which gives Cs4), 36 = 18-2 (C15 % C2),
36=12-3 (012 X 03) and 36 =6-6 (06 XC6).

4.4 Free abelian groups

Definition 4.3. An abelian group A is free if it is a direct sum of infinite
cyclic groups:

4=3""@), @)~z

zeX

for a subset X of A.

Every element g of A can be written in a unique way as a linear combi-
nation with integer coefficients of a finite number of the z, g = Y n,x. The
elements of X are free generators and constitute a free basis of A, and the
group is said to be free on X of rank the cardinality |X| of X. The basic
property of free generators is given in the following theorem.

Theorem 4.9. Let A be a free abelian group on a set X, and let G be any

abelian group. Let f be a function f : X — G. Then f admits a unique
extension to a homomorphism ¢ : A — G:

pat

f
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where ot = f and v is the inclusion®. Conversely, if A is an abelian group, X
a subset of A such that any function f from X to an abelian group G admits
a unique extension to a homomorphism ¢ : A — G, then A is free on X.

Proof. If such a ¢ exists, it is unique because if a € A, then a =Y h;z;, so

dla) = o> himi) =Y hid(xi) =D hif (x;), (4.4)

and ¢ has the form (4.4). If ¢ is defined as in (4.4), then it is well defined
because the h; are uniquely determined by a, and is a homomorphism (see
ex. 28).

As for the converse, we first prove that X generates A. Let G = (X), j the
inclusion of G in A and f : X — G any function. The composition j¢ yields a
homomorphism A — A extending f: jou(x) = jf(x) = f(z). But the identity
id : A — A also extends f:

and uniqueness then implies jop = id. If G < A, then ¢(A) C G < A, and we
have the contradiction A = id(A4) = j¢(A) < j(A) = A. Thus G = (X) = A.

We now prove that A is free on X. Take as G a direct sum of copies of
the integers indexed by the elements of |X|, G =) . XQB(%); the function f
which sends x € X to a generator a, extends to a homomorphism ¢ : A — G,
which is onto: an element )y nya, equals Y oy na. f(2)=)__ c x nadt(x) =
#(> e x net(x)). Moreover, the kernel of ¢ is zero because if ¢(a) = 0, then
with a =) . ¢ net(z) we have

¢)(Z TLIL(IL')) = Z nz¢L(x) = Z Tsz(CC) = Z Ny, = 0,

rzeX zeX reX reX

and the sum being direct all the coefficients n, are zero. Thus a =0, G ~ A,
and A is free on X. &

If instead of a direct sum one considers a countable direct product [[, (ax),
k=1,2,... of copies of Z (functions from the natural numbers to Z, or infi-
nite sequences of integers with the componentwise sum) one has a torsion-free
abelian group of infinite rank which is not free (Baer-Specker group)?.

3 This is the so called “universal property” of free abelian groups. It will be used
to define freeness for nonabelian groups (Section 4.6).
4 Kaplanski, Theorem 21.
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Theorem 4.10. The rank of a finitely generated free abelian group is well
defined, i.e., if the group is the direct sum of | X| and at the same time of |Y|
copies of the integers, then | X| = |Y|.

Proof. The proof relies on the invariance of the dimension of a vector space.
If A is the group, the quotient A/pA is a vector space over Z,, and the proof
that the cosets x +pA, € X, are linearly independent and generate A/pA is
as in Theorem 4.7. Hence | X| is the dimension of A/pA, and the same holds
for Y. &

The fact that a free abelian group has a basis over the integers implies that
the are differences with vector spaces. For example, for A = Z, the generating
set {2,3} does not contain a basis (the only bases are {1} and {-1}). Moreover,
an independent subset like {2} cannot be extended to a basis.

Theorem 4.11. Every abelian group is a quotient of a free abelian group.

Proof. Let G be an abelian group, A the direct sum of |G| copies of Z:

A= Z®<xg>, (xg) ~ Z.

geG

Then A is free on X = {24, g € G} and by Theorem 4.9 the mapping
f x4y — g extends to a homomorphism ¢ : A — G which is surjective be-
cause already f is surjective. Therefore G ~ A/ker(¢). (It is clear that it is
not necessary to take all the elements of G; a generating set suffices). &

Let G be an abelian group generated by a set S, and let A be a free abelian
group on a set X such that |X| = |S|. The homomorphism ¢ : A — G in-
duced as in the above theorem by a bijection X — S, z; — s;, is surjective;
the elements of the kernel are the integral linear combinations Z?zl n;x; such
that Y " n;s; = 0. A generating set {r;} of the kernel is a set of relators and
their evaluation at the s;, 2?21 n;s; = 0, a set of relations among the s;. In
the group G, every relation among the generators {s;} is a consequence of the
relations ¢(r;), i.e. it is an element of the subgroup generated by the ¢(r;)
(the logical relation of consequence r - R translates into the set theoretic
relation of inclusion). Conversely, knowing that G is generated by a set S
subject to a number of relations Y ., a;s; = 0, consider the subgroup of the
free abelian group A on X, |X| = |S], generated by the elements > " ;| a;x;;
then the quotient of A with respect to this subgroup is isomorphic to G.

If an abelian group G is described as a quotient of a free abelian group on
a set X with respect to a subgroup generated by a set R as above, then we
say that the pair X, R is a presentation of G, and we write G = (X | R). The
presentation is finite if both X and R are finite, and in this case the group is
said to be finitely presented. Sometimes, by abus de langage, we shall denote
by R also the subgroup generated by the set R.



4.4 Free abelian groups 173

We now consider the problem of determining the structure of a finitely
presented abelian group G. By saying “to determine the structure” of G we
mean “to establish which cyclic groups appear in the decomposition given by
Theorem 4.6”. This is what we shall now see. First a theorem.

Theorem 4.12. A subgroup H of a f.g free abelian group A of rank n is free
of rank at most n.

Proof. By induction on n. If n =1, A ~ Z and the result is obvious. Assume
the result for n — 1 and let {z1,29,..., 2z, } be a basis of A. Consider the sub-
groups A1 = (x1,%2,...,2,—1) and (x,). Then A = A; & (x,), 4; is free by
induction and so is A1 N H, on elements y1,. .., ym, m < n—1, say. Moreover,
H/(AiNH) ~ (A1+H)/A) C A/A; =~ (z,) ~ Z, so that H/(A1NH) is either
{0} or isomorphic to Z. In the first case H = A; N H and we are done. Other-
wise, let H/(A1 N H) be generated by a coset h+ A1 NH, and let h = a+ pxy,,
a € Ay and p # 0 an integer. We show that H is free on {yi,...,ym, "},
by proving that the only element equal to zero in these elements is zero. It
is clear that these elements generate H. But they are linearly independent,
because if >°7_, t;y; + gh = 0, then gpz, = q(h—a) = = >_7_, t;y; — qh € Ay,
whence gpz,, = 0 because A; N (z,) = 0. Since p # 0 we must have ¢ = 0 and
>oi_,tiyi = 0, but as the y; are free generators of Ay N H, ¢; = 0, all 4. The
rank of His m+1<n—1+1=n, as required®. &

An elementary matriz is a matrix obtained by applying the following ele-
mentary transformations to the columns (rows) of the identity matrix:

interchange two columns (rows) i and j;
multiply an element of column (row) ¢ by a number k # 0;
add to column (row) j column (row) ¢ multiplied by k.

For example, the matrix E; ;(k), ¢ # j, obtained by the third transfor-
mation. differs from the identity matrix in that has k at the (,j) entry.
Multiplication on the right (left) of a matrix M by E; ;(k) amounts to adding
to column j (row i) column ¢ (row j) multiplied by k.

Over a field, if V' is a vector space with basis uq,us,...,u,, and W is sub-
space of V' with basis wy,ws, ..., w,, m < n, then it is possible to change the
basis of V to v1,ve, ..., v, in such a way that W is generated by v1,va, ..., vp,.
If the wy, are expressed as wy = Z?:l o Ui, k=1,...,m, then the required
basis of V' is obtained by reducing the matrix of the ay ;, by means of ele-
mentary operations to a matrix having all entries zero except for the first m

® This result also holds in case A is a free abelian group of infinite rank. Using the
axiom of choice, one can prove that a subgroup of A is also free, of rank at most
equal to that of A (see Rotman, Theorem 10.18).
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entries 1 along the main diagonal:

100 ...00...0
010 ...00...0
D= . )
A 0
000 1 00...0
and [v1,vg, ..., 0|t = D[vi,va,. .., v,]t This is not possible in general for a

free abelian group, which is a module over the integers, because of the non-
invertibility of the integer coefficients. However, it is possible to find such a
basis with the elements multiplied by a coefficient, leading to a matrix D with
integers possibly different from 1 on the diagonal.

Theorem 4.13. It is always possible by means of elementary operations to
bring an m x n matric M = (a; ;) with integer coefficients to the form:

er0 0 ...00...0

0 e0 ...00...0
D=1|. . . o
Lo A (]
000 €,00...0
withei|ei+1,i:1,2,...,m—1.

Proof. Let d be the smallest element of M (in modulus) and by suitable per-
mutations of rows and columns, if necessary, let us move it to the upper left
position (1,1). By applying an operation of type 2/, if necessary, we may as-
sume that d is positive. We now set to zero the other entries of the first row
as follows. If these entries are all multiples of d, a; ; = k;d, say, then subtract
from column j the first column multiplied by k;,j = 2,3,...,n (an opera-
tion of type 3'), and we are done. If, for some j, ay ; is not a multiple of d,
division by d yields a quotient ¢ and a remainder 0 < r < d. Subtract from
the j-th column the first multiplied by ¢, and then interchange this column
with the first: we have a matrix with the positive integer r < d in the upper
left position. Proceeding in this way we arrive at a matrix having ged(ay 5, d)
as upper left entry (the last nonzero remainder of Euclidean division), and
a multiple of it in position (1,7). As above, set to zero the entry (1,75), and
all the entries of the first row different from the first one. Note that in this
process the (1,1)-entry is an integer that decreases at each step; let 7’ be the
(1,1)-entry at the end of the process.

Now set to zero the entries of the first column except the first one. If these
are all multiples of v/, by subtracting from the various rows the first one mul-
tiplied by the corresponding multiple we are done. Otherwise, if a;; is not a
multiple of 7/, by dividing and subtracting as above and by interchanging the
two rows we have a new matrix whose first row, in general, does not have all
zeros from the second entry on any longer, but whose first entry is an integer
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less than . By repeating the above seen annulling process of the elements of
the first row we obtain a matrix whose (1,1)-entry is an integer " < /. Now
we start again with the entries of the first column; the process terminates
when these are all multiples of the first one, and this will eventually happen
because the entry (1,1) becomes smaller and smaller. Let M’ be the matrix
obtained at the end of the process, and let a’ be its (1,1)-entry. If some entry
b of the matrix B of dimension (m — 1) x (n — 1) obtained by crossing out
the first row and column of M’ is not a multiple of a’, add to the first row of
M’ the row where b lies, and by performing once more the previous process
we obtain ged(a’,b) as (1,1)-entry, and zero in place of b. Similarly, we set
to zero all the other elements of the first row, and the (1,1)-entry is now an
integer that divides all the entries of the row of b. By repeating the process,
we end up with a matrix M" whose entries of the first row and column are all
zero, except the (1,1)-entry. This entry, say ej, divides all the entries of the
matrix B’ obtained from M” by crossing out the first row and column. By
operating in the same way on B’, we end up with a matrix with an (1,1)-entry
eo that divides the remaining elements. Since e5 is obtained by taking greatest
common divisors, and since e; divides all the elements of B’, e; divides es.
The other e; are obtained similarly. &

Matrix D of Theorem 4.13 is the Smith normal form of matrix M. The
products of the elementary matrices corresponding to the transformations op-

erated on the columns (rows) of matrix M are two matrices Q and P~! such
that D = QM P~ (M and D are equivalent).

The e; of Theorem 4.13 are invariant. This can be proved by considering
the effect of the elementary operations on the matrix M. Indeed, these oper-
ations do not change the value dj, of the ged of the minors of order h of M,
h=1,2,...,m. This is obvious for the operations of type 1’ and 2’. As for an
operation of type 3, if a minor does not contain entries of the columns (rows)
i and j then the operation does not change its value. If it contains entries of
both columns, then it is well known that a determinant does not change if a
column (row) multiplied by a number k is added to another one. If it contains
elements of column i but not of column j, the value of the new minor is the
sum of the original one and of the same minor multiplied by k (as it can be
seen by expanding according to the entries of column ). Thus we see that dj,
divides all the minors of order h of the new matrix, and therefore also their
ged. At the end of the process, dj, divides the ged of the minors of order h
of matrix D. Since e;|e;+1, a moment’s reflection shows that this ged is the
product ejes---ep. However, the elementary operations are invertible, and
going back from D to M the same argument shows that ejes---ep divides
dp,. Therefore, we have equality. Note that, in particular, e; is the ged of the
elements of M.
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Theorem 4.14. Let A be a free abelian group of rank n, and H a subgroup

of rank m. Then it is always possible to find a basis {v1,va,...,v,} of A and
m positive integers ey, ea, ... ,em, where e; divides e;41%,i=1,2,...,m —1,
and such that eqvy, eava, ..., €m0y 1S a basis for H.

Proof. Let {u;}, i = 1,...,n be a basis for A and {v;}, i = 1,...,m one for
H. Then y; = Z?:l agizi, k=1,...,m. If M is the matrix of the ay ;, then
reducing M to the Smith normal form D we have the result. &

The following example will illustrate the previous theorem. Let A be the free
abelian group with basis u, us, u3, and let the subgroup H be freely generated
by wy; = 2u; — ug + 3uz and wo = 3uy + dugy — 2uz. We have:

wy | 2 -1 3 Zl
wy | \3 5-2 >
u3
2-1 3
Interchange the first and second column of M= ( 3 5 72) :
-12 3
53-2)"
in the new basis us, w1, us. Multiply the first column by —1:

12 3
-53-2)’

in the basis —us, w1, u3, and subtract from the second column the first multi-

plied by 2:
10 3
—513 -2/’

and now the basis is —uo + 2u1,u1, u3. Subtract from the third column the

first multiplied by 3:
100
—-51313 )’
with basis —usg + 2uq + 3ug, ui, us, i.e., wi, ur, us. At this point,
w] (100 Z’l
wy |~ \ —51313 !
us3

Up to now, the basis {wi, w2} of H has not been modified. Let us add to the
second row the first multiplied by 5:

100
01313/

6 The e; are the same as those of Theorem 4.8 taken in the reverse order.
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The generators of A are now those of the previous step, but those of H are
wy and wg + Sw;. Finally, we subtract the second column from the third:

100

0130/’
now the generators of A become v; = —us + 2uy + 3us, vo = w1 +ug, v3 = usg,
and those of H have not changed. The bases of Theorem 4.14 are v; = 2u; —
ug + 3usz, vo = uy + ug, vz = ug for A, and 1-wvy, 13- vy for H. Note that

wo + dwy = 3uq + dug — 2usz + 10u; — dus + 15ugz = 13uq + 13usz = 13vs.
The equality we started with has become:

Lo ] _ (1 ooy |}
13-v5|  \0130 2

U3

Consider now a finitely generated abelian group G presented as a quotient
A/R, where A is free on a set of n elements and R is freely generated by a
set of m relators. Changing bases in A and R as in Theorem 4.14 we have
A= (v1)® (V) DD (vy,) and R = (e1v1) D (€2v2) D+ B (V). But A is
the direct sum of the v; which are isomorphic to Z, so we see (Theorem 2.30)
that G is the direct product of the groups Z/{e;), i = 1,2,...n. Hence:

Theorem 4.15 (Basis theorem for f.g. abelian groups). If G is a f.g.
abelian group, then there exist positive integers m,n and integers e; > 2, with
eileivt, i =1,2,...,m—1, such that

G=%2c, ®Ze,® - DL, PLDLD---DZ
with n —m copies of Z.

The integers e; are the invariant factors of the group, the number of copies
of Z is the rank of the group.

In the above example, with H = R the group A/R is
{0}@Z13€BZ2Z13@Z
(note that {0} appears as Z/(1) and Z as Z/{0}).

Theorem 4.16. If H is a subgroup of finite index in the free abelian group A
of rank n, then H is also of rank n.

Proof. If the rank m of H il less than n, in the quotient A/H there are n —m
summands isomorphic to Z, and A/H cannot be finite. &
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Theorem 4.15 no longer holds if A is a free abelian group of infinite rank
as the following example shows. Let A be a countable direct sum ), (ax),
k=1,2,..., of copies of Z, and consider the homomorphism ¢ of A in the
additive group of the rationals Q induced by ap — ]3;!. The b, = ]il are a
system of generators of Q (Exz. 4.1, 2) and satisfy the relations 2c, — ¢y =
0,3c3—co=0,...,kcpy—cg—1 =0,.... Then the kernel R of ¢ is generated by
the elements 2as —aq,3as —as, . .., kax —ak_1,. .., and A/R ~ Q. However, Q
is not a direct sum, and therefore the v; and e; of Theorem 4.15 do not exist.

4.5 Projective and Injective Abelian Groups

An abelian group P is projective if the following holds: if G is an abelian group,
H < G, and ¢ a homomorphism P — G/H, then there exists a homomor-
phism ) : P — G such that v1) = ¢, where  is the canonical homomorphism

G — G/H:
$
e

G G/H

g
More briefly: P is projective if every homomorphism of P into a quotient G/H
lifts to a homomorphism of P into G.

Theorem 4.17. An abelian group is projective if, and only if, is free.

Proof. Let P be a projective abelian group, quotient of a free abelian group
A. The identity id : P — P extends to a homomorphism ¢ : P — A such that
~v¢ = id, where 7 is the canonical homomorphism A — P. ¢ is injective: if
o(x) = ¢(y), then yo(x) = yo(y), i-e. id(x) = id(y) and x = y. This shows
that P imbeds in A, and therefore, as a subgroup of an abelian free group,
is free”. Conversely, consider the above diagram. Let A be free, X a basis of
A, ¢(x) the image of an element x of X and g, an element of G such that
¥(9z) = ¢(x). The mapping © — g, lifts to a homomorphism ¢ such that
~v1) = ¢. Thus A is projective. &

Corollary 4.4. Let G/H = A with A free abelian. Then G ~ H & A. In
other words, a free abelian group is a direct summand of every abelian group
of which it is a quotient.

Proof. Consider the above diagram with ¢ the identity. By the theorem, there
exists 1 such that v = id. ¥ is injective because the identity is injective,
and therefore Im(y)) ~ A. If g € Im(¢) N H, then g = ¢(z) and 0 = v(g) =
y(z) = id(x) = 2. The result follows®.

7 For this implication, assume that the subgroup theorem for free abelian groups,
that we have proved for f.g. groups, holds in general; see footnote 5.

8 In connection with this result it is interesting to point out the following White-
head’s problem: is it true that if all surjective homomorphisms of an abelian group
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Given two presentations for an abelian group G:

with A and A; free abelian, which relation is there between them? The fol-
lowing lemma gives an answer.

Lemma 4.7 (Schanuel). Let the two presentations (4.5) of the abelian group
G be given. Then:

K@AlﬁKl@A

Proof. Let f : A — A/K and f; : Ay — A;/K; be the canonical homo-
morphisms. Since f: A — A/K ~ G ~ A;/K;, we have a homomorphism
A — A1/K; of A (that we keep calling f). By Theorem 4.17, A is projec-
tive, so that there exists a homomorphism v : A — A; such that fi1y = f.
Now, given a; € A; and its image fi(a;), there exists a € A such that
fi(a1) = f(a) (f is surjective). But f = fi1, and therefore fi(a1) = f1v(a),
ie. ap —y(a) € ker(f1) = K;. Every element a; € A; is thus of the form
ay =v(a)+ ki, a€ A, ki € Ky. Then consider the mapping ¢ : A ® K; —
Ay given by (a, k1) — 7v(a) + k1, that we have just seen to be surjective, and
that, A1 being abelian, is a homomorphism. Let us find out what its kernel is.
If v(a) + k1 = 0, then fiv(a) + fi(k1) = 0, and therefore fiy(a) =0 = f(a)
and a € ker(f) = K. It follows ker(v) = {(k, k1) | 7(k) = —k1}. The map-
ping K — ker(y) given by k — (k, k1) is certainly injective. But it is also
surjective; given k € K, there exists k; € K such that v(k) = —k;. Indeed,
fiy(k) = f(k) = 0 so that v(k) € K1, and y(k) = —k; for k; € K;. We have
proved that ker(y) ~ K and A1 ~ A® K;/K. A; being free, by Corollary 4.4
(and its proof) we have K ¢ A; ~ K; & A. O

If in the diagram of Theorem 4.17 we replace “quotient” with “subgroup”
and invert all arrows, we obtain the diagram:

et

G H

L

which furnishes the notion dual to projective: an abelian group A is said to
be injective if every homomorphism ¢ from a subgroup H of an abelian group
G into A extends to a homomorphism of GG into A. The rational numbers are
an example of an injective group, as a consequence of the following theorem.

G to A with kernel Z are such that G ~ A@ Z, then A is free? This problem has
been proved to be undecidable.
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Theorem 4.18 (Baer). An abelian group is injective if, and only if, is di-
visible.

Proof. Let A be injective, x € A and n an integer. We have to show that
n divides z, i.e that there exists y € A such that x = ny. The mapping
@ :nZ — A, given by nk — xk, is a homomorphism, and therefore extends to
a homomorphism v of Z in A. Let y = ¢(1) and let ¢ be the inclusion nZ — Z;
we have: = ¢(n) = ¢Yu(n) =p(n) =P(1+1+---4+1) =np(l) = ny.

For the converse we use Zorn’s lemma. Let A be divisible, H,G and ¢
as above, and let S be the set of pairs (S,¢), where H < § < G and ¢
extends ¢ to S. S is not empty because it contains at least (H, ). Define
(8,9) < (§',¢) if S C & and ¢/ extends 1 to . Let S = [J Sa, and let ¢ be
defined on S as follows: if s € S, s € S for some «; then 1(s) = ¥ (s). The
pair (§ , 1;) is an upper bound for S ; by Zorn’s lemma there exists a maximal
pair (M, ) in S. We show that M = G. If z € G,z & M, then M < M’, and
we shall reach a contradiction by showing that 1) can be extended to M’.

i) Let M n{z) = {0}. Then M' = M @ (x) and ¢’ : m + kb — ¢(m) is a
homomorphism extending (.

i) M N {(x) # {0}, and let k be the least positive integer such that kax € M.
IfyeM,y=m+te, me M, 0 <t <k (and this expression is unique:
ifm+tz=m'+t'z, t <t',then (t' —t)z=m—m’ € M witht' —¢ < k).
Now, ¢ (kz) € A; by the divisibility of A, given k there exists a € A such
that ka = h(kx); if we define ¥’'(y) = 1 (m) + ta, we immediately verify
that v’ extends 1) to M. &

Dually to Corollary4.4 we have:

Corollary 4.5. An injective abelian group A is a direct summand of every
group G in which it is contained as a subgroup.

Proof.
A
]
G
A G

L
(id denotes the identity mapping). By definition, there exists 1) such that
1 = id, and therefore ¢(a) = a, for all a € A and I'm(¢) ~ A. Now ker(¢) N
Im(¢) = {0}, and 1 is surjective because the identity is surjective. Hence
G = ker(¢) @ Im(v) ~ ker(¢) @ A. &
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4.6 Characters of Abelian Groups

Let A be an abelian group, C* the multiplicative group of the complex num-
bers. A character of A is a homomorphism x of A in C*. These homomor-
phisms form a multiplicative group (ex. 32, 7)), the character group of A,
denoted A.

Theorem 4.19 (Duality theorem). If A is finite, A~ A,

Proof. If A = (a) is cyclicand a™ =1, let x € E; then y(a)™ = 1, and therefore
x(a)™ is an n-th root of unity, and since these are n in number and y is deter-
mined by the value it has on a, we have n possible characters. If x(a) = wh,
where w is a primitive root, the mapping A — A given by a* — yy is the
sought isomorphism. In the general case, A is a direct product of cyclic groups
A; = (a;), |Ail =ni, i =1,2,...t. Fix a € A; a admits a unique expression
a=aak? .. aft T = el . 6P and w; is a primitive nith root of unity,
define:

. kihi, koho kihe
Xa i 0= wi M wy?? e w

It is clear that xsa' = XaXao- If a # @, then k; # K. for at least an 4, and
therefore x,(a;) = wfi %+ wfl = Xa’(a;). As a varies, the x, are therefore all
distinct, and the mapping A — A, given by a — x4, is an isomorphism. Note

that Xa(a’/) = Xa’ (a) <>

Similarly, A~ A Thus, A~ Aand A ~ E; but while the first isomorphism
is not “natural” (meaning that, in order to define it, it is necessary to choose
a set of generators of the A;, and therefore it depends on this choice), the
second is natural, in the sense that it can be defined directly on the elements:
if A={xa,a € A} and @’ € A, then o’ — Xu : Xa — Xxa(a’) (for all a € A,
Xa’ sends x, in the value that x, takes on a’). The situation is similar to that
of the isomorphisms between a vector space and its dual and double dual.

If H < A, then every character x of A/H extends to one of A by composing
it with the projection p: A — A/H:

P
A — A/H
\ lx

XP
C*

The mapping m — A given by x — xp is injective: if xp = x1p then
xp(a) = x1p(a) for all a € A. But every coset of H is of the form p(a) for
some a € A, and therefore x and x; coincide on all the cosets of H; hence they
are the same character, x = x1. If A is finite, by the theorem A//?{ ~ A/H
and A ~ A. We have proved:
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Theorem 4.20. If A is a finite abelian group, and H < A, then A contains
a subgroup isomorphic to A/H.

We recall that this result no longer holds if the group is not abelian (see
Ez. 2.1, 3).

The group C* being divisible, we have the following result.

Lemma 4.8. Let B < A, x1 € B. Then X1 extends to a character x € A\,
and the mapping x — x1 s a homomorphism A — B whose kernel is:

Bt ={xe€A|x(®) =1Ybe B}

Proof. Every homomorphism of B into C* lifts to one of A in C*. The stated
properties follow. &

Exercises
22. Determine the groups:

G=(a,b|2a+3b=0) and G = (a,b|2a+ 3b=0, 5a — 2b=0).

23. Give an example that shows that if H < GG, where G is finite abelian, it is not
true that there exist cyclic subgroups H; and G; such that H; < G; and G and
H are isomorphic to the direct products of the G; and the H;, respectively. [Hint:
consider G = Cs x Cs.]

24. Using the fundamental theorem of finite abelian groups, show that if H is a
subgroup of a finite abelian group G then G contains a subgroup isomorphic to the
quotient G/H (see Theorem 4.20).

25. Show that the multiplicative group of the positive rationals Q7 is free (cf.
Chapter 1, ex. 22).

26. Let A be free abelian of rank n. Define the height h(z) of an element 0 # z € A
to be the least positive integer appearing as a coefficient of x as the basis ranges
over all bases. Show that h(x) exists, and that the ged of the coefficients of x in the
various bases is always the same, and is equal to h(x).

27. Let A be as in the preceding exercise, H < A and let h(H) be the least height
among all of the elements of H. Show that h(H) divides the height h(z) of every
element x € H.

28. In the definition of the universal property of a free abelian group consider,
instead of the inclusion ¢ : X — A, any mapping o : X — A. Show that the univer-
sal property implies that o is necessarily injective, and that the image o(X) of X
generates A. Moreover, A is free on o(X).

29. Show that if an abelian group is generated by n elements, a subgroup is gener-
ated by n or fewer elements.
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30. Every abelian group embeds in a divisible group. [Hint: write G = A/R, A free,
A= Z?E/‘ Z) and imbed each copy Z, in a copy Qx of the rationals Q. Then
G=A/R= (Z%e/l Z,)/R C (Zige/1 Q.)/R, and the latter group is divisible.]

31. ) U A=ZPZD---®Z (n copies of Z), then Aut(A) is isomorphic to the
group GL(n,Z).

WWHA=2, PZn DD Zn (n copies of Z,), then Aut(A) is isomorphic to
the group GL(n, Zm,).

32. If A is an abelian group, then:

1) the characters of A form a multiplicative group;

1) the multiplicative group of the homomorphisms of Z into A is a group isomorphic
to A;

i14) (Artin) Distinct characters are linearly independent over C, i.e, if Y 1", ¢ixi(a)
=0, all a € A, with ¢; € C, then ¢; = 0, all i. [Hint: let 37" cixi = 0, m
minimum, a € A such that xi1(a) # x2(a), and consider >, cixi(za) = 0,
z € A. By dividing the first relation by x(a), and subtracting the two relations
one obtains a relation which is shorter than the chosen one.]

33. Let G be an abelian group of order p™, m > 1. Show that G has an automor-
phism of order p.

34. If m is the exponent of a finite abelian group G, then the order of every element
of G divides m.

35. (Fedorov) Show that the group of integers is the only infinite group in which
every non trivial proper subgroup has finite index. [Hint: if © # 1, [G : (z)] is
finite, so G is f.g.; the centralizer of every generator has finite index, hence the cen-
ter, which is the intersection of these centralizers, has finite index. Apply Schur’s
theorem (Theorem 2.38) and Corollary 4.1.]

4.7 Free Groups

In the preceding chapter we have seen free abelian groups and abelian groups
given by generators and relations. In this chapter we extend these concepts to
nonabelian groups. The universal property we have seen in the case of a free
abelian group, which embodies the basic property of a free set of generators,
will be taken as definition.

Definition 4.4. Let F' be a group and X a subset of F'. Then F'is free on X,
if, for every group G, every function f: X — G has a unique extension to a

homomorphism ¢ : F — G:
L
yar

X — G
f
(¢ is the inclusion.) The set X is also called a basis of F, and its cardinality
| X| the rank of F.
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The next theorem shows that if free groups exist at all, then they are
determined by the cardinality of a generating set.

Theorem 4.21. Let F, and Fy be free groups on X1 and X, respectively.
Then Fy and Fs are isomorphic if, and only if, X1 and Xo have the same
cardinality.

Proof. Let f : X7 — X5 be a bijection. Then f determines a mapping, that
we keep calling f, f: X1 — Fy. F} being free, f extends to a homomorphism
¢ : Fy — Fy. Similarly, the inverse f* of f determines ¢* : F» — Fj. By
composing ¢ with ¢* we have a homomorphism ¢*¢ : F; — Fj, whose value
on X; is ¢*¢(z) = ¢*(f(x)) = f*f(z) = id(z), where id is the identity on
X1, because f* is the inverse of f. It follows that ¢*¢ extends the inclusion
j+ X1 — Fi, and since the identity Ir, : F1 — F} also extends j, and this ex-
tension is unique because F is free, we have ¢*¢ = I, . Similarly, ¢p¢* = IF,,
and therefore ¢ is an isomorphism: F| ~ F5.

Conversely, let F' be free on X. By definition, the homomorphisms of F’
into a group G are in one-to-one correspondence with the mappings X — G.
With G = Z, the 2-element group, the latter are 2/X! in number, and there-
fore there are exactly 21X homomorphisms of F in Zs. Since this number is
invariant under isomorphisms, 21! and therefore |X|, is determined by the
isomorphism class of F. %

Having proved uniqueness, let us now prove existence.

Let X! be a set in one to one correspondence with X and disjoint from it
and let A = X U X! we call the set A the alphabet, and letters its elements.
A word is a finite sequence of elements of A. We write such a sequence as:

w=zi'z? ...z, n>0, (4.6)

where z; € X,¢; = 0,£1 (2° = 1),i = 1,2,...,n — 1,¢, = £1; the integer n
is the length I(w) of w. If the sequence is empty, the word is the empty word,
we denote it by 1, and set I(1) = 0. A word (4.6) is reduced if w = 1 or if
€ # 0 for all € and x and x~! are never adjacent. Let F be the set of reduced
words.

A product may be defined between two words by simply juxtaposing them;
but this product cannot be defined in the set of reduced words, because the
product of two reduced word need not be reduced. One may define the prod-
uct as the word obtained after reduction, i.e. after cancellation of adjacent x
and z~!. With respect to this new product the reduced words form a group
(the free group on X we seek). However, verification of the associative law
is rather tedious, so we resort to the van der Waerden trick. The free group
on X will be constructed as the set of permutations of the set F' of reduced
words.
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Consider, for each x € X and 27! € X!, the functions a,, a,-1 defined
as follows: let w = yu € F, then®

_ Jaw,ify #£27 o, ify £,
am.w—{u, ify=g"1, % UT 4, if y =x.

Now consider aga,-1.w, w = yzu. We have:
i) ify# 27! then ay-10,.w = ay—1.2y2u = yzu = w
i1) if y = 71, then a,-10,.w = ag-1.2u = yzu = w.
In éi), z # = because w is reduced. It follows o, c,—1 = I. Similarly, -1, =
I so that «, is bijective and therefore a permutation of F', with inverse a 1.
In the group S of all permutations of F consider the subgroup generated by
the a:

F={oy, z€X}.

Let g € F, g # 1; g admits the factorization:

€1

— €2 €n
g—awloamo...oa

T

¢ never adjacent. This factorization is unique; indeed, by ap-

with of and aj
plying ¢ to the empty word 1 we have g.1 = z7'x5*...2&, which being a

reduced word has a unique spelling. We now show that F is a free group on
the set [X]| = {az,z € X}. Let G be a group, f a function [X] — G. The
function ¢ : F — G defined as follows:

P(g) = dlag, cagi o...0ay") =aer f(og))f(ag) ... flagh),

is well defined (because the spelling of ¢ is unique) and extends f. We show
that it is a homomorphism. Let g,h € F; we have, when the juxtaposition
gh = g o h is reduced,

d(goh) = d(g)p(h). (4.7)

If gh is not reduced, g = uowv and h = v—' o s, say, then ¢(g) = ¢(u)p(v) and
#(h) = ¢p(v=1)¢(s), because g and h are reduced. Hence in the group G:

$(9)8(h) = $(w)e(v)$(v™)d(s) = P(u)(s). (4.8)
But by definition ¢(v~!) = ¢(v)~! and therefore, by (4.7) and (4.8),

P(goh) = d(g)p(h),

and ¢ is a homomorphism. If ¢ is another homomorphism extending f, then
¢ and 9 coincide on [X], and this set being a generating set for F we have

9 Following van der Waerden we write a,.w for az(w).
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1) = ¢. Thus, the group F is a free group on [X]. Note that, since the mapping
F — F defined by:

€1 .€2

[N €n
axil o O‘x? o Olgen — Ty Ty ... T

n

is a bijection, we have F ~ F so that the group F of reduced words is free
on |X|. In conclusion:

Theorem 4.22. For every set X there exists a group free on X.

The unicity of the extension in the definition of a free group implies that
the set X generates F' (same proof as for the abelian case; see Theorem 4.9).
This can also be seen from the above theorem; indeed, the bijection F — F'
takes [X] onto X, and since [X] generates F, X generates F.

A reduced word is cyclically reduced if it starts with a letter 2§ and ends
with a letter different from z; €. If w is reduced, but not cyclically reduced,
then

M, M2

—MNr—1 —M1(,.€1,.€2 €
1 (o oy )y e Y

w=y, "y, 77y

€

z;,y; € X, where v = x7'2? ... a5 is cyclically reduced. Thus, a reduced

but not cyclically reduced word is conjugate to a cyclically reduced word:

w = v~ uw, where v =y yg* ...y,

The basis X of F' is such that if a word z{'z5? ... x5, x; € X, equals 1,
then m = 0 and the word is empty. This is equivalent to saying that the ex-
pression of a word in terms of the z€ is unique. There are other subsets besides
X that have this property. For instance, let X = {z,y}, and let X' = {z, y*}.
X' generates F, since the subgroup (X’) contains « and y and therefore X.
Moreover, it can be seen that a reduced word in x and y* is conjugate to a
reduced word in x and y; for example,

=7 e yyaay .

eyt ytaa(y®)
Hence, the only reduced word in X’ which equals 1 is the empty word. Note
that the word z~'yz has length 3 in the basis X and length 1 in X".

If a subset Y of F' generates F' and is such that the only word equal to 1
in the elements of Y is the empty word, then Y is a free basis, or a set of free
generators, or that F' is freely generated by Y.

Lemma 4.9 (Ping pong lemma). Let a group G act on a set 2. Let a and
b be two elements of G, o(a) > 2, and suppose that §2 contains two disjoint
non-empty subsets I' and A such that each non trivial element of A = (a)
maps I' into A, and each non trivial element of B = (b) maps A into I .
Then the subgroup of G generated by a and b is free on the set {a,b}.
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Proof. Let aj,as € A be two non identity distinct elements of A. Since
T'ajay YA I is empty, I'ay and Iay are disjoint non-empty subsets of A; it
follows that I'a; C A, a proper subset. Let w € GG, and assume that w begins
with an element of A and ends with an element of B, w = a1biasbs ... a,b,,
n#1,1#a;,1#0b; alli. Then I'a; C A, T'a1by CAhyCI'C...CcTwcCT.
Thus w # 1. If w begins with an element of A and ends with an element of
A, then I'w C A, and again w # 1. The remaining cases are treated simi-
larly. No word in the elements a and b is the identity, so G is free on {a,b}
(cf. ez. 39).1° &

Example 4.5. Consider the two matrices A = <(1) ?) and B = (; ?) of

SL(2,Z) acting on the plane R2. Let A be the subset of R? of the points
(z,y) with |z| > |y|, and let I" be that of the points with |z| < |y|. Now, the
elements of the subgroup (A) map I" to A, and those of (B) map A to I'. By
the lemma, the subgroup (A4, B) is free on the set {A, B}.

Exercises

36. Using the universal property of free groups prove that:

1) a free group is projective (as in the abelian case);

1) the group Z is free on the set X = {1};

iii) a free abelian group is not a free group, except when it is isomorphic to {1}
(empty basis) or to Z (rank 1);

1) no finite group can be free.

37. If G is a group containing a normal subgroup N such that G/N is free, then G
contains a free subgroup F' such that G = NF and NNF = {1}. [Hint: Corollary 4.4.]

38. Prove that the free group of rank 2 contains exactly three subgroups of index 2.
(The number N, , of subgroups of index n in the free group of rank r is given re-
cursively by N1, = 1, Ny = N(n!)"™" — 32" "(n — i)I" ' N, . For instance, the
free group of rank 2 contains 13 subgroups of index 3.'*)

39. Let X be a subset of a group G such that each element of G has a unique spelling
w’flx§2 ---xf‘, with z; € X, t > 0 and x; # z;+1. Then G is free on X.

40. A free group is torsion free. [Hint: let w™ = 1,n > 0; distinguish the two cases
w cyclically reduced or not.]

41. Prove, as in Fx. 4.5, that for £ > 2 the matrices A = (1) ]I) e B= (; (1)) of

SL(2,Z) generate a free group. For k = 1 consider A~*BA~!.*2

10 1f o(a) = o(b) = 2 the subgroup generated by a and b is dihedral; see next section,
Ez. 4.6, 2 and 3.

11 M. Hall, p. 105-106; P. de la Harpe, p. 23.

12 P, de la Harpe, p. 26.
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4.8 Relations

As in the abelian case we have:
Theorem 4.23. Every group is a quotient of a free group.

Proof. Let G be a group. Consider the set X = {z,, g € G} and the free group
F on X. The bijection j : X — G extends to a homomorphism ¢ : F' — G
which is surjective because already j is surjective. Thus G ~ F/K, where
K = ker(¢). More precisely, a group generated by a set X is a quotient of
a free group on a set having the same cardinality as X: if F' is free on a set
Y, |Y| = |X|, the mapping ¢ : F — G which associates a reduced word in Y
with the corresponding word in X of G:
Yiyet g — eyt

is the homomorphism extending Y — X — G, and is surjective (because X
generates G, so every element of G is of the said form). &

As an application of the above theorem we prove that if F' is the free group
of rank n, then F/F' is a free abelian group of rank n. Indeed, let A be the
free abelian group of finite rank n. Then A is a quotient of the free group F of
rank n, A ~ F/K. F/K being abelian, the derived group F’ of F is contained
in K, and therefore:

F/K ~(F/F")/(K/F").

But F/F’ is an abelian group with n generators (and no less, otherwise A
would be generated by less than n elements), and therefore F/F’ ~ A.

Let R be a set of elements of the free group F, and let RF be the normal
closure of R in F). If G = F/R¥, then we call the pair X, R a presentation
of G; we write G = (X|R). An element of R is a relator, and one of R a
defining relator; an equations r = 1 for r € RY is a relation, and one of R
a defining relation. If X and R are finite, the presentation is finite and G is
finitely presented. The group G thus obtained is the “largest” group generated
by X and satisfying the relations R, in the sense of Theorem 4.24 below. For
the free group we write F' = (X|0) or F = (X |).

The generators of a free group satisfy no relations because a reduced word
has a unique spelling, and this is true in particular for the empty word 1: if
w = 1, then all factors of w are already equal to 1. Moreover, a free group
being torsion free (ez. 40) it cannot be w™ = 1 unless w is already empty.

Theorem 4.24. Let G = (X|R) and G1 = (X|Ry) where R C Ry, then Gy
is a quotient of G. (In other words, by adding relations to a presentation of a
group one obtains homomorphic images of the group.)

Proof. In the free group F on X one has R < Ry, and therefore, (G/R%)/
(R$/Rc) ~ G/R§ = G, is a quotient of G. O
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Taking G = F in this theorem one obtains Theorem 4.23.

Theorem 4.24 may be stated in the following form, called the substitution
test.

Theorem 4.25. Let G = (X|R) and H be two groups, and let f be a mapping
X — H. Then f extends to a homomorphism ¢ : G — H if, and only if, for
all z € X and r € R, by substituting f(x) in r one obtains the identity of H.
@ 1is unique because G is generated by X ; moreover, if H is generated by ¢(x),
x € X, then ¢ is surjective.

Examples 4.6. 1. Let G = (X|R), where X = {a,b} and R is given by the
three defining relations:

a>=1, > =1, abab= 1. (4.9)

In the group F = (z,y) these three relations correspond to the elements
ry = xxx, r9 = Yy, and r3 = ryry. Writing R for the normal closure in F' of
the set of these three elements, then G = F//R. G consists of the cosets Ruw,
w € F, and it is easily seen that these cosets are equal to the following ones:

R, =R, z°R, yR, yzR, yz*R.

For example, zyR = yx?R since xy = yxr, where r is the element of R ob-
tained as r = rfl(xrglx_l)rg. Thus |G| < 6. However, we cannot conclude
that G has six elements because there could be hidden consequences of (4.9)
that make some of the cosets equal. However, by Theorem 4.24, every group H
with two generators satisfying (4.9) is a quotient of G. Such a group is H = S3,
generated by the two permutations o = (1,2,3) and 7 = (1, 2), for which one
actually has 03 = 1, 72 = 1 and (07)? = 1. Then from |G| > |S3| = 6 it follows
|G| = 6, and S® being a quotient di G, G ~ S3. In the terms of Theorem 4.25,
we have applied the substitution test with H = S and f:a — o, b — T.

2. The preceding example extends to all dihedral groups. Let:
G={abla" =1, =1, (ab)* =1),

and let us show that this is the group D,. From abab = 1 we have that a
is conjugate to its inverse b~ 'ab = a~'. It follows that b='a*b = a=*, for all
integers k, and that

ba* = a=*b. (4.10)

The generic element of G is of the form abah? - almbe, 0 < hy <n—1
(here —h =n — h) and € = 0, 1. By (4.10), a factor ba" can be replaced with
a~"b. In other words, the given relations allow one to bring all the a’s on one
side (on the left, say), and all the b’s on the other, and therefore to express
the elements of the group generated by a and b in the form:

a", h=0,1,...,n—1, e=0,1. (4.11)
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It follows |G| < 2n. The dihedral group D, is generated by the rotation r of
27 /n and by a flip s around an axis, so that 7™ = 1 and s? = 1, and moreover
(rs)? = 1. It follows |G| = 2n and G ~ D,,. Finally, note that the relations
allow one to determine the product of two elements of the form (4.11): if x =
albe,y = a*b" then xzy = a" %17 if € = 0, and 2y = a® - a=Fb - b7 = P Fpr+!
(n+1mod 2) if e = 1.

3. Infinite dihedral group (see Fz. 2.10, 3). Let
G={(a,b|b*=1, (ab)®*=1)

(in the preceding example remove the relation o™ = 1). Also in this case,
the relation (ab)? = 1 implies that the elements of G can be written in the
form a"b¢. A group satisfying the given relations is the group D, of matrices

(gllc), e ==+1, k € Z, with a — A—(é}), b— B= (é?) Consider

the homomorphism ¢ : G — D, induced by a — A and b — B. A is of infi-
nite order, and therefore so is a, hence the powers a”, h €Z, are all distinct.
The a”b¢ are also distinct because if a"b¢ = a*b", then a"~* = b7, that
in Do, becomes A"~* = B=" which is only possible if both sides equal the
identity matrix; thus h = k and e = . This also proves that ker(¢) = {1} (if
A"B¢ = [ then h = € = 0), so that G is isomorphic to Dq.

Setting ¢ = ab, G also has the presentation (b,c|b?> = 1, ¢ = 1); the
element bc = a~! has infinite order.

Ez. 2 and 3 above show that any two involutions generate a dihedral group.
This is finite if the product of the two involutions is of finite order, and is the
infinite dihedral group in the other case.

4. The quaternion group. Let
G = {(a,b|ab="0b""a, ba = a D).

We have:

i) a?=10b%a"%? = a (a"1b)b = a1 (ba)b = (a~'b)(ab) = (ba)(b~la) =
(a=tb)(b~ta) =a ta =1;

ii) a* =1and b* = 1: a* = a(a?)a = a(b?)a = (ab)(ba) = (b~1a)(a"'b) =
b~1b =1, and similarly b* = 1;

iii) every element of G has the form a"b*, h =0,1,2,3, k = 0, 1. Indeed, the
generic element is of type a™ b*1al2 ... aPmbFm  h; k; € Z, and we have:

ba = a b,
b~la = ab,
ba~' = ba® = b(a*)a = b(b*)a = b*a = b~ a = ab,

b la™ ' =b7 e =07 (aH)a = b b%a = ba = a7 b,
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iv) moreover, ab® = aa? = a3, ab® = a(b*)b = a(a?®)b = a®b; hence an el-
ement of G is equal to one of 1,a,a?, a®,b,ab,ab,a®b, so |G| < 8. The
mapping G — @, where Q = (i,j) is the quaternion group, given by
a — i, b — j, extends to a homomorphism; it follows G ~ Q.

5. Let G = {(a,b,c | a® = b = ¢* = 1,ac = ca t,aba™! = bcb~1). We
show that G is the identity group {1}. We have 1 = ab3a™! = bc®b~!, so
¢ = 1, and with ¢* = 1 we have ¢ = 1. The relation aba™! = bcb~! yields
aba™' = bb~! =1, and therefore b = 1, and from ac = ca™! we have a = a~!
i.e. a® = 1, which together with a® = 1 implies a = 1.

The deficiency of a finite presentation (X|R) is defined as the difference
|X| — |R|. The deficiency of a finitely presented group is the maximum of
the deficiencies of all its finite presentations'3. It is bounded above by the
torsion-free rank of the commutator quotient of the group'.

Theorem 4.26. A group of positive deficiency is infinite.

Proof. If |X| = n and |R| = m, let F be the free group with basis
X = {x1,29,...,2,} and K the normal closure of the defining relators
{ri,r2,...,rm}. Let o, ; be the sum of the exponents of z; appearing in r;,
and consider the m equations:

n
Zai,jyizoz j=12...,m.

i=1

Since n > m, there exists a nonzero solution 31, 3s,...,B,; in general, the
0B; are rational, but we may assume that they are integer. To prove that
G is infinite we construct a homomorphism from G to a nonzero subgroup
of Z. Let f : X — Z be given by f(z;) = f;; then f extends to a
homomorphism ¢ : F — Z. The choice of the «;; and (3; ensures that
¢(r;) =0, j=1,2,...,m, and so also ¢(k) = 0, all k£ € K. Thus we have a
homomorphism ¢ : F/K — Z given by ¥(Kg) = ¢(g), all g € F. The fact
that the 3; are not all zero shows that the image of F' and of F'//K is a nonzero
subgroup of Z; hence F/K, and therefore G, is infinite. &

The question now arises as to whether a group with negative deficiency is
necessarily finite. The answer is no, as the following example shows.

Example 4.7. Let G = (z,y | 23 = y®> = (zy)® = 1), and consider the two
permutations of the set of integers:

o=--(0,1,2)(3,4,5) -+, 7=---(1,2,3)(4,5,6) - - - .

13 A brief discussion about the definition of deficiency can be found in Macdonald,
pp. 163-165.
' Chapter 7, inequality (7.29).
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We have or = ---(=5,-3,—-1)(-2,0,2)(1,3,5)(4,6,8)---, so (o7)% = 1.
Therefore, there is a homomorphism of G onto the group (o, 7), and the latter
group is infinite because it contains the element

o’ = (...,—12,-9,-6,-3,0,3,6,9,12,...)...

(the other digits are left fixed) which has infinite order.

Exercises

42. Let G = (a,b | a® = b?). Show that:
i)  adding the relation b* = (ab)? the quaternion group is obtained,;
i1) adding b® = 1 the group Do is obtained.

43. For n = 1,2, 3,4, determine the groups:
G={(x1,22,...,Tn | T1T2 = T3,T2T3 = Td,...,Tn-1Tn = T1,TnT1 = T2).

44. Determine the group G = {(a,b | a = (ab)®,b = (ab)*).
45. Show that G' = (z,y | + 'yx = y?,y 'ay = «?) is the identity group.
46. (Ph. Hall). Show that if N < G and G/N are finitely presented, so is G.

4.8.1 Relations and simple Groups

In this section we consider the notion of a simple group in the framework of
groups given by generators and relations. There are interesting analogies with
some notions of logic and topology.

Theorem 4.27. Let G = (X|R) a group given by generators and relations.
Then G is simple if, and only if, the group obtained by adding a word w # 1
in G to the relators R is the identity:

Gy = (X|R,w) = {1}.

Proof. Let G be simple, w # 1, and w® the normal subgroup generated by
w (i.e. the smallest normal subgroup of G containing w). Since w # 1, we
have w® # {1}, and therefore by the simplicity of G, w® = G. But G; =
(X|R,w) = G/w® (Theorem 4.24) and therefore G; = {1}. Conversely, let
G # {1}, G not simple, {1} < N <G and 1 # w € N. From w® C N it
follows (G/w%)/(N/w%) ~ G/N # {1}, and a fortiori G/w® # {1}. But
G/wY = (X|R,w), which by assumption equals {1}, and we have a contra-
diction. &

Theorem 4.28. Let G # {1}, G = (X|R), and G1 = (X|R\ r) (remove a
relator). Then if G is simple, Gy is not.
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Proof. From G = G1/r¢ it follows, since G # {1}, that r¥ # G, and r # 1
since 7 is not a relator of G. Then 7% is a proper normal subgroup of G;. ¢

The two theorems above have analogies in logic and topology.

A logical theory T is said to be complete if, given a formula 1, either 1
or its negation —) can be deduced in T. The theory is consistent (or non-
contradictory) if ¢» and —p cannot both be deduced in T.

Remark 4.3. A theory which is complete and consistent is such that “a lot” can
be deduced (either ¢ or —¢)) but “not too much” (not both % and —)).

Theorem 4.29. If a formula not derivable from the azxioms is added to the
complete and consistent theory T, the resulting theory T’ is no longer con-
sistent.

Proof. Since v is not derivable in T and T is complete, =) is derivable in
T. Then, in T”, ¢ and —) are both derivable (¢ is derivable because is an
axiom). &

Theorem 4.30. Let T be complete and consistent. Then if an axiom 1 is
removed, the resulting theory T' is no longer complete.

Proof. (We assume that the axioms of T are independent.) 9 is not derivable
in T" = T\ ¢ because of the independence of the axioms, nor is =t otherwise
T, which contains 1 and T”, would not be consistent. &

In topology we have the following results'®.

Lemma 4.10. Let Y be a compact topological space and Z o Hausdor(f space.
If f:Y — Z is continuous we have:

i) f is closed;

it) if f is bijective, then it is a homeomorphism.

Proof. i) Let A C'Y be closed; it is compact, and consequently so is f(A),
and Z being Hausdorff, f(A) is closed;
i1) f continuous, closed and bijective, and therefore a homeomorphism. ¢

Theorem 4.31. Let (X,7) be a topological space, where T is compact Haus-
dorff. Then:

1) if T C Ty, then (X,7}) is no longer compact;

i) of T C T, then (X,7_) is no longer Hausdorff.

Proof. i) If (X,7,) is compact, then the identity x — x yields a function
(X,74) — (X,T) which is continuous because the inverse image of an open
set U of T is U itself, which is also one of the open sets of 7 because 7
contains 7 . Since it is bijective, by the lemma is a homeomorphism. It follows
T =T,, against the hypothesis.

15 We assume known the basic notions of topology.
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i1) If (X,7_) is Hausdorff, consider the mapping (X,7) — (X,7_) in-
duced by the identity on X. As in ), this mapping is continuous and therefore
a homeomorphism. &

Remarks 4.4. 1. In a compact Hausdorfl space there are “many” open sets (so
that all pairs of points can be separated) but “not too many” (so that a finite
covering can be extracted from every open covering). Compare with Remark 4.3.

2. It can be said that if “an open set is removed” from a compact Hausdorff topol-
ogy, the space is no longer Hausdorff, and if “an open set is added”, the space is no
longer compact. The situation corresponds to that of simple groups with “open set”
in place of “relation” (Theorems 4.28 and 4.27), and to that of logical theories with
“open set” in place of “axiom” (Theorems 4.29 and 4.30).

Summing up, a correspondence among groups, logical theories and topo-

logical spaces may be established. These structures are defined, respectively,
by

Groups: generators and sets of relations.
Logical theories: terms and sets of axioms.
Topological spaces: points and sets of points (the open sets).

We have the following analogies:

Simple groups — complete theories — Hausdorff spaces.
Group # {1} — consistent theory — compact spaces.

More precisely, a set R of relations for a group G such that G # {1} (G
is simple) corresponds to a system of axioms A for a theory T such that T
is consistent (7 is complete), and to a family of open sets 7 (topology) for a
topological space X such that X is compact (X is Hausdorff):

Group G Logical theory T Topological space X
R:G#1 A : T consistent 7T : X compact
R : G simple A : T complete 7T : X Hausdorff

Finally, observe that the identity group {1} plays the role of a group de-
fined by “contradictory” relations.

4.9 Subgroups of Free Groups

In this section we prove the Nielsen-Schreier theorem, according to which a
subgroup of a free group is again free.

A set S of reduced words of a free group F = (X) is a Schreier system if
together with an element it contains all its initial segments:

aias---a; € S = ajaz---a; €9,

i<t a; € XUX'. In particular, S contains 1, the empty word.
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Lemma 4.11. Let F be free on X, H < F. Then there exists a set of repre-
sentatives of the right cosets of H which is a Schreier system.

Proof. We will construct inductively a choice function of representatives as
follows. Define the length [(Hu) of a coset Hu as the shortest length of its
elements.

0. If i(Hu) = 0, then 1 € Hu and therefore Hu = H; we choose 1 as
representative of H.

1. If {(Hu) = 1, then there exists an element of X U X ~! belonging to Hu,
and we choose any of these as representative of Hu.

2. If [(Hu) = 2, there exist a;,as of X U X! such that Hu = Hajas. As
[(Hay) = l(a1) = 1, let ay be the representative chosen at the preceding step
for this coset; we have a; = hai, some h € H, so that ajas = hajas € Hu.
Then choose aias = ajas as representative of Hu.

3. Assume the representatives of the cosets of length n have been cho-
sen, and let [(Hu) = n + 1. Then there exist a1,as,...an, 0y € X U X!
such that Hu = ajas---apan4+1. Let s be the representative chosen for
the coset Hajag---ayn; then s = hajas---an, some h € H, and san41 =
hajas - - - anan+1 € Hu. Then choose ajas - - - apan+1 = Sa,41 as representa-
tive of Hu.

By construction, the system thus obtained is a Schreier system. Moreover,
such a system is minimal, i.e. it is a Schreier system in which the length of
the words does not exceed that of any word they represent. &

The system of the lemma is also called a Schreier transversal.

Examples 4.8. 1. Let F = (a,b), R the normal closure of the set {a?, b%,
a~'b~tab}. F/R is a Klein group; thus R has four cosets and taking as repre-
sentatives {1, a, b, ab} we have a Schreier system. The set {1, a,b,ab™'} is also
a Schreier system, whereas {1, a,b,a=b~!} is not because the initial segment
a=t of a='b7! is not a representative. The system {1, a,ab,aba} is Schreier
but not minimal because the coset represented by aba contains the word b, a
word of shorter length.

2. For R the normal closure of {a",b? abab} (F/R is the dihedral group D,,)
we have the Schreier system 1,a,a?,...,a" "1, b,ab,a?b,...,a" 'b.

In the lemmas to follow, S will be a Schreier transversal of the right cosets
of a subgroup H of a free group F = (X).

Lemma 4.12.4) If s€ S,z € X UX ™!, and u = sz(sz)~!, then either u =
1 or else u is reduced;

i1) if u # 1 the spelling of u is unique.
Proof. i) s and sz are reduced, so that if there is a cancellation in v it can

only take place between s and x or between x and (sz)~!. In the former
case, s ends with 7!, i.e. s = ajaz---a;x~ "', and hence, S being Schreier,
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st = ajas---a; € S; then sv = sz and u = 1. In the latter, (sx)~! begins
with 7! and therefore sz ends with x, that is sz = ajas - - - a;x. It follows
Hsx = Hajas - a;x, Hs = Hajas---ay , so that ajas---a; = s, sx = sx
and v = 1.

ii) Let sz(sx)™! = syz1(s121)t. If s and s; have the same length, the
two words being reduced by i), we have s = s; and z = z1. If I(s) < I(s1), sz
in an initial segment of s1, and therefore sz € S. Then sz = sz and u = 1.

Observe that setting s; = sz we have (sz(sz)™1)~! = syz(spz=1)~ L.
Lemma 4.13. Let v; = sa(sx€) ™", vo = ty®(ty®) ™', with s,t € S, x,y € X,
60 =1,-1, vy #1, voa £ 1, vy # vl_l, Then in the product vive neither x€
nor y® can be cancelled.

Proof. Assume the contrary, and suppose that 3° is cancelled first. Then t =
ajag---ap and (sz€)7' = a; -y Oa; - apt. Thus ty? is an initial seg-
ment of sz¢, and therefore ty® = ty°, from which vy = 1, contrary to vy # 1.
If 2€ is cancelled first, then sz€-x7¢ = s (the coset of sx€ is Hsx® and there-
fore that of sxz€ -2~ ¢ is Hsz® - x~¢ = Hs, and hence its representative is s).
sx¢ = sz and v; = 1, contrary to v; # 1. If 2° and ty° are simultaneously

cancelled, then t = sz, y® = 2~ ¢ and vy = vfl. &

Corollary 4.6. A product vive -+ Uy, v; # 1, v;41 # v;l, with the v; of the
form of the preceding lemma, can never be the identity.

Proof. By the lemma, the cancellations between v; and v;4+; cannot concern
the z¢ and 3° of v; and v . It follows that when the v; are expressed in terms
of the generators and their inverses, these elements remain, and the product
can never be the empty word. %

If H < F = (X), taking as transversal of the cosets of H a Schreier sys-
tem S, we know (Lemma 4.1) that the elements sx(sz)~!, with s € S and
x € X, form a system of generators for H.

Theorem 4.32 (Nielsen—Schreier). Every subgroup of a free group is free.

Proof. Let H < F; the elements u = sx(sx)~! # 1 generate H, and will be
free generators of H if no reduced product u or u~! equals the identity (i.e.
it reduces to the empty word when expressed in terms of the generators). By
Corollary 4.6 we have the result. %

Theorem 4.33. Let F be free of rank v and let H be a subgroup of finite
index j. Then H is free of rank 1+ (r — 1)j.

Proof. The elements u = sx(sx)~! are in this case 7j in number; in order to

obtain the rank of H we have to remove the u equal to 1. Let Sy = S\ {1}
and consider the following mapping 7 of Sy into the set of the u equal to 1:
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if s € Sy and s ends with 71, then 7 : s — sz(sz)~!, and if s ends with z,
then s = syz and 7 : s — slx(slx)_l. T is injective; let us show that is also
surjective. If u = s’z(s’z)™! = 1, x must cancel either with an element of s’
or with one of (s’2)~!. In the former case, s’ = s;z~! so that u is the image
of s'. In the latter, (s’z)~! begins with 271, and therefore s’z ends with z
(and in fact s’z = s’z); then wu is the image of s’z. The number of u = 1 is
|So| = j — 1, and therefore the rank of Hisrj — (j —1) = 1+ (r — 1)j, as
required. Note in particular that if F' is of rank r > 1, then every subgroup of
finite index has rank greater than r. &

Examples 4.9. 1. The normal closure R of the subgroup generated by a2, b2,
and [a~'b~tab] in Ex. 4.8, 1 has index 4, and since F' ha rank 2, the rank of
Ris 14 (2 —1)4 = 5. We determine five free generators of R. Let us take
S ={1,a,b,ab} as Schreier system; then, with X = {a, b}, we have:

la-(la) ™t =a-a ' =1,
-1t =b-07"' =1,
aa-(aa) ' =a® (a2)" P =da? 17! =d?,
ab-(ab)™' =ab- (ab)~' =1,
ba - (ba)™* = ba - (ab)™' = bab~ta™?,
bb- (bb)~t =0 (b2) =02 17 = b,
aba - (aba)™* = aba - (b))~ = abab™!,
abb - (abb) ™' = ab?® - (ab?)~! = ab*(a)~" = ab®a " .

Therefore, the normal closure R has the five free generators:
a?, b, bab~ta"t, abab™t, ab®al.

2. Let |G| =n, G =(X) with X =G. If G = F/K with F free on X, by
Theorem 4.33 K has rank p = (n — 1)n + 1, and G = (X|R), with p(R) = p.

Theorem 4.34. If F = (x,y) is the free group of rank 2, the derived subgroup
F' has infinite rank.

Proof. F/F’ is free abelian of rank 2, generated by F'z and F'y. Thus, every
element of F//F' has a unique expression as F'z™ - F'y" = F’xmy”, m,n € Z.
Every coset of F’ then contains a unique element of the form z™y™ (first the
2 and then the y); these elements form a Schreier system S. An element of the
form y™z does not belong to S, y"x # y"z. It follows u = y"z(y"x)~! # 1,
for all n > 0, so that the basis of F’, given by sx(sz)~!, contains infinite
elements. &

Corollary 4.7. The free group of rank 2 contains free subgroups of any finite
or countable rank.

Proof. The derived subgroup has infinite rank and contains free subgroups of
any finite or countable rank. &
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Exercises

47. Using the Nielsen—Schreier theorem prove that two commuting elements u and
v of a free group are powers of a common element!®. [Hint: consider (u,v) and apply
ex. 36 iii).] More generally, if two powers of u and v commute, then u and v are
powers of a common element.

48. In a free group, the relation “zpy if x and y commute” is an equivalence relation
in the set of nonidentity elements of the group.

49. In a free group F' the centralizer of every element is cyclic. In particular, if F' is
of rank greater than 1, then the center of F' is the identity.

50. A nonidentity element of a free group cannot be conjugate to its inverse.

4.10 The Word Problem

The word problem!” may be stated as follows: given a f.g. group G, does there
exist an algorithm to establish for an arbitrary word w in the generators of
G whether or not w = 17 This problem in equivalent to the equality prob-
lem: given two words wi,ws € G, does there exist an algorithm to determine
whether or not w; = wy? (Clearly, equality holds if, and only if, wywy ' = 1.)

We need a few notions of recursion theory. A subset .S of the natural num-
bers is said to be recursive if there exists an algorithm to determine of an
arbitrary element whether or not it belongs to S. It is recursively enumerable
if there exists an algorithm which enumerates the elements of S in some order,
i.e. if a list can be made of its elements. Every recursive set S is recursively
enumerable, and S is recursive if both S and its complement are recursively
enumerable. Thus, if S is recursive, a given natural number will eventually
appear either in the list for S, or in that for its complement. By a diagonal
type argument it can be shown that there exist sets of natural numbers that
are recursively enumerable but not recursive. Now consider a set X indexed
by a set of natural numbers. The above notions can be carried over to the set
of words over X.

The words over a finite alphabet X U X! can be listed as follows: first
the word 1, of length 0; those of length 1 are the letters of the alphabet, that
can be listed, for instance, as

—1 —1 -1
T1,T] X2, Ty 5., T, Ly -

16 For a direct proof see Magnus-Karrass-Solitar, p. 42 ez. 6, or Lyndon-Schutzen-
berger, Michigan Math J. 9 (1962), p. 289.
17 Posed by Max Dehn (1911).
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Then all the words can be listed using the lexicographic order; for instance,

those of length 2:

—1 —-1,.—1
T1T1, 1Ty ,T1L2y ey Ty Ty

and so on. In a finitely presented group, using the list wy, ws, ... we can make
a list of the words equal to 1 in G as the following theorem shows.

Theorem 4.35. If G is finitely presented, G = (X|R), and (2 is the set of all
words over X, then the set

W={we2|w=1inG}
is recursively enumerable.

Proof. The words on X can be listed in the lexicographic order, and so can
the relators of R. Then the elements of 2 are of the form:

—1 €1 —1 €2 —1,.€,.,.

wy ritwiws T ws .. w; riw;,
for all + = 1,2, ..., and sequences wy, ws,...,w; of words on X, r1,72,... of
relators of R, and ¢; = +1. Thus {2 is recursively enumerable. &

Now G being finitely presented, W is recursively enumerable, and the word
problem for G is solvable if {w € 2 | w # 1} is also recursively enumerable.
However, in general the word problem is not solvable'®.

Remark 4.5. A f.g. group is recursively presented if the set of relations is recur-
sively enumerable. The word problem for these groups can be defined as in the case
of finitely presented groups, and is also a recursively enumerable problem. An impor-
tant theorem of G. Higman states that a finitely generated group can be embedded
in a finitely presented group if, and only if, it has a recursively enumerable set of
defining relators.

It is clear that for a free group the word problem is solvable. Given a
word, the required algorithm is simply the reduction process: a word in the
free generators z; is 1 if after reduction the word is empty; otherwise, w # 1.

Theorem 4.36 (Kuznetsov). For a finitely presented simple group G =
(X|R) the word problem is solvable.

Proof. Let w € G. If G = {1} there is nothing to prove. Let G # {1}, z # 1
a fixed element of G, and G, = (X | R,w). If w = 1 in G, then obviously
G ~ Gy. If w # 1, then G being simple by Theorem 4.27 we have G,, = {1}.
It follows that z = 1 in G, if and only if w # 1 in G. The group G, is also
finitely presented. Then, given the word w of G, we can simultaneously form
two lists:

e words equal to 1 in G;
e words equal to 1 in G,,.

18 BE.L. Post, 1945; P.S. Novikov, 1955.
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Hence:

e if w=11in G, w appears on the first list;
e ifw#1in G, x appears on the second list.

Just wait and see which of the two events occurs. &

4.11 Residual Properties

Let G be a group, p a relation among elements and subsets defined on G and
its homomorphic images, and let P be an abstract group property'®. Then G
has residually property P with respect to p, or that G is residually P, if for
any pair of elements x,y that are not in the relation p there exists a surjec-
tive homomorphism ¢ of G in a group K having property P and such that
o(x) # ¢(y) (both ¢ and the group depend on the pair x,y).

Examples 4.10. 1. Let p be the relation of equality, and let P be an ab-
stract group property. Then G is residually P with respect to p if for any pair
of distinct elements z and y there exists a homomorphism of G in a group K
having property P and such that the images are also distinct. Since = # y is
equivalent to xy~! # 1, this is equivalent to saying that an element of G dif-
ferent from 1 remains different from 1 in a group having property P . Thus G
is residually P with respect to p if for all g # 1, there exists N <G, depending
on z, such that g ¢ N and G/N has property P. (The fact that g # 1 in the
group G is witnessed in some quotient of G which has property P.)

2. The previous example is a special case of the membership relation between
elements and sets “xpA if x € A”; the equality relation x = y is obtained
with A = {y}. Thus, if P is an abstract group property then G is residually
‘P with respect to this relation if for all ¢ A there exists N < G depending
on z and A such that Nz ¢ {Ny, y € A}. This means that zy~* ¢ A for all
y € A, and therefore ¢(x) # ¢(y), where ¢ is the canonical homomorphism
G — G/N, G/N has property P, and we are in the previous case. The set A
can be a subgroup, a f.g. subgroup, etc.

3. A further example is the conjugacy relation. In this case, G is residually P
if, for all pairs of non conjugate elements x 4 y, there exists a homomorphism
¢, depending on z and y, of G onto a group having property P and such that
o(x) * d(y).

4. A specially important residual property is residual finiteness (if the relation
p is not specified, the equality relation is meant). For example, the integers
are residually finite. Indeed, given n €Z, n # 0, there exists a finite group in
which the image of n is nonzero: just take the quotient Z/(m), with m { n.
This property is shared by all free groups (Theorem 4.37 below).

19 An abstract group property is a property which is preserved under isomorphism.
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5. If P is a property inherited by subgroups, then being residually P is inher-
ited by subgroups. Indeed, let 1 £ x € H, and ¢ N < G; then x € HN N,
HNN<H,H/(HNN)~ HN/N < G/N. But G/N has P, and therefore
also HN/N and H/(HNN) ~ HN/N.

Let K be the intersection of all normal subgroups N of G such that G/N
has property P. If G is residually P, given 1 # x € G there exists N, such
that z ¢ N, and G/N, has P; it follows K C (] N, = {1}. Conversely, if

1#z€G
K = {1}, an element x # 1 cannot belong to all N, and hence z ¢ N for at
least one N. In other words, G is residually P if, and only if, the intersection

of the normal subgroups N such that G/N has property P is the the identity.
Theorem 4.37. A free group is residually finite.

Proof.2® We must show that if 1 # x € F there exists a normal subgroup
N, depending on x such that = ¢ N, and the quotient F'/N, is finite. Let
X ={xx, A € A} be a basis of I and let z = z{ z}’ ...z} be the reduced
form of z, with ¢; = £1. Let us then define a function f from X to the sym-
metric group S™!, where n is the number of the 2 appearing in x, as follows:
f(zx) =1, if z does not appear in z, and f(z{ ) is a permutation o; sending
itot+1ife;, =1, and i + 1 to 7 if ¢, = —1. If an index \; equals A\;11, then
0; = o041, and if 0;(i) =i+ 1 and 0;41(¢ + 1) = i then in the expression of
x there would appear xf\’z = x;;", which is excluded because the expression
is reduced. Thus, up to this point, the permutation o; is well defined; the
images of the other elements under o; may be prescribed in an arbitrary way
(obviously the resulting function must be a permutation) and such that the
product of the o; is different from 1. Then f extends to a homomorphism
F — S™t1 whose kernel K does not contain z; with N, = K we have the

result. &

Corollary 4.8. The intersection of all subgroups of finite index in a free group
is the identity.

Proof. For any element = # 1 there exists a subgroup N, of finite index not
containing x. &

An important feature of a residual property is that it allows the solution
of the decision problem corresponding to a relation p; that is, it is possible to
establish whether or not two elements are in the relation p. If p is the equality
relation the following theorem holds.

Theorem 4.38. For a finitely presented and residually finite group G the
word problem is solvable.

20 We follow Macdonald, p. 167.
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Proof. Let F be free of rank n, R finitely generated and G = F/R; we have
to decide whether w € R or not. Then we begin two procedures: with the
first one, we enumerate the elements of R; with the second, we make a list
of the multiplication tables of the finite quotients of F'/R. Then necessarily
either w appears in the first list, and then w € R, or if w ¢ R then wR # R,
and therefore, F//R being residually finite, there exists H/R < F'/R such that
(F/R)/(H/R) is finite and wR ¢ H/R, and hence wR will appear in the list
of finite quotients of F//R. Just wait and see which occurs. &

Definition 4.5. A group is hopfian if it is not isomorphic to a proper quo-
tient. In other words, a group is hopfian if every surjective homomorphism of
the group in itself is injective (and therefore is an automorphism).

Theorem 4.39 (Malcev). A f.g. and residually finite group is hopfian.

Proof. Let G be the group, and let ¢ : G — G be a surjective homomor-
phism. For a fixed n let Hy, Ho, ..., H; be the subgroups of index n of G
(Theorem 3.5, )). Now, H; thought of as belonging to ¢(G), is the image of
a subgroup L;: H; = L;/K, where K = ker(¢), and

n=[G:H]=[6G): (L) = [G/K : Li/K] = [G : Li].

If Ly = L;, then H; = Hj, and therefore the L; are all distinct, and having
index n the set of the L; coincides with that of the H;. It follows that the
kernel K is contained in all the H;. Since n is any integer, the above argument
applies to all subgroups of finite index, and hence K C ﬂ[G: H]<oo H. But this
intersection is {1}; thus K = {1} and ¢ is injective. &

Theorem 4.40 (Baumslag). The automorphism group of a f.g. and residu-
ally finite group G is residually finite.

Proof. It 1 # a € Aut(G), there exists x € G such that a(z) # z, that is
a(z)x™1! # 1. Let N<G of finite index with a(x)x~1 & N; by Theorem 3.5, i),
N contains a subgroup K which is characteristic in G and of finite index. Then
Aut(G/K) is finite and every automorphism £ of G induces an automorphism
B of G/K: f(Kz) = Kf3(x). The mapping ¢ : Aut(G) — Aut(G/K) given
by 8 — [ is a homomorphism and « is not the identity of Aut(G/K). Indeed,
for the coset Kx we have a(Kz)=Ka(z)# Kz, since a(r)z ' ¢K. O

Corollary 4.9. The automorphism group of a free group of finite rank is resid-
ually finite, and if it is f.g. is hopfian.

Given a family {G} of groups, a subdirect product G of G is a subgroup
of the cartesian product [, G such that for each gy € G there is at least
one g € G having g as its A-th component. Now if Ny, A € A, is a family of
normal subgroups of a group G we have a homomorphism of G in the carte-
sian product of the quotient groups Gy = G/G) obtained by sending z € G
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to the function which associates with A the element Ny of G. The kernel is
(x Va, so that if this intersection is {1} the group G is a subdirect product
of the G. It follows:

Theorem 4.41. A group G having property P residually is a subdirect product
of groups having property P.

Proof. Consider the family G of normal subgroups such that G/G has prop-
erty P. &

Corollary 4.10. A free group is a subdirect product of finite groups.

Remarks 4.6. 1. Finitely generated linear groups over a field are residually finite
(Malcev).

2. The simplest example of a finitely presented non-hopfian group is the Baumslag-
Solitar group. It is the group generated by two elements a,b with a single defining
relation a~'b%a = b3.%*

Exercises

51. Subgroups, direct products and direct sums of residually finite groups are resid-
ually finite.

52. 1) A f.g. abelian group is residually finite, and therefore hopfian;
i1) the automorphism group of a f.g. abelian group is residually finite.

53. A nontrivial divisible group cannot be residually finite.

54. If the group is not f.g., Theorem 4.39 is no longer true. [Hint: consider the free
group F of infinite rank on x1, x2,...; if N = (z1)¥, then F/N ~ F.]

55. Prove that the group GL(n,Z) is residually finite. [Hint: let A = (a;,;), and let
m be an integer such that |a; ;| < m.]

56. Use ex. 51 and 55, and FEx. 4.5 to prove that a free group of finite or countable
rank is residually finite.

57. (Nielsen) If F' is free of finite rank n, and a1, az, ..., an generate F, then the a;
are a free basis. [Hint: Theorem 4.39.]

Definition 4.6. A group is co-hopfian if it is not isomorphic to a proper subgroup.
In other words, a group is co-hopfian if every injective self homomorphism is surjec-
tive, and therefore an automorphism. (It is the notion dual to hopfian.)

58. Show that:

1)  a finite group is both hopfian and co-hopfian;

#4)  the additive group of rational numbers is both hopfian and co-hopfian;

i) the multiplicative group Q* of the rationals is not co-hopfian; [Hint: consider
the mapping r — 3]

21 Cf. Lyndon-Schupp, Theorem 4.3.
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w) the additive group of the reals is not co-hopfian;

v)  the group of integers is hopfian but not co-hopfian, and this holds for every f.g.
infinite abelian group;

vi) the group Cpe is co-hopfian but not hopfian;

vii) a f.g. free group is hopfian (Theorems 4.37 and 4.39) but not co-hopfian.

59. A group acting faithfully on a rooted tree is residually finite.

60. Determine a subdirect product of the group Ca x Cy.



5

Nilpotent Groups and Solvable Groups

There are two important properties of groups that are stronger than commu-
tativity: they are solvability and nilpotence. Solvable! groups are obtained by
forming successive extensions of abelian groups; nilpotent groups lie midway
between abelian and solvable groups.

5.1 Central Series and Nilpotent Groups

In Chapter 2 we defined the commutator of two elements and the subgroup
generated by all the commutators. We now extend these notions.

Definition 5.1. If 2, y and z are three elements of a group G, define [z, y, 2] =
[[z,y], 2], and inductively

[,’El,l’z, ... 7xn] = Hxlax27 L >xn71]axn}-

(Hence [[x1,22,...,Zn-1],2n] = [--[[x1,22],23]...,2,]). If H, K are sub-
groups of G, define [H, K| = ([h,k], h € H, k € K), and inductively
[H13H27~ .. 7Hn} - [[HlaH27~ .. 7Hn—1]aHn]~

We have [H, K| =[K,H] and [H,K|<(H,K). If H K <G, then [H,K|]<G
and [H, K] C HN K. If ¢ is a homomorphism of G, then [H, K]¥ = [H?, K¥].
Obviously, [Hi, Ha, ..., Hy,] 2 {([h1,ha,...,hy], h; € H;), but in general the
other inclusion does not hold, as the following example shows.

Example 5.1. In A5, let H, = {I,(1,2)(3,4)}, Hy = {I,(1,3)(2,5)}, Hy =
{I,(1,3)(2,4)}. With h; = (1,2)(3,4), ha = (1,3)(2,5) and hg = (1,3)(2,4),
we have [hy,ho,h3] = (1,4,5,2,3), whereas [hi, ha,hs] = 1 if one of the
three elements is 1. It follows ([h1, ho, hs], h; € H;) = ((1,4,5,2,3)). Now
[H1, Hs) contains [k, he])? = (1,2,4,5,3) and therefore [Hy, Ho, H3] contains
[[hlahQ]QahS} = (173’5)

! British English speakers often say “soluble” instead of “solvable”.

Machi A.: Groups. An Introduction to Ideas and Methods of the Theory of Groups.
DOI 10.1007/978-88-470-2421-2 5, © Springer-Verlag Italia 2012
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The next lemma follows from the definitions.

Lemma 5.1. i) If H{K < G then K C Ng(H) if and only if [K,H] C H. In
particular, H QG if and only if |G, H] C H.
11) Let K, H < G with K C H. Then the following are equivalent:

a) K<G and H/IK CZ(G/K); and

b) [H,G] C K.

Definition 5.2. A series of subgroups of a group G:
{1}=HyC...CH, C...CH,CHi ;1 C... (5.1)
is said to be central if, for all 7,
H;y1/H; CZ(G/H;), (5.2)

ie. ¢H;, for x € H;11, commutes with all the elements of G/H;. This means
that

xr € Hi+1 = [l’,g] € H;, (53)

for all g € G, i.e.

[Hi+1,G] C H;. (5.4)
In other words, the action of G on G/H; given by (vH;)? = x9H; is trivial
on H;y1/H;: (xH;)9 = xH;, i.e. 27129 € H;. Conversely, (5.4) implies (5.2).
The H; are normal in G.

We now consider two special kinds of central series. The first one is an
ascending series. If in (5.2) we take the entire center Z(G/H;) of G/H;, then
setting H; = Z; we have:

{1} =20 CZ1=2(G)CZ,C...CZ; CZiy1 C ...

where Z;11/Z; = Z(G/Z;). Hence Z;11 consists of all the elements = € G for
which (5.3) holds:

Ziy1={z€G|[z,g] € Z;, Vg € G}.
Obviously, if the series (5.1) is central, we have H; C Z;.
The second series is descending. Starting from the group G and using (5.4),
define the subgroups I'; = I;(G) as follows:
=G, Ih=[IG,....[ii1 =[[,G),...
(Note that Iy = [I1, 1] = |G, G] = G’, the derived group of G.) We have:

G=DIN2Iy2..2 2l 2...
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If x € T3, then [x,g] € I;41 for all g € G, so that
[@lit1, 90 a] = [#, 9]l = L,
i.e. zl; 41 commutes with all the elements of G/I; 1. In other words,
I/ Tiv1 CZ(G/Ti4a),

which proves that the series of the I is central.
By definition of Z;, if H,, = G then Z,, = G. The next theorem shows that
if Z, = G then I',41 = {1}.

Theorem 5.1. Let (5.1) be a central series of a group G with H, = G. Then:
Fn_i+1§HigZi, i:O,l,...,n. (55)

Proof. The second inclusion has already been seen. As to the first, we prove
by induction on j = n — ¢ that ;11 € H,_j; this inclusion holds for j = 0.
Assume it is true for j; then Ijyo = [Ij41,G] C [Hy—j,G] € Hp_(j41), as
required.

Corollary 5.1. Let
{1} =Z2yCcZyC...CZ._1 CZ.=G,

and
G=IND>IyD>...0I D41 ={1}.

Then r =c.

Proof. Let n = c in (5.5). If i = 0, then I'.y; € Zy = {1}, so ¢ > r. Now let
us take for the series of the H; that of the I in ascending order:

H():FT+17 HIZFTa "'aHi:Fr—i+1;~-~
fori=r we have H, = Iy = G and H, C Z,. It follows Z, = G and r > ¢. {

In words, this corollary states that in a nilpotent group the series of the
Z; and of the I'; reach G and {1}, respectively, in the same number ¢ + 1 of
steps.

Definition 5.3. In a nilpotent group G the integer c of Corollary 5.1 is the
nilpotence class of G. The series of the Z; is the upper central series (the
ascending central series that reaches G in the least number of steps); the se-
ries of the I is the lower central series (the descending central series that
reaches {1} in the least number of steps). It is clear that the terms of both
series are characteristic.
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The identity group is nilpotent of class ¢ = 0. Abelian groups are nilpotent
of class ¢ < 1 (and conversely). If ¢ < 2 then {1} C Z C G,s0 G/Z = Z(G/Z),
G/Z is abelian and G’ C Z; conversely, the latter inclusion implies ¢ < 2. This
is the case, for instance, of the group D, or of the quaternion group. The in-
teger ¢ is a measure of how far the group is from being abelian. Note that if
G is of class ¢, G/Z is of class ¢ — 1.

It is clear that if G is nilpotent of class ¢ < m, then [z1,2a,..., Zmi1]
=1 for all 1,x2,...,Zm+1 in G, and conversely.

Nilpotence is a property inherited by subgroups and homomorphic images.

Theorem 5.2. Subgroups and homomorphic images of a class ¢ nilpotent
group are nilpotent of class at most c.

Proof. i) If H < G, then I41(H) = [I;(H), H] C [I3(G),G] C Ii+1(G), so
F,LJrl(G) = {1}, 1Inphes FZ+1(H) = {1}

i1) If ¢ is a homomorphism of G, and H, K < G, then [h, k]? = [h¥, k¥],
thus I;41(G¥) = [[7,G?] = I;41(G)?. Hence, if I'11(G) = {1}, its image
equals {1} as well. O

Example 5.2. The inclusions (5.5) are strict in general. Let G = Dy x Cy (cf.
Ez. 2.11, 3). The center of G is the product of the centers of the factors, so
it is a Klein group V, and G/V has order 4 and so is abelian. G is nilpotent
with upper central series {1} C V' C G. The derived group of G coincides with
that of Dy; hence I's = Cs, and this (3 being contained in the center of G it
follows I's = [I3, G] = {1}. The lower central series is therefore G D I's D {1}.
Hence I3 is properly contained in Z;.

An ideal J of an associative ring R is nilpotent if a power J" is {0}. By
definition,

Jr = {lemg--mn, x; € J},

so J is nilpotent if any product x5 - - - x,, of n elements is zero. We now show
that in a ring with unity a nilpotent ideal gives rise to a nilpotent group (a
subgroup of the invertible elements of the ring).

Theorem 5.3. Let J be a nilpotent ideal of a ring R with unity 1, J™ = {0}.
Then G=1+J={1+=z, z € J} is a nilpotent group.
We prove that G satisfies the three properties of a group.
1) closure: (1+z)(1+y)=1+(x+y+ay),andxy e Jifx,y € J;
1) identity: 1;
iii) inverse: (1+2)(1 —x+ 2% —-- £z 1) =1.
Moreover, G is nilpotent. Let Hj, = 1 + J*. The ideal J* is nilpotent be-

cause (J¥)* = Jm* = {0}, so by 1 the H} are subgroups. Moreover, J* =
JE=1. g C J*=1, thus H, C H;_,. Finally, the series

{l}anan—lgngzG
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is central. Let us show that
a € Hi = [a,g] € Hgy1, Vg € G,
ie. [a,g9] € 1+ J* L or [a,g9] — 1 € J&*+1. Now,
la,9] = 1=a""g " ag — 1 =a""g " (ag — ga),
and witha=1+z, z€ J* and g=1+y, y € J, we have
ag—ga=(1+z)1+y)—(1+y)(1+z)
=l+y+z+azy—1—-z—-—y—yzx
—ay—yzecJ¥ . J—J-JFC Ik,
so [a,g] — 1 € JFHL. ¢

Examples 5.3. 1. In the ring of n x n upper triangular matrices, those hav-
ing zero diagonal form a nilpotent ideal J with J™ = 0. If I is the identity
matrix, G = I 4+ J is the group of upper unitriangular matrices. Over a finite
field, G is a nilpotent group of order ¢™("~1/2 (see Ez. 3.4, 1).

2. If V is a vector space of dimension n over a field K and
V=V,D>V,-1D---D>V; D{0},

where V' = (vy,v9,...,v,) and V,_; = (vj31,...,0,), the linear transforma-
tions ¢ such that V;¢ C V;_; form an ideal J which is nilpotent because

VO1P2 - O = (VP1)D2 - Dy € Vimi0a -0, C ... C {0}

for all v € V, s0 ¢1¢2- - ¢, = 0 and J™ = {0}. The matrices of the linear
transformations ¢ are the matrices of the ideal J of the previous example.
The group G of Theorem 5.3 stabilizes the series of subspaces V; (we recall
that this means that if v € V; and g € G, then v9 € V; and v9 —v € V;_q, i.e.
G fixes the subspaces and acts trivially on the quotient spaces).

Let us consider a few properties of nilpotent groups.

Theorem 5.4. If G is nilpotent and H< G, then H< Ng(H) (“normalizers
grow”).

Proof. Let {I';} be the lower central series, and let ¢ be such that I; € H and
Ity € H. Then [I;, H] C [I;,G] = I'i4+1 € H, so I'; normalizes H and is not
contained in H. &

Corollary 5.2. A maximal subgroup of a nilpotent group is normal, and there-
fore is of prime indez.

Corollary 5.3. In a nilpotent group, the derived group is contained in the
Frattini subgroup.
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Proof. A maximal subgroup M is normal, hence G/M is of prime order and
G’ C M. This holds for all maximal subgroups, so G’ C "M = ®(G). &

Theorem 5.5. Let G be nilpotent, N # {1} a normal subgroup. Then the
intersection N NZ(G) # {1}. In particular, every minimal normal subgroup
of G is contained in the center and has prime order.

Proof. Let {I}} be the lower central series of G and let ¢ be such that ;NN #
{1} and ;41NN = {1}. Then [[;NN, G| C [I3,G] C I; 41 because {I}} is cen-
tral, and [I; NN, G] C N because N is normal. It follows [I[;NN,G] C I;41 N
N = {1}, and therefore N N Z(G) # {1} because it contains I; N N # {1}.
If N is minimal, then N C Z(G): the subgroups of N are normal in G, so N
has no proper subgroups and |N| = p. &

These properties have already been encountered in the case of finite p-
groups. The reason is in the following theorem.

Theorem 5.6. A finite p-group of order p™ is nilpotent, and is of class at
most n — 1.

Proof. Since the center of a p-group is nontrivial, the upper central series stops
when G/Z; = 1, i.e. Z; = G. Hence the group is nilpotent. If it is of class ¢,
then:

21/ 20| |22/ 21| - -+ Ze| Zer| = | Zc| /| Zo| = |G| = p™.

All the quotients have order at least p because they are all nontrivial, but not
all of them have order p. Indeed, Z./Z._1 = G/Z._1 cannot be cyclic; if it
were, the quotient of G/Z._5 by the center Z._1/Z._5 would be cyclic because
it is isomorphic to G/Z._1, and G/Z._5 would be abelian (Chapter 2, ez. 23)

and would coincide with its center Z._1/Z._5. Then G = Z._;, against G
being of class ¢. There being ¢ quotients, the product of their orders is greater
than p° so p” >p°,c<nand c<n—1. &

A p-group of order p™ always admits a central series of length n+1 (ex. 2),
and therefore with cyclic quotients of order p. For example, in D, we have the
series {1} = Zy C Zy; CV C Dy, with V in between Z; and Zy = Dy.

An infinite p-group is not necessarily nilpotent (ez. 5). The next theorem
shows that in the finite case nilpotent groups are a generalization of p-groups.

Theorem 5.7. In a finite nilpotent group a Sylow p-subgroup is normal, and
therefore is the unique Sylow p-subgroup. It follows that the group is the direct
product of its Sylow p-subgroups, for the various primes p dividing the order
of the group.

Proof. If S is a Sylow p-subgroup, then by Theorem 3.16 Ng(Ng(S)) =
N¢(S). But by Theorem 5.4, if Ng(S) # G then Ng(Ng(S))>Ng(S). Hence
N¢g(S) = G, and S is normal. The product of these p-Sylows for the various
p is then a subgroup that coincides with G because its order is divisible by
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the whole power of p dividing |G|, for all p. An element z; of a p;-Sylow S;
cannot equal a product of elements z; of p;-Sylow S}, j # 4, because since the
pi-Sylows are pairwise commuting (they are normal and of trivial intersection)
this product has order the product of the orders (the x; have coprime orders),
and therefore is coprime to o(x;). Hence a Sylow p-subgroup has trivial inter-
section with the product of the others, and therefore the product of the Sylow
p-subgroups is direct. &

Theorem 5.8. The Frattini subgroup ® = ®(G) of a finite group G is nilpo-
tent.

Proof. Let P be a p-Sylow of @, and let us show that P is normal in @ (in fact
P <G@). Since ® <G, by the Frattini argument (Theorem 3.15) G = ®Ng(P).
A fortiori, G = (®,N¢g(P)), so by the property of ®, G = (Ng(P)) = Ng(P),
i.e. P<J@. It follows that the group is the direct product of its Sylows and so
(ex. 3) is nilpotent. O

It is not true in general that if N is a nilpotent normal subgroup of a
group G such that G/N is nilpotent then G is nilpotent?; the group S® is a
counterexample. However, if N is the center or (in the finite case) the Frattini
subgroup then G is nilpotent (see also ez. 20, 7i)).

Theorem 5.9. i) If G/Z(QG) is nilpotent, then so is G;
it) if G is finite and G/®(G) is nilpotent, then so is G.

Proof. i) Let Z = Z(G). From I;11(G/Z) = I;Z/Z and I,4+1(G/Z) = Z it
follows I, Z/Z = Z, from which I,Z C Z, I, C Z and I,4; = {1}.

In the finite case, the proof can go as follows. Let Z = Z(G), with G/Z
nilpotent, and let SZ/Z be a p-Sylow of G/Z, some p. Since SZ/Z A G/Z
we have SZ < G. Then, by the Frattini argument, G = ZN¢g(5), and since
Z C Ng(S), we have G = Ng(S) and S < G. But this holds for all p, so G is
nilpotent.

i1) Let ® = ®(G), and let G/®(G) be nilpotent. As above, G = ®Ng(S).
Hence G = (®,Ng(5)) = (Ng(S)) = Ng(S), and S JG. O

Lemma 5.2. i) Let z,y, 2 € G; then:

-1 —1

o, y™ 2y, 27 al e ey = 1

(Hall-Witt identity).

i4) (Hall’s three subgroups lemma) Let H,K,L < G
[H,K,L] C N and [K,L,H] C N, then [L,H, K] C N.
iii) FE z) = [z, 2]y, 2] = [z, 2][[, 2], ylly, 2],

,yz) = [z, 2l[z,y]* = [x, 2]z, y][[2, ], 2].

and N < G. If

% But see ex. 20, i4i).
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Proof. i) We have

1 1 1 1 1

2l =yrly w2 e gy 2,

-1

[z,y ", 2] = [a7 'yay~

and therefore [z,y~! ylzz7te~t yxy~lzy = a - b. From i) we

have, similarly,

A = a

[y, 27z =b e [z, 2

i1) For x € H, y € K and z € L we have, by assumption,
[x,y7 ', 2]Y €N, [y,27 ", 2]* € N.

Then, by i), is also [z,271,y]® € N and therefore [z,27!,y] € N for all z €
L,z € Hyy€ K, and so also [L,H, K] C N.

1i1) follows by calculation. &

The linear transformations of a vector space that stabilize the series of
subspaces given in Fz. 5.3, 2 form a nilpotent group. The next theorem shows
that in the fact of stabilizing a series of subgroups lies the true reason for nilpo-
tence. We prove the theorem in the case of an invariant series of subgroups,
but by a result of Hall it also holds without the hypothesis of normality on the
subgroups® (in this case, however, the upper bound for the nilpotence class is

far worse: if the series has n + 1 terms, one obtains a nilpotent group of class
at most (3)).

Theorem 5.10. Let G = Gy 2 G1 2 ... 2 G,, = {1} be an invariant series*
of G having n + 1 terms, and let A be the group of automorphisms of G that
stabilize the series, that is,

G =G, 2% e Gy, x€G, (5.6)
forae Aandi=0,1,...,n—1. Then A is nilpotent of class less than n.
Proof. Consider the subgroups A; of A defined as follows:

Aj={ac A|x 2™ € Giyy, if ©€G}).

Therefore A; consists of the elements of A acting trivially on the quotients
Gi/GH_j, 1= O, 1, o, n 7‘7‘. Clearly,

A=A DA, D...0A,={1}. (5.7)
Let us prove that (5.7) is a central series, i.e.
[Aj, Al C Ajia, (5.8)

3 M. Kargapolov, Iou. Merzliakov, Theorem 16.3.2.
* Definition 2.19.
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for all j. Consider the semidirect product G of G by A. Then an element of the
form x712% is a commutator of G, and the second condition of (5.6) means
that [G;, A] € Gi4+1. Then (5.8) is equivalent to

[[4;,4],Gi] € Gitjsa, (5.9)

because, by definition, A;;; consists of all elements « such that [G;,a] C
Gi+j+1- But
[[A,Gil, Aj] €[4, Giva] € Gigjsa,

and
[[A4;,Gi], A C [Giyj, Al € Gigjrr,

and being G;yj+1 < G, by Lemma 5.2, i), we have (5.9). Since (5.7) is of
length at most n the result follows. &

Lemma 5.3. If H, K and L are normal in a group G, then [HK, L] = [H, L]
(K, L] and [H,KL) = [H, K|[H, L.

Proof. For x € H, y € K and z € L we have [zy,2] = [x,2]Y[y,2] =
[2Y, 2¥]]y, 2] (Lemma 5.2, ii4). H and L being normal, [z¥, 2¥] € [H, L], from
which [HK, L] C [H,L][K, L]. The other inclusion is obtained by observing
that [H, L], [K, L] C [HK, L]. Similarly for the second equality. &

Theorem 5.11 (Fitting). The product of two normal nilpotent subgroups H
and K of a group G, of class c1 and ca, respectively, is a mormal nilpotent
subgroup of class at most ¢1 + c3.

Proof. We may assume G = HK. We have
I.(G)=[HK,HK,...,HK].

Repeated application of Lemma 5.3 yields I5,(G) as a product of 2" terms
each of which has the form A = [A;, As, ..., A,], where the A; are equal to
either H or K. H and K are normal in G, and I';(H) is characteristic in H and
therefore normal in G, from which [I(H), K| C H; similarly for K. It follows
that if in A there are [ of the A; that are equal to H, then A C I(H); simi-
larly A C I, ;(K), from which A C I(H) N I, (K). With n = ¢; 4+ ca + 1,
we have either [ > ¢; +1orn—12>co+ 1. In any case A = {1}. &

Let us prove directly that under the hypothesis of the previous theorem the
center of G is nontrivial. If HNK = {1}, then H and K commute elementwise.
So {1} # Z(H) centralizes K, and since it also centralizes H, it centralizes G.
Hence Z(G) contains Z(H) that is different from {1}. Thus assume H N K #
{1}. HN K is a nontrivial normal subgroup of H, so it meets the center of H
non trivially (Theorem 5.5): Z(H)NHNK # {1}. It follows, Z(H)NK # {1},
and since Z(H) < G (it is characteristic in H < G), we have that Z(H) N K
is normal in G, and in particular in K. Hence Z(K) N Z(H) N K # {1}, so
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Z(K)NZ(H) # {1}. The elements of this intersection centralize H and K,and
therefore G. It follows that Z(G) # {1}.

In the finite case it is possible to deduce from this proof that G is nilpotent.
Indeed, set Z = Z(G); then G/Z is the product of the normal nilpotent sub-
groups HZ/Z and KZ/Z. But |G/Z| < |G|, so by induction G/Z is nilpotent,
and so also is G (Theorem 5.9, 7)).

The next theorem characterizes in various ways the nilpotent finite groups.

Theorem 5.12. The following properties of a finite group G are equivalent:
1) G is nilpotent;

i) if H<G then H < Ng(H);

1i1)  mazximal subgroups are normal;

w) G C®(G);

v)  Sylow p-subgroups are normal;

vi) G is the direct product of its Sylow subgroups;

vii) G is the product of normal p-subgroups, for various p.

Proof. The implications ) = ii) = 4ii) = iv) are those of Theorem 5.4 and
its Corollaries 5.14 and 5.15;

iv) = v) (Wielandt) SG’ < G, so by the Frattini argument it follows
G = SG'N¢g(S) = (S5,G',Ng(9)) = (G',Ng(S)) = Ng(S), where the last
equality follows from the assumption G’ C ®(G);

v) = vi) Theorem 5.7;

vi) = vii) obvious;

vii) = ) Theorem 5.6 and Theorem 5.11. O

Definition 5.4. The maximal nilpotent normal subgroup of a group G is
called the Fitting subgroup of G. If G is finite such a subgroup always exists,
and is the product of all normal nilpotent subgroups of G. It is denoted F(G).
(It is not excluded that F(G) = {1}, as is the case of a simple group.)

In the finite case, the Fitting subgroup has the following characterization
(recall that O, (@) is the maximal normal p-subgroup of G®).

Theorem 5.13. Let G be a finite group, and let p;, i = 1,2,...,t, be the
prime divisors of the order of G. Then:

F(G) =0y, X Op, X -+ X Op,.

Proof. Since O, C F(G) for all p we have one inclusion. As to the other, ob-
serve that F(G) being nilpotent, it has a normal Sylow p-subgroup, which as
such is contained in all the Sylow p-subgroups of G, and so in O,. But F(G)
is the product of its Sylow p-subgroups, and the inclusion follows. &

5 See ex. 31 of Chapter 3.
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Theorem 5.14. Let G be a finite group, and let F = F(G), ® = ®(G),Z =
Z(G). Then:

i) ®CF,ZCF;

i) F/®=F(G/®);

i) F/Z =F(G/Z).

Proof. i) is obvious. As for i7) we have, for one thing, F/® C F(G/®) because
F/® is the image of the nilpotent normal subgroup F under the canonical ho-
momorphism. As to the other inclusion, observe that if H/® is the Fitting
subgroup of G/®, and P is a Sylow p-subgroup of H, then P®/® is Sylow
in H/®, and therefore characteristic, by the nilpotence of H/®; hence it is
normal in G/®. It follows P® < G. Now apply the Frattini argument as in
Theorem 5.8. ii4) is proved similarly. &

Theorem 5.15. The Fitting subgroup of a finite group G centralizes all the
minimal normal subgroups of G.

Proof. Let N be minimal normal in G, and let H be normal and nilpotent.
If NnH = {1}, then N and H commute elementwise, so H centralizes N.
If NN H # {1}, then N C H by the minimality of N. H being nilpotent,
NNZ(H) # {1}. But Z(H) characteristic in H and H <G imply Z(H) <G,
and always because of the minimality of N, N C Z(H); hence H centralizes
N in this case too. &

Corollary 5.4. Let H/K be a chief factor of a group G. Then F(G/K) C
Cq/x(H/K).

An element gK centralizes the quotient H/K if [h,g] € K for all h € H.

Definition 5.5. If K C H are two normal subgroups of a group G, the cen-
tralizer in G of the factor H/K is the subgroup

Co(H/K)={g€e G |[hg) € K, Vh e H}.

Hence, by definition, Cq/x(H/K) = Cq(H/K)/K; the quotient H/K be-
ing normal in G/K its centralizer C/ i (H/K) is also normal. The inclusion
of Corollary 5.4 may therefore be written as F(G/K) C Cq(H/K). FK/K
is normal in G/K and nilpotent, so is contained in F(G/K), and therefore
F(G) C C¢(H/K). Summing up:

Corollary 5.5. The Fitting subgroup of a finite group G centralizes all min-
imal normal subgroups of a quotient of G. In particular, it centralizes every

chief factor of G.

Chief series and nilpotent normal subgroups are related by the following
theorem.
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Theorem 5.16. Let {G;} be a chief series of a finite group G, i =1,2,...,n.
Then:

F(GQ) = ”r_ﬁ; Ca(Gs/Girr).

Proof. Set L = ﬂ?z_ol C:(Gi/Git1). By Corollary 5.5 we have the inclusion
F(G) C L. As to the other inclusion, let us prove that L is normal and nilpo-
tent. Obviously, it is normal. Let us consider the series {L;},7 =0,1,...,n—1,
where L; = L N G;, and let us prove that it is a central series of L. By defini-
tion of Cg(G;/Git1), we have [G;, C5(Gi/Git1)] C Giy1, and since L; C Gy,
it follows:

[Li, L] C [Gi,Ca(Gi/Git1)] C Giya,

which, together with [L;, L] C L, yields the inclusion [L;, L] C L;1, showing
that the series of the L; is central. Hence, L is a nilpotent normal subgroup

of G, so L CF(G). ¢
We now consider a few properties of nilpotent groups in the general case.
Theorem 5.17. A f.g. periodic nilpotent group G is finite.

Proof. By induction on the nilpotence class ¢ of the group. If ¢ = 1, then
G is abelian, f.g. and periodic, and therefore finite. Let ¢>1. G/Z._; is f.g.,
periodic and abelian, and therefore finite; Z._1 being of finite index is f.g.,
and being periodic and of class ¢ — 1 by induction is finite, and so is G.

Theorem 5.18. A f.g. nilpotent group with finite center is finite.

Proof. Fix g € G and consider the mapping from Zs to the center of G given
by & — [z, g]. This mapping is a homomorphism:

[zy, g] = [z, 9)"ly, 9] = [z, 9]ly, 9],

because [z,y] € Z and therefore [x,g]Y = [x,g]. If G = (91,92, ..., 9n), there
are n homomorphisms Z — Z given by x — [, g;], with kernels Zo N Cg(g;),
each of which has finite index (the images are contained in the center, which
is finite). Their intersection is Zs (=, Cc(gi)) = Z2eNZ = Z, so Z has
finite index in Zs, and therefore Zs is finite. Now Z(G/Z) = Z3/Z, which is
finite, and G/Z has class ¢ — 1 and is f.g. By induction on ¢, G/Z is finite and
so also is G (if ¢ =1, then G = Z, and there is nothing to prove). O

Let now G be a group generated by a set X. The group G/G' = I'} /I, is
generated by the images x5, x € X, and since I is generated by the commu-
tators [x,y], x,y € G, the quotient group I»/I5 is generated by the images
of these commutators. Let us show that the commutators between elements
of X suffice, i.e. that

Iy = [z, 5], I35 2,75 € X). (5.10)
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Indeed,
[z,y] = [x:9, k], zi,z; € X, g,h € I,

which, by the first equality of Lemma 5.2, 7i7), and setting x = z;,y = g,2 =
x;h, equals
[l'i, x]h} Hxl) ijh], g] [ga xjh}’

where the last two terms belong to 3. As to the first term we have, by the
second equality of Lemma 5.2, i),

[z, zjh] = [z, h][zi, 25][[24, 25], h],

where the first and third term belong to . It follows [z,y] € ([x;, z;], I3)
and (5.10). In general, let us prove by induction that

Fi:<[x1,x2,...,xi], LE}CGX, Fi+1>, (5.11)

(recall that[zy, za, ..., x;] means [[...[x1,x2], x3],. .., x;]), which we call a com-
mutator of weight i. Assume (5.11) holds. Now

Fi—i—l - <[:an]) :L'€Fi,y€G>,

and by (5.11) & = tyty - - - ts, where the ¢, are commutators of weight 4 in the
generators in X and s € [;41. It follows

[z,y] = [tata - - trs,y) = [tite -t yl[tata - - - tr,y, s][s, v,

with the last two terms in I 9. If we now write y in terms of the generators
in X we have:

[t1t2 cootg, T T - 'iﬂm] =
[tata - i, Tm|[tite - - th, 1T - Tt ][ttty T1T2 - - - T 1, T

where the last term of the right hand side is in I;42. As to the first term
observe that

[tite - tr, Tm) = [t Tm][t1, Temy b2 - te][t2 - - - thy T,
= [t1,Tm][t2 " tky Tpm] mod [iya,

and similarly for the second. Proceeding in this way we obtain:
Liy1 = ([w1,72,. .., 2, Tiq1], 2k € X, Tita),
and the following result:

Theorem 5.19. If a group is generated by a set X, then the i-th term of the
lower central series I is generated by the commutators of weight i in the
elements of X and by the elements of I';41.
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Corollary 5.6. If a group is f.g., the quotients of the lower central series are
also f.g.

Corollary 5.7. A f.g. nilpotent group admits a central series with cyclic quo-
tients.

Proof. The quotients of the lower central series are f.g. and abelian, and as
such are direct product of cyclic group. For i =1,2,..., ¢, let:

i)l = Ar/Tip1 X Az /Tipq X oo X Ap /T4

with the Ay /I 1 cyclic. Then, setting Gi/Liy1 = Ak/Lip1 X -+ X Ap /T 41,
we have (Theorem 2.30, i7)):

Gr/Grr1 = (Ax/Tigr X -+ X A/ Tig1) [(Apgr [ Tipa X -+ X Ap /T541)
~ Ay /Lit1,

a cyclic group. Hence the quotients of the series [, =Gy D G2 D ... D G, =
A, D Iy are cyclic. &

By virtue of the last corollary, we have that a f.g. nilpotent group is built
up by finitely many successive extensions of cyclic groups; we call cyclic an
extensions H of a group K with H/K cyclic. We have the following theorem:

Theorem 5.20. A cyclic extension of a f.g. and residually finite group G is
residually finite.

Proof. Let G = {a, H), with H <G residually finite, and let 1 £ g € G. If g &
H, G/H being cyclic, and therefore residually finite, there exists L/H <G /H
such that (G/H)/(L/H) is finite and gH ¢ L/H; then g ¢ L, with G/L
finite. Therefore we may assume g € H. Let ¢ ¢ K < H and H/K finite.
H being f.g., there exists a characteristic subgroup of H, still denoted K, of
finite index in H (Theorem 3.5, ii)) not containing ¢ (there are only a finite
number of subgroups of a given finite index (Theorem 3.5, ¢))). Moreover, K
characteristic in H and H < G imply K < G. If G/H is finite, G/K is also
finite, and g ¢ K. Thus we assume G/H = (aH) infinite, so that (a H) = (a)H
with (a) N H = {1}. By the N/C theorem, since H/K is normal in G/K and
finite, the centralizer Cq/x(H/K) has finite index in G/K. It follows that
a power of aK centralizes H/K, (aK)™ € Cq/x(H/K), m # 0, and this
(aK)™ has infinite order because if a™* € K, then o™ € H, whereas (aH) is
infinite cyclic. It follows gK ¢ (a™K) (¢9K belongs to the finite group H/K).
Now a™ K commutes with all the elements hK, and obviously with ek, and
therefore with all the elements of G/K; in particular (¢ K) << G/K. The
quotient (G/K)/({a™K)/K) is finite, and the image of ¢ in this group is not
the identity. &

Definition 5.6. A group is polycyclic if it admits a normal series with cyclic
quotients.
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Theorem 5.21. A polycyclic group is f.g., and so are its subgroup.

Proof. Let G=Gy DG D...DG; D ... DG, ={1} be anormal series of G
with cyclic quotients. We have G/G1 = (£G;) for a certain € G, and there-
fore G = (x,G1). By induction on n, G; is f.g., and therefore G is. Similarly,
all the other G; of the series are f.g. If H < G, then HG,/G1 ~ H/(H N Gy),
and therefore H/(H N G1) is cyclic because is isomorphic to a subgroup of
the cyclic group G/G1. Then H = (z, H N G;), for some z. But by induction
H NG, is f.g. because is a subgroup of G; which is f.g. and polycyclic, with a
normal series with cyclic quotients of length n — 1. It follows that H is f.g.

As in the abelian case we have (cf. Theorem 4.2):
Corollary 5.8. In a f.g. nilpotent group every subgroup is f.g.

Corollary 5.9. A f.g. nilpotent group is residually finite, and therefore hop-
fian.

Proof. By Theorem 5.20 a polycyclic group is residually finite, and since by
Corollary 5.7 a f.g. nilpotent group is polycyclic, by Theorem 4.39 we have
the result. &

Corollary 5.10. For a f.g. nilpotent group, and more generally for polycyclic
groups, the word problem is solvable.

Proof. Recall that if N < G and G/N are finitely presented, then so also is
G (Chapter 4, ez. 46). Since a polycyclic group is obtained by a sequence of
extensions of finitely presented groups by means of cyclic groups, a polycyclic
group is finitely presented; it being residually finite by Corollary 5.9, the result
follows from Theorem 4.38. O

Lemma 5.4. If G is nilpotent of class ¢ > 2 and x € G, then H = (x,G’) is
of class at most ¢ — 1.

Proof. Let us show that H = Z._1(H). Wehave G' C Z._1(G)NH C Z._(H),
so H/Z._1(H) ~ (H/G')/(Z.-1(H)/G") is a cyclic group, being a quotient of
the cyclic group H/G'. But

H/Ze(H) =~ (H/Ze—2(H))/((Ze-1(H) /(Ze—2(H)),

and therefore H/Z._o(H) is abelian (the quotient w.r.t. the center is cyclic).
Hence, the quotient appearing on the right hand side of the previous expres-
sion is the identity, so that H = Z._1(H).

(Note that this lemma holds not only for G’ but also for every normal
subgroup of G contained in Z._1.) &
Theorem 5.22. In a torsion-free nilpotent group we have:

1) an element x # 1 cannot be conjugate to its inverse;
it) if a™ =y"™ then x =y;
iii) if a"yk = yFa" then xy = yx.
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Proof. i) Let us show that if x ~ 271, either x = 1, or else the order of x is

power of 2. By induction on the nilpotence class c. If ¢ = 1, then G is abelian,

and 2 ~ 27! means z = 27!, i.e. 22 = 1. Let ¢ > 1. If = belongs to the

center Z we still have 22 = 1; if x € Z, then £Z ~ 2~ 'Z and by induction

(xZ)2k = Z, ie. 22" € Z. But since #2° ~ 272", we have 22" = 22" and
2k+1 _ 1

1) By Lemma 5.4, the subgroup H = (x, G’) is nilpotent of class at most
c—1. Now, 27! -y~lay € G', and therefore z - 2~ ! -y lay = y~lay € H, so
(y~tay)™ = 2™ since (y~lay)" =y ta"y = y~ly"y = y" = 2". By induction
on ¢ we have y~lzy = z, i.e. z and y commute; from 2™ = y" then follows
(xy~H)™ = 1, and torsion-freeness implies xy~! = 1 and = = y.

iii) We have y~*2"yF = 2l i.e. (y Fzy*)h = 2. By ii), it follows y " *ayr =
z, from which 27 yFz = ¢* ie. (x7lyz)* = y*, and again by ii) 27 lyzr =y,
ie. xy = yz. ¢

Remark 5.1. The properties of Theorem 5.22 are shared by free groups.

Theorem 5.23. In a torsion-free nilpotent group G the quotients of the upper
central series are torsion-free.

Proof. Consider Z3/Z;, and let (zZ;)" = Z; for some x € Z,. Then 2" € Z;
and therefore zy = ya", all y € G. By iii) of Theorem 5.22, zy = yz, all
y € G, ie. x € Z;. Similarly, if € Z3 and 2" € Z, then, by definition,
[x,y] € Zo and [2",y] € Zy, all y € G, ie. 27y lahy = o= (yLay)" € Z;.
But then 2" and (y~'2y)" commute, so 2! and y~'zy also commute. Hence
My tay)h = [z,y]" = (a7 y " tay)h € Z1, and being [z,y] € Zs, by the
previous case we have [x,y] € Z and & € Z. This holds in general: if Z;/Z; 4
is torsion-free Z;,1/Z; is also torsion-free. We must show that if z € Z;,q,
ie. [z,y] € Z;, ally € G, and 2" € Z;, i.e. [z, y] € Z;_1, then 2 € Z;, i.e.
[z,y] € Z;—1. The quotient Z;/Z;_; being torsion-free, it suffices to show that
[z,9]" € Z;_1, i.e.:
€ Zig, 2"yl € Zioy = [ah oyl € Ziy.

Since 2 € Z;, we have y 'z ™"y = (y "tz ly)* € Z; and also (y 'z~ ly) 2" €
Z;, and since Z;/Z;_1 is the center of G/Z;_1, the two cosets (y 'z~ 1y)"Z;,_,
and 2" Z;_, commute. But Z;|Z;_ is torsion-free, so y o~ lyZ; 1 and xZ;_,
also commute; it follows:

(y ety Z, = (y e )" 2 = [y, 2" Ziy.

But y~lzhyxh = [y, 2"] = [2",y]7! € Z;_1, and so also [y,z]" € Z;_; and
[z,y]" € Zi—1. ¢

Theorem 5.23 is not true in general for the quotients of the lower central
series I5/I;41, as the following example shows.
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Example 5.4. The Heisenberg group H (FEz. 4.3) is torsion free, and is nilpo-
tent of class 2 because the factor group w.r.t. the center is abelian. Consider
in H the subgroup of the triples having in the first position a multiple of a
fixed integer n:

G =1, ={(kn,b,c), k,b,c € Z}.

For the commutator of two elements of G we have:
[(kn,b,c), (K'n,b',c)] = (0,0, (kb' — k'b)n),
and on the other hand (0,0,n) = [(2n,1,¢), (n,1,)]. It follows:
Iy =G ={(0,0,tn), t € Z}.

The element (0,0, 1) of G is such that (0,0,1)™ = (0,0,n) € I's, and therefore
in Iy /T the coset to which (0,0, 1) belongs has finite period.

We close this section with one more application of Lemma 5.4, which shows
a property of nilpotent groups shared by abelian groups.

Theorem 5.24. The elements of finite period of a nilpotent group G form a
subgroup.

Proof. By induction on the nilpotence class ¢ of the group G. If c=1, the
group is abelian. Let ¢> 1 and let x and y be two elements of finite period.
We must show that zy also has finite period. Let H = (x,G’); by Lemma 5.4,
H is of class less than ¢, so by induction its elements of finite period form a
subgroup t(H). This is characteristic in H, which is normal in G (it contains
G') and therefore is normal in G. Similarly, if K = (y,G’), then t(K) < G.
Let m = o(x); then:

(xy)™ =ayzy--ay=x-zy*ay=...=z"y" y* cyTy
— :L,/"Ly/ — y/’
with y' € t(K). If o(y’) = n then (xy)™" = 1, as required. &

Exercises

1. The subgroups Z; and [I; are characteristic in any group.

2. A group of order p" admits a central series of length n + 1 in which all the
quotients have order p. [Hint: with H central of order p, the group G/H admits by
induction a central series of length n.]

3. The direct product of a finite number of nilpotent groups is nilpotent.

4. 1) Prove by induction on m, that for p prime, (1 + p)”mi1 = 1 mod p™; [Hint:
for 0 < i < p, (’;) is divisible by p.]
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i) prove that in the cyclic group (a) of order p™ the mapping b : @ — a**? is an
automorphism of order p™~1;
i4t) prove that the semidirect product of (a) by (b) of i%) is a nilpotent p-group of
m—1

class n. [Hint: prove that G D (a?) D (apz) D...D{a” ) D {1} is a central series
of G.] Hence, for each n, we have a nilpotent group of class n, and in fact a p-group.

5. Let p be a prime, and let G = P; X P> X - -+ X P, X - - - be an infinite direct product
of p-groups P, of class n, n =1,2,.... Prove that:

i) G is not nilpotent; (Hence an infinite p-group is not necessarily nilpotent; more-
over, ez. 3 is not true for an infinite number of groups.)

#) the union of a chain of normal nilpotent subgroups is normal but not necessarily
nilpotent;

731) G has no maximal normal nilpotent subgroups.

6. If G is nilpotent, and H < G, then HG' < G. [Hint: let HZ;41 = G and HZ; <
G; then HZ; < HZ,;,, with abelian quotient, so that G’ C HZ; < G

7. If ¢ € Z5, then x commutes with all its conjugates.
8. In a finite p-group of order p™ and class n — 1 we have Z; C I,—;.

9. In a finite nilpotent group, a normal subgroup of order p™, p a prime, is contained
in the m-th term of the upper central series. [Hint: Theorem 5.5.]

10. A finite group is nilpotent if and only if any two elements of coprime order
commute. [Hint: the centralizer of a p-Sylow contains all the ¢g-Sylows, q # p.]

11. A dihedral group D, is nilpotent if and only if n is a power of 2.

12. If G is a nonabelian nilpotent group, and A is a maximal abelian normal sub-
group, then Cg(A) = A.

13. G/F(G) nilpotent does not imply G nilpotent.

14. Let G be a finite nilpotent subgroup (not cyclic). Then:
i)  there exist in G two subgroups of the same order that are not conjugate;
#4) G cannot be generated by conjugate elements.

15. Let M be a nilpotent maximal subgroup of a finite group G. Prove that either
M is of order coprime to its index, or for some p a p-Sylow of M is normal in G.

16. Let H be a maximal nilpotent subgroup of a finite group G. Prove that
N¢(Ng(H)) = Ng(H).

17. Let G be a finite group, N < G, and H minimal among the subgroups whose
product with N is G. Prove that:

i) NNHC®H);

i) if G/N is nilpotent (cyclic), then H is nilpotent (cyclic).

18. Let C be a class of finite groups such that:

i) if G/®(G) € C then G € C;
1) if G €C and N <G then G/N €C.
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Prove that if N <G and G/N € C, then there exists H < G with H € C such that
G = NH. [Hint: let H be minimal such that G = N H; prove that NN H C ®(H).|
(Examples of classes with the given properties are the class of nilpotent groups and
that of cyclic groups.)

19. Let A, B,C be three subgroups of a group G such that A C C C AB. Prove
that C = ABNC = A(BNC) (Dedekind’s identity). [Hint: consider ¢ = ab.]

20. i) Let N 9 G. Prove that ®(N) C ®(G). [Hint: use Dedekind’s identity.]

#3)  Give an example to show that that in 4) the normality assumption is neces-
sary. [Hint: let G be the semidirect product of Cs = (a) by Cs = (b), where
b~tab = a®)

#4) If N <G and G/N’ are nilpotent, then G is nilpotent. [Hint: use ).]

21. A finite group such that for each prime p there exists a composition series a
term of which is a p-Sylow is nilpotent.

22. Let G be a finite nonabelian group with non trivial center and such that every
proper quotient is abelian. Prove that G is a p-group.

23. Let H < G, and let A be the group of automorphisms of G such that z 'z € H
for all x € G and h* = h for all h € H (this is the case n = 2 of Theorem 5.10 with
G1 not necessarily normal). Prove that A is abelian.

24. The following are equivalent:
i) [la,b],b] =1, for all a,b € G;
#i) two conjugate elements commute.

25. If H is a subnormal subgroup of a group G (Definition 2.16) and N a minimal
normal subgroup of G, then N normalizes H. [Hint: let H<<H1 <H2<---<<Hp, <Gj
by induction on n. If n =1, H <G, if n >1and NN H, = {1}, N C Cg(H,) C
Cg(H) C Ng(H). If N C H,, take N1 << N minimal normal in H, and consider the
conjugates NY, g € G.]

26. A finite group is nilpotent if and only if it contains a normal subgroup for each
divisor of the order.

27. Prove that in a finite group G there always exists a nilpotent subgroup K such
that G = (K9, g € G).

28. i) Prove that a group is residually nilpotent if and only if (), , i = {1};
#i) prove that the infinite dihedral group (Ez. 2.10, 3) is residually nilpotent. On
the other hand, this group admits nonnilpotent images.

5.2 p-Nilpotent Groups

Theorem 5.25 (Burnside’s basis theorem). Let P be a finite p-group,

and let ® = ®(P). Then:

i) P/® is elementary abelian, and therefore a vector space over Fp;

11)  the minimal systems of generators of P all have the same cardinality d,
where p? = |P/®];

1it) an element x of P, not belonging to ®, is part of a minimal system of

generators of P.
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Proof. i) The quotient P/® is abelian because P’ C ®. Moreover, if M is
maximal then P/M has order p and therefore (Mz)? = M, i.e. 2P € M, for
all M. Hence 2P € @, so all the elements of P/® have order p. (This could also
be seen by observing that P/® = P/NM; < P/My x P/My x --- x P/M}, =
Z1 X Zy X -+ X Zy, where the M; are all the maximal subgroups of P.)

i1) By i), P/® is elementary abelian, so is generated by d elements, and not
less. Hence P cannot be generated by less than d elements either, otherwise
this would also be true for P/®.

i1i) If © ¢ ®, then ®x is a nonzero vector of P/®, so is part of a basis of
this vector space: P/® = (®xy, ®xo, ..., Pry), where 21 = x. It follows P =
(P, x1,T2,...,4) = (T1,T2,...,Tq)- O

In general, P/® is distinct from the product of the P/M; (think of the
Klein group). Moreover, if the group is not a p-group the theorem is no longer
true. The group Cs = (a) admits, besides {a}, of cardinality 1, the minimal
generating system {a?, a3}, of cardinality 2.

Lemma 5.5. Let x1,x9,...,T, be a generating system of a group G, and let
ai,as,...,ay, be elements of ® = ®(G). Then a1x1, a2, . .., GnTy 1S also a
generating system of G.

Proof. From G/® = (®x1, Pxs, ..., Px,,), and Px; = Pa,z; it follows
G/® = (Payx1, Pasws, ..., Papmxy,),
so G = (P, a121,a2%2, ..., 0pTy) = (A121, 02T, . . . , Ay T ). O

Theorem 5.26. Let o be an automorphism of a finite group G inducing the
identity on G/®, where ® = ®(G) (i.e. 27 2% € ® for all x € G). Then the
order of o divides |®|%, where d is the cardinality of a generating system of
the group G.

Proof. Let G = (x1,x9,...,24). By the previous lemma, the components
of the ordered d-tuples (aiz1,a222,...,a424), a; € P, also generate G. As
the a; vary in all possible ways in ® we have a set 2 of |®|¢ d-tuples.
Now the group (o) acts on this set according to (aix1,asxs,...,a42q)° =
((a121)7, (a2x2)?, ..., (aqgrq)?); this is actually an action on 2 because by
assumption zfz; ' € ®, and therefore ¢ = alz;, with a] € ®, (a;2;)7 =
afxf = afaix; = a}x;, where o € ®. If an element (o) fixes a d-tuple, then
it fixes all its components, and so all the elements of a generating system, and
therefore is the identity. Thus the stabilizer of an element of 2 is the identity,
i.e. (o) is semiregular on (2, so its orbits all have the same cardinality o(o);
hence |£2| is a multiple of o(0). O

Corollary 5.11. If an automorphism o of a finite p-group P induces the iden-
tity on P/®(P), then o(o) is a power of p.
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The latter corollary applies in particular when the p-group is a Sylow p-
subgroup S of a finite group G. If g € Ng(S), then g induces by conjugation
an automorphism o of S whose order divides o(g). o is also an automorphism
of S/®(S), and if it is trivial its order is a power of p. If g is a p’-element,
then p 1 o(o). The only possibility is o(c) = 1, and since g acts by conjugation
this means that g centralizes S. Let us see a few examples of this situation.

We recall that an element g of finite order of a group is a product g =
Z1Z2 - - Ty, Where the x; are commuting p;-elements, p; # p; if ¢ # j,

Theorem 5.27. Let S be a Sylow p-subgroup of a finite group G, and let
SNG C ®(S). Then Ng(S) =S - Cq(9).

Proof. Let g € Ng(S), and let ¢ = zy where z is a p-element and y a p'-
element. Let o be the automorphism of S induced by conjugation by y. For
all z € S we have

2710 =2 =y = 2,y € SN G
Then by assumption 27127 € ®(S), and therefore the automorphism o in-

duced by y on S is the identity. In other words, y centralizes S and so g = zy
with z € S and y € Cg(S). O

Definition 5.7. Let .S be a Sylow p-subgroup of a group G. A subgroup K
of G such that SN K = {1} and G = SK is called a p-complement. If G has
a normal p-complement then G is p-nilpotent.

A normal p-complement is unique. Indeed, it contains all the Sylow g¢-
subgroups with g # p, and therefore it consists of the elements of G of order
coprime to p.

If a Sylow p-subgroup S is abelian, and SN G’ C ®(S), the previous theo-
rem implies N¢(5) = Cg(S). As we shall see in Theorem 5.30, this condition
implies the existence of a normal p-complement K. This subgroup K will be
determined as the kernel of a homomorphism called the transfer, that we now
define.

Let H be a subgroup of finite index n of a group G, and let z1,xo,..., 2,
be representatives of the right cosets of H. If g € G, then x;9 € Hz; for some
J, and the mapping x; — z; thus obtained is a permutation o = o, of the x;:

Tig = hiTo(s), (5.12)

where h; € H. In this equality, not only the x,(; but also the h; are uniquely
determined by ¢ and z;.

Theorem 5.28. Let H be abelian. The mapping V : G — H given by g —
[T, hi, where the h; are determined by g as in (5.12), is a homomorphism.
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Proof. Let g, g’ € G, and let x; be as above and ;9" = hjz.;). If 239 = hiz, (),
then

299" = (2i9)g" = hite(iyg = hill, (;)Tr0(i)
so that

Vigg) = [T nitlyy =17 - T 7 = V@)V (9,
=1 i=1 =1

where the second equality follows from the fact that o being a permutation,
the set of the h;(i) coincides, as ¢ varies, with the set of the h}. &

Definition 5.8. The homomorphism V : G — H of Theorem 5.28 is called
the transfer® of G in H.

Remark 5.2. The transfer does not depend on the choice of the representatives x;
of the right cosets of H in G (cf. ez. 30).

Now let ;g = hiZ,(;), and let (i1,i2,...,4,—1,i,) be a cycle of 0. Then
T g = hiy Ty, k=1,2,...,r (indices mod r), and the contribution of these
h;, to the product [ h; is hi hiy - - - hi,_, by, , that is,

-1 -1 -1 _ . oor,—1
Ty T Tin§Ty, T, GT; 0 = Ty G T

If o has t cycles, each of length r;, let us choose for each cycle an element z;
such that

t
V(g) =[] wig =", (5.13)
=1

where >'_ 7, = n = [G : H]. Note that r; is the least integer such that
zigtix;t € H.

Let us now see two applications of the transfer. The first one is Schur’s
theorem, that we have already proved in a different way (Theorem 2.38); the
second is a theorem of Burnside (Theorem 5.30).

Theorem 5.29 (Schur). If the center of a group G is of finite index, then
the derived group G’ is finite.

Proof. G' is finitely generate (by a set of representatives of the cosets of the
center). Now, setting Z = Z(G), we have G’ /(G'N Z) ~ G'Z/Z < G/Z and
therefore G’ /G’ N Z has finite index in G’, and as such is finitely generated.
It will be enough to show that it is torsion because, being abelian, it will be
finite. Consider the transfer of G in Z. If g € G’ N Z, then a:ig”x;l = g" and
(5.13) becomes

t
Vig)=][[g" =9>" =g
i=1

5V is the initial of Verlagerung, the German term for transfer.
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where n = [G : Z]. The image of V being abelian, we have G’ C ker(V), and
g" =1since g € G'. &

Lemma 5.6 (Burnside). ” Two elements of the center of a Sylow p-subgroup
S of a group G that are conjugate in G are conjugate in the normalizer of S.

Proof. Let z,y € Z(S), and let y = 29. Then y belongs to the center of S and
59, so these two subgroups are Sylow in the centralizer Cg(y) of y and there-
fore S = (59)", h € Cg(y). Then gh € Ng(9), and 29" = (29)" =y =y, as
required. &

Theorem 5.30 (Burnside). Let G be a finite group, S a Sylow p-subgroup
of G, and let Ng(S) = Cg(S) (i.e. S is contained in the center of its own
normalizer). Then G has a normal p-complement.

Proof. S is abelian, since S C Ng(S) = Cg(S) and therefore is contained in
its centralizer. The subgroup K we look for will be the kernel of the transfer V'
of G in S. Consider (5.13) with 1 # g € S. The elements g and z;g" z; ' are
elements of S that are conjugate in GG, and since S coincides with its center,
by Lemma 5.6 they are conjugate in the normalizer of S: yg"iy~! = :cig”aci_l,
with y € Ng(S5). But being Ng(S) = Cg(S5), y commutes with g™, and
therefore g"* = x;g"2; '. Then (5.13) becomes:

t t
i ) t .
V(g) = I | a?,‘g“a;i I = I |gr1 — gZ,v,zl i gn.
=1 i=1

However g is a p-element, and n = [G : S] being coprime to p we have
V(g) # 1; thus ker(V) NS = {1}. Let K = ker(V); then V(S) = SK/K ~
S/SNK ~ S, and V(S) = S. A fortiori, V(G) = S so G/K ~ S. It follows
G = SK with SN K = {1}, as required. O

Let us now consider a few examples of application of Theorem 5.30.

Theorem 5.31. %) Let G be a finite group, and let p be the smallest prime
divisor of the order of G. Assume that a Sylow p-subgroup S is cyclic. Then
G has a normal p-complement.

i1) Let S be a cyclic Sylow p-subgroup of a group G. Then either SNG' = S
or SNG' = {1}.

Proof. i) Let us show that N = Ng(S) and C = Cg(S) coincide. We know
that [N/C| < |Aut(S)]. If |S| = p", |[Aut(S)] = ¢(p") = p"'(p - 1). S
being abelian, S C C, so p™ divides C. Hence |N/C| is coprime to p, and
therefore divides p— 1. The prime p being the smallest divisor of |G| it follows
IN/C|=1and N =C.

7 Cf. Lemma 3.8.
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i) If S € G’, SN G’ is a proper subgroup of S and therefore is contained
in a maximal subgroup of S. Being a cyclic p-group S has a unique maxi-
mal subgroup, which therefore coincides with the Frattini subgroup. Hence
SNG C #(S). By Theorem 5.27, Ng(S) = S-Cg(S), and being S C Cg(9)
because S is abelian, Ng(S) = C¢(S). By Burnside’s theorem, G has a nor-
mal p-complement: G = SK, K IG, SN K = {1}. Since G/K ~ S is cyclic,
we have G’ C K, and SNG’' = {1}. O

SNG' is the focal subgroup of S in G. The quotient S/(SNG") is isomorphic
to the largest abelian p-factor group of G (cf. ex. 40).

Theorem 5.32. If G is a finite simple group, then either 12 divides |G|, or
p3 divides |G|, where p is the smallest prime divisor of |G|.

Proof. Let p be the smallest prime divisor of |G| and let |S| = p or p?. S is
abelian. If it is cyclic, by the previous theorem G is not simple; if it is elemen-
tary, then |[N/C| < [Aut(S)| = (p* — 1)(p*> —p) = p(p — 1)*(p+1). If p > 2,
no prime greater than p divides the latter integer, so no prime divides |N/C|;
it follows |N/C|=1and N = C. If p=2, S is a Klein group, and Aut(S) is
isomorphic to S3. If N/C # {1}, since V C C we have that 4 divides |C| and
therefore |[N/C| = 3. Hence |G| is divisible by 4 and by 3, and so by 12. <

Example 5.5. Let us prove that A® is the only simple group of order
p?qr,p < q < r. By the previous theorem, the order of the group must be
divisible by 12, hence p = 2, ¢ = 3 and the order is 12r. We have already seen
that the unique prime number r compatible with simplicity is 5 (Chapter 3,
ex. 43). Hence the order of the group is 60, and G ~ A® (Ez. 3.5, 3).

Exercises

29. 7) If a group is p-nilpotent for all primes p, then it is nilpotent;
11) if a group is p-nilpotent, then so also are subgroups and factor groups.

30. Prove that the transfer does not depend on the choice of a transversal.

31. Let G be p-nilpotent, and let N be a minimal normal subgroup of G with p||N]|.
Prove that N is a p-group contained in the center of G.

32. Let G be p-nilpotent, and let G = SK. Prove that Z(S)K < G.
33.If S, 51 € Sylp,(G), then Z(S) < S implies Z(S) = Z(S1).

34. G is said to be p-normal if given two Sylow p-subgroups S and S1, then Z(S) C
S1 implies Z(S) = Z(S1). Prove that:

i)  if the Sylow p-subgroups are abelian, then G is p-normal;

#3)  if any two Sylow p-subgroups have trivial intersection, then G is p-normal,
#3) if G is p-nilpotent, then G is p-normal;

iv) S*is not 2-normal.

35. Let G be a finite group such that the normalizer of every abelian subgroup
coincides with its centralizer. Prove that G is abelian. [Hint: prove that the Sylows
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are abelian by considering an abelian maximal subgroup of a Sylow p-subgroup and
then prove that G is p-nilpotent by applying Burnside’s theorem.]

36. Let S be a Sylow p-subgroup of order p of a group G, and let x # 1 be an

element of S. Prove that:

i) under the action of G on its Sylow p-subgroups by conjugation, the permutation
induced by x consists of a fixed point and of cycles of length p;

1) an element of G that normalizes but does not centralize S cannot fix two el-
ements belonging to the same orbit of S, and therefore the number of Sylow
p-subgroups it fixes is at most equal to the number of orbits of S.

37. Use i) of the previous exercise to prove that groups of order 264, 420 or 760
cannot be simple.

38. Using ez. 36 and (3.9) prove that a group of order 1008 or 2016 cannot be simple.
39. If p?, p a prime, divides |G|, then G has an automorphism of order p.

40. Let S € Syl,(G). Prove that:

i) if H <G is such that G/H is an abelian p-group, then SN G’ C H and G/H is
isomorphic to a homomorphic image of S/(S N H);

1) there exists a subgroup H < G such that G/H is isomorphic to S/(S N H)
[Hint: consider the inverse image H of OP(G/G’) (cf. Chapter 3, ez. 32); also
SNG' =SNH]

5.3 Fusion

If two elements of a finite group are conjugate, then two suitable powers of
them are p-elements, for some p, and are also conjugate. Since any two Sylow
p-subgroups are conjugate, a conjugation of these two powers reduces to that
of two elements belonging to the same Sylow p-subgroup. In this section, we
shall be considering the converse problem: when are two elements of a Sylow
p-subgroup S that are not conjugate in S conjugate in G?

Definition 5.9. Two elements or subgroups of a Sylow p-subgroup S of a
group G are said to be fused in G if they are conjugate in G but not in S.
(The two conjugacy classes of S to which the two elements or subgroups be-
long fuse into one conjugacy class of G.)

We have already seen two results about fusion: one is Lemma 5.6 of Burn-
side, concerning the conjugation of two elements of the center of a Sylow
p-subgroup. The other one, again by Burnside, is Lemma 3.8, concerning con-
jugation in the group of two normal subgroups of a Sylow p-subgroups. (This
result extends immediately to the case of two normal sets, that is, sets that
coincide with the set of conjugates of their elements.) If the normality as-
sumption is dropped, two subsets of S, although not necessarily conjugate in
the normalizer of S any more, are conjugate by an element that is a product
of elements belonging to normalizers of subgroups of S. This is the content of
a theorem of Alperin that we shall prove in a moment.
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Lemma 5.7. Let S be a Sylow p-subgroup of a group G, and let T be a sub-
group of S. Then there exists a subgroup U of S which is conjugate to T in
Gand such that Ng(U) is Sylow in Ng(U).

Proof. T is contained in a Sylow p-subgroup P of its normalizer N (7'), and
there exists ¢ € G such that P9 C S. The subgroup we seek is U = T9.
Indeed, P9 is Sylow in N¢g(T)9 = Ng(T9) = Ng(U), is contained in S, and
therefore is contained in Ng(U), but since it contains a Sylow p-subgroup of
N¢(U) it coincides with it. &

Definition 5.10. Let S be a Sylow p-subgroup of a group G, F a family of
subgroups of S. Let A and B be two nonempty subsets of S and let g be
an element of S. Then A is said to be F-conjugate to B via g if there exist
subgroups T1, Ty, ..., T, of the family F and elements g1, g2, . . ., gn of G such
that:

1) ¢gi € Ng(Ty), i=1,2,...,m
i) (A) CTy, (A)9r929 CTq,i=1,2,...,n—1;
1it) A9 = B, where g = g192 -+ * gn.-

The family F is called a conjugation family (for S in G) if, given any two
subsets A and B of S that are conjugate in G by an element g, then A is F-
conjugate to B by g.

Lemma 5.7 suggests how to determine a conjugation family.

Theorem 5.33 (Alperin®). Let S be a Sylow p-subgroup of a group G, and
let F the family of subgroups T of S such that Ng(T) is Sylow in Ng(T).
Then F is a conjugation family for S in G.

Proof. Let A,B C S, A9 = B; we prove that A is F-conjugate to B via g.
By induction on the index of (A) in S. Setting T' = (A) and V = (B), we
have T9 = V. Let [S : T]=1;then S =T, 89 =T9 =V C S, and there-
fore S9 = S, i.e. g € Ng(S). We obtain 7),i) and #ii) of Definition 5.10 by
putting n =1, T3 = S and ¢g; = g, and by observing that S certainly belongs
to F. Now let [S : T] > 1,ie. T < S. Then T < Ng(T) and V < Ng(V).
Let U € F be conjugate to 79 (Lemma 5.7); then there exists h; € G such
that T9" = VM = U, from which Ng(T)9" C Ng(T)" = Ng(T9") =
N¢(U). Since Ng(U) is Sylow in Ng(U), there exists ho € Ng(U) such that
Ng(T)9"mhz C Ng(U). Setting h = hyhg, we have T9" = U, Ng(T)9" C
Ng(U). Similarly, there exists k € G such that VF=U, Ng(T)* C Ng(U).
The index of Ng(7T') in S being less than that of T in .S, by induction Ng(7T')

8 Alperin J.L.: Sylow Intersections and Fusion. J. Algebra 6, 222-241 (1967), and
Glauberman G.: Global and Local Properties of Finite Groups. In: Powell M.B.,
Higman G. (eds.), Finite Simple groups. Academic Press, London and New York
(1971).
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is F-conjugate to Ng(T')9" via gh, and Ng(V)* is F-conjugate to Ng(V) via
k1. Then (ex. 46) A is F-conjugate to B" via gh and B* is F-conjugate to
B via k1. Moreover, since h~'k € Ng(U) and U € F, B" is F-conjugate to
B* via h~'k. From the sequence of F-conjugations:

A gh kg Mg
and by ex. 47, A is F-conjugate to B via (gh)(h1k)k~! = g. O

This theorem may be expressed by saying that conjugation has a local char-
acter. Normalizers of nonidentity p-subgroups are called p-local subgroups.
Thus, Alperin’s theorem may be expressed by saying that two elements or
subsets of a Sylow p-subgroup S of a group G are conjugate in G if and only
if they are locally conjugate in G.

Exercises

41. Two element of the centralizer of a p-Sylow S that are conjugate in G are
conjugate in the normalizer of S.

42. Let S be Sylow in G, and let H < G be such that H? C S implies H? = H (H
is said to be weakly closed in S w.r.t. G). Prove that two elements of the central-
izer of H that are conjugate in G are conjugate in the normalizer of H. (Note that
since H = S is certainly weakly closed in S, this exercise generalizes the case of two
elements of the center of a Sylow (Lemma 5.6) already generalized in the previous
exercise.

43. Let the p-Sylows of a group G have pairwise trivial intersection. Prove that
two elements x and y of a p-Sylow S that are conjugate in G are conjugate in the
normalizer of S. In fact, any element that conjugates them belongs to Ng(.S).

44. Let G be p-nilpotent. Then:

i)  two p-Sylows are conjugate via an element of the centralizer of their intersec-
tion;

73) if S is a p-Sylow, two elements of S that are conjugate in G are conjugate in
S°;

1t) if P is a p-subgroup of G, then Ng(P)/Cgq(P) is a p-group.

45. If (n,p(n)) = 1, then all group of order n are cyclic. Conversely, if all groups of

order n are cyclic, then (n,p(n)) = 1.

46. Let F be a family of subgroups of a p-Sylow S of a group G, and let A and B
be two nonempty subsets of S with A F-conjugate to B via g. If C' is a nonempty
subset of A, prove that C is F-conjugate to C? via g.

4'7. With S and F as in the previous exercise, let A1, Aa, ..., Am41 be subsets of S,
and let hi, ha, ..., hy, be elements of G such that A; is F-conjugate to A;+1 via h;,
i=1,2,...,m. Prove that A; is F-conjugate to A,,+1 via the product hihs - hp,.

9 This fact characterizes p-nilpotent groups (Huppert, p. 432).
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48. Counsider the simple group G of order 168. In the dihedral Sylow 2-subgroup
S let x and y be two involutions that generate S. These two involutions are not
conjugate in S. They are conjugate in G (all involutions are conjugate in G), but
not in Ng(S) (because the latter equals S). Hence there is no subgroup H of S
containing x and y such that the two elements are conjugate in the normalizer of
H. Prove that if z be the central involution of S, then x and z are conjugate in the
normalizer of the Klein group they generate, and the same happens for z and y. The
product of the two conjugating elements conjugates x and y.

5.4 Fixed-Point-Free Automorphisms and Frobenius
Groups

Definition 5.11. An automorphism o of a group is fized-point-free (f.p.f.) if
it fixes only the identity of the group.

Theorem 5.34. Let o be a f.p.f. automorphism of a finite group G. Then:

i)  the mapping G — G given by x — x~ 2% (or x — x°x~1) is one-to-one

(but not an automorphism, in general);

1) if N is a normal o-invariant subgroup G, o acts f.p.f. on G/N;

1it) for each prime p dividing |G| there exists one and only one Sylow p-
subgroup of G fized by o.

Proof. i) If 7 '2% = y~1y7 then (yz~ ') = yax~! and therefore yz=! = 1 and

y = x. The mapping is injective, and since the group is finite also surjective.

ii) If (Nz)° = Nx 27 '2° € N. As to i), there exists h € N such that
2~ 12% = h~'h?; as above z = h, so that Nz = N.

iii) If Sis a p-Sylow, S = S® for some x € G, and by i) we have z = y~1y°.
Hence S° = S* = (y=1)7ySy~ 1y, from which y°S7(y~1)? = ySy~ !, or
(ySy~1)? = ySy~!, and the latter is a p-Sylow fixed by o. If o fixes S
and S%, then S* = (S%)? = (59)*" = §*7, from which z°z~! € Ng(9).
Since N¢(S) is o-invariant if S is, there exists y € Ng(S) such that
2°27 1 = yoy~L. But then 2 = y and z € Ng(9) so that S* = S. O

In Theorem 5.31, ), we have seen that if a Sylow p-subgroup of a group G
is cyclic, where p is the smallest prime dividing the order of G, then G has a
normal p-complement. The next theorem shows that the minimality assump-
tion on the prime p may be replaced with G admits a f.p.f. automorphism.
First a lemma.

Lemma 5.8. Let o be a f.p.f. automorphism of a group G, and let H be a
normal cyclic and o-invariant subgroup. Then H C Z(G).

Proof. H being cyclic, Aut(H) is abelian, hence the restriction of o to H (still
denoted by o) commutes with all the elements of Aut(H), and in particular
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with those induced by conjugation by the elements of G: h?Ys = h797 for all
h € H. 1t follows g~ *hg = (g°) "*h? g7, that is g¢°g~! commutes with all the
he, and so with all h € H: g¢°g~! € Cg(H). Cg(H) being o-invariant, there
exists # € Cg(H) such that ¢g¢g~! = 227!, so g = 2. Then every g € G
centralizes H, and the result follows. &

Theorem 5.35. Let G be a group admitting a f.p.f. automorphism o and let
a Sylow p-subgroup be G cyclic. Then G ha a normal p-complement.

Proof. By Theorem 5.34, iii), there exists a o-invariant Sylow p-subgroup
whose normalizer N is also o-invariant. By the lemma above S C Z(N), and
by Burnside’s theorem (Theorem 5.30), G has a normal p-complement. &

The notion of a f.p.f. automorphism presents itself naturally when dealing
with a special class of groups, the Frobenius groups.

Definition 5.12. A finite transitive permutation group on a set {2 in which
only the identity fixes more than one point, but the subgroup fixing a point
is non trivial, is called a Frobenius group.

Example 5.6. The dihedral group D,,, n odd, viewed as a permutation group
of the vertices of a regular n-gon, is a Frobenius group. It is transitive, and
a vertex is fixed only by the symmetry w.r.t. the axis passing through that
vertex. The remaining symmetries are rotations, so fix no vertex. If n is even,
the symmetry w.r.t. the axis passing through two opposite vertices fixes these
two vertices, so this group is not a Frobenius group. See also Ez. 5.7.

Theorem 5.36. Let G be a Frobenius group. Then:

i)  the elements of G fizing no point are reqular permutations, and they are
n — 1 in number;

1) a permutation fizing a point is regular on the the remaining ones, so the
subgroup H = G, fizing a point is semireqular on n — 1 points. Hence its
order dividesn — 1;

iii) Ne(H) = H.

Proof. i) The cycles of a permutation ¢ fixing no point have length at least 2,
and if there are cycles of length h and k, with h > k, then the k-th power of
this permutation fixes at least k > 2 elements (those of the k-cycle), and this
power is not the identity because the k-th power of the h-cycle is not the iden-
tity. Now, and since G,NGg = {1} the elements fixing no point are those of the

set G\( U Gq). G being transitive, [G : Go] =n,s0| U Ga)| = (|Ga|—1)n,
a€ef? aef?
and the result follows:

i1) follows from i);
i17) the elements of HY fix a?, so if HY = H then o9 = a thatisg € H.
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Theorem 5.37. Let G be a finite group containing a subgroup H disjoint from
its conjugate and self normalizing:

1) HNH*={l1}, x ¢ H;

i1) Ng(H)=H.

Then G is faithfully represented as a Frobenius group by right multiplication
on the cosets of H.

Proof. In the action of G on the cosets of H the stabilizer of a coset Hz is
the subgroup H?®, and therefore is not the identity. If ¢ € G fixes two cosets
Hxz and Hy, then ¢ € H* N HY, and by i) either ¢ = 1 or H* = HY, i.e.
xy ! € Ng(H) = H and Hxr = Hy. &

The mapping ¢ : Hg — a9 establishes an equivalence between the action
of the group G on the cosets of H, and that of G on the set {2 of Defini-
tion 5.12 with H = G,. (¢ is well defined because H fixes «.) In other words
for a finite group G the following conditions:

1) G acts transitively on a set and in this action only the identity fixes more
than one point, but the subgroup fixing a point is nontrivial;

1) @G is a group containing a subgroup H disjoint from its conjugate and
self normalizing,

are equivalent. Hence we may define a Frobenius group as a group satisfying
either condition.

The elements fixing no point form, together with the identity, a sub-
group K. This is the content of a theorem of Frobenius, that we shall prove in
the next chapter (Theorem 6.21). The subgroup K is normal (two conjugate
elements fix the same number of points (zero, in this case).

Definition 5.13. The subgroup H of a Frobenius group is a Frobenius com-
plement. The subgroup K is the Frobenius kernel.

Theorem 5.38. The Frobenius kernel of a Frobenius group G is reqular.

Proof. K being semiregular (Theorem 5.36, 1)), it suffices to show that it is
transitive. By Theorem 5.36, ¢), | K| = n. The index of the stabilizer of a point
in K being the identity, the orbit of a point contains |K| = n points, so K is
transitive. &

Theorem 5.39. Let G be a Frobenius group with complement H and kernel
K. Then:

i) G =HK, with HNK = {1} and K < G, so that G is the semidirect
product of K by H;

1) |H| divides |K| — 1.
Proof. i) Follows from the above quoted Frobenius theorem and from the fact
that the transitivity of K implies G = HK.

i1) This is point ¢7) of Theorem 5.36, recalling that |K| = n. &
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Theorem 5.40. In a Frobenius group,

1) the conjugacy class in G of a non identity element h € H coincides with
the conjugacy class of h in H;

it) the centralizer of an element 1 # h € H is contained in H, so Cg(h) =
CH(h’)f

1it) an element not in K is conjugate to an element of H. Hence a set of rep-
resentatives of the conjugacy classes of H is also a set of representatives
of the conjugacy classes of the elements not in K;

w) the centralizer of an element 1 # k € K of K is contained in K, so
Cg(k) = Ck (k).

Proof. i) Let h = g~thyg, for h,hy € H and g € G. Then h € HN HY, s0 h
fixes both « and o9, forcing « = a9 and g € H;

1) the equality of the centralizers follows by taking h' = h in i),

91) an element not in K belongs to the stabilizer of a point which is conjugate
to H,

w) if g € Cg(k) then, by i), g fixes no element of a conjugate of H. But
the conjugates of H are the stabilizers of points, so g € G, for some a,
and again by %) it cannot commute with an element of K. %

By iii) of this theorem the nonidentity elements of H induce by conju-
gation f.p.f. automorphisms of K. The next theorem shows that this fact
characterizes Frobenius groups among semidirect products.

Theorem 5.41. Let G = HK with K <G be a semidirect product, and sup-
pose that the action of H on K is a f.p.f. action. Then G is a Frobenius group
with kernel K and complement H.

Proof. Let us show that H is disjoint from its conjugate and is self-normaliz-
ing. The result will follow from Theorem 5.37. If ¢ € G, then g = hk, so
HY = H*. Let HN H* # {1}; then hy = k~'hyk, and multiplying by hy*
we obtain hihy ' = k~'hokhy ' = k7' (hokhy ') € K, by the normality of K.
Hence h1h2_1 € HNK = {1} and hy = hy. This means that k commutes with
h1, and the fact that the action is f.p.f. implies k = 1 and H* = H. Hence, if
g € H then HN HY = {1}, and moreover HY # H if g ¢ H, i.e. no element
outside H normalizes H. &

Lemma 5.9. If G is a finite group admitting a f.p.f. automorphism o of order
2. Then G is abelian and of odd order.

Proof. If x € G, then x = y~'y° for some y € G. It follows
1% = y—oya2 _ y—ay _ (y—lyo)—l _ x—l.

Then o is the automorphism  — ', and a group admitting such an au-

tomorphism is abelian. Moreover, o being f.p.f., if z # 1 we have x # 27!,

therefore there are no elements of order 2. Hence G is of odd order. &
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Theorem 5.42. Let G be a Frobenius group with complement H of even order.
Then the kernel K is abelian.

Proof. An element of order 2 of H induces a f.p.f. automorphism of K of order
2. Apply the previous lemma. &

Examples 5.7. 1. (Cf. Ez. 2.10, 2) Let K be a finite field. The group A
of affine transformations over K is defined, as in the case of the field of real
numbers, as the semidirect product of the subgroup Ag of the homotheties
and the normal subgroup of the translations 7. With v, a homothety and
p a translation, let w;lgobwa = ¢p. Then = + a~'b =2+, so either b = 0,
and ¢y is the identity, or @ = 1, and ), is the identity. Hence A acts fixed-
point-freely on the subgroup of translations, so A is a Frobenius group with
kernel 7 and complement Ag. The subgroup Ay is the stabilizer of 0; the other
complements are the stabilizers of the nonzero elements of K. If s # 0, then
s is fixed by the transformations ¢, s_qs as a varies in K, and these form a
subgroup A, which is conjugate to Ay via the translation @,. If an element
¢ € As fixes t, then ¢(t) = at + s —as = t, that is (a — 1)s = (a — 1)¢t. If
a # 1, then s = ¢, and if @ = 1, then ¢(x) = z, for all =, and therefore ¢ = 1.
If an affinity ¢qp is not a translation, then a # 1 and ¢q fixes 1Ea. Hence
the translations are the only affinities fixing no point. The group is transitive
because already 7 is transitive. Ay being isomorphic to the multiplicative
group of K, if |K| = ¢ we have | 49| = ¢ — 1, and T being isomorphic to the
additive group of K we have |7| = q and |A| = (¢ — 1)g.

2. A* is a Frobenius group with kernel a Klein group and complement a cyclic
group. It can be seen as the group of affine transformations over the 4-element
field K = {0,1, 2z, + 1}, with the product modulo the polynomial 2% + x + 1.

3. The cyclic group Cs = (a) admits the automorphism o = (a,a?, a*,a®) of
order 4, and the semidirect product Cs (o) is isomorphic to the group of affine
transformations over the field Zs. Indeed, the additive group of this field is
generated by 1, and by identifying 1 with the translation m : * — z= + 1,
and conjugating it by the homothety 5, we have ¢2T1’1/12_1 tx — x4+ 2. In
this way we have the automorphism of Zs(+) given by the cyclic permutation
(1,2,4,3), and by letting correspond the latter to o and i (or 7;) to a’ we have
the required isomorphism.

4. Let G be the semidirect product of C7 = (b) and C5 = (a), with the action
of C3 on C7 given by a 'ba = b%. The permutation induced by a on C is
(1)(b, b2, b)(b3,b°,b%). Only 1 is fixed by a, and therefore also by a~!; hence
G is Frobenius. It has order 21, and is a subgroup of the simple group of order
168 (the normalizer of a 7-Sylow). Another group containing it is the group
of affinities over the field Z7, of order 42, and is the semidirect product of
Cs and Z7(+4). The group G is the semidirect product of the C3 of Cg with
Z7(+)
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Exercises

49. If o is f.p.f. and x7 is conjugate to x, then x = 1, that is, o permutes the
conjugacy classes of the group and fixes only the class of the identity. [Hint: Theo-
rem 5.34, 7).]

50. If o is f.p.f o(0) = n, then 2x72” 2% 2 =1

51. If o is f.p.f and o(c) = 3, then z and z° commute. (It can be proved that the
group is nilpotent.)

52. If o is f.p.f and I is the group of inner automorphisms of G, then the coset oI
of I in Aut(G) consists of f.p.f. automorphisms, and these are all conjugate.

53. A p-subgroup P o-invariant of G is contained in the unique p-Sylow S o-invariant
of G. [Hint: consider a subgroup H maximal w.r.t. the property of containing P and
being o-invariant, and prove that H = S.]

54. Two commuting f.p.f. automorphisms fix the same Sylow p-subgroup (cf. The-
orem 5.34, iit)). In particular, if H is an abelian group of f.p.f. automorphisms of a
group G, the elements of H all fix the same Sylow p-subgroup of G.

55. Let a € Aut(G) (not necessarily f.p.f.) fixing only one p-Sylow S for all primes
p. Then Cg(a) = {z € G | % = x} is nilpotent. [Hint: prove that Ce(a) C Ng(5).]

56. If G is infinite, Lemma 5.9 is no longer true. [Hint: consider Do, (Ez. 4.6, 3).]
57. Write down the 12 affinities of Fx. 5.7, 2.

58. Let G be a Frobenius group of kernel K and complement H. Prove that if N <
G,and NN H = {1}, then N C K.

5.5 Solvable Groups

A central series of a group G is an invariant series in which the quotient H/K
is contained in the center of G/K, and therefore is abelian. Hence we may gen-
eralize the notion of a central series to that of an invariant series with abelian
quotients. The next generalization, that of a normal series with abelian quo-
tients is fictitious because it is not obtained a larger class of groups. This is
what we shall see in a moment; it is related to the existence of the derived
series, that we now define.

Definition 5.14. The series of subgroups:
G=GY2G¢ =[G,G]2G¢"=[¢",G"]2...2G"D D ... (5.14)

is the derived series of G. The subgroup G(t1) is the derived group of G,
so the quotients G /GU+Y are abelian.

The subgroups G() are characteristic in G: if « is an automorphism of
G = GO then (G)* = GO); by induction, (G))* = G, and therefore
(GUAMYe = [0 @] = [(GW)>, (GW)] = [GD, D] = G+,
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Theorem 5.43. Let G = Hy D Hy D Hy O ... D H™=D D H™ = {1}, be
a normal series with abelian quotients. Then G C H® i =1,2,...,m. In
other words, if a normal series with abelian quotients reaches the identity in
m steps, the derived series reaches the identity in at most m steps.

Proof. By induction on m. We have G = G(® C HO = G; assume G C H®),
The quotient H;/H;;+1 being abelian, we have H] C H;;1, and in particular
(GWY =GO+ C Hyyy. &

Theorem 5.44. In a group consider:

1) an invariant series with abelian quotients;
1) a normal series with abelian quotients;
1i1) the derived series.

Then if one of these series reaches the identity, then so do the other two.

Definition 5.15. A group G is solvable if, for some n, G = {1} in (5.14).
The smallest such n is the derived length of G.

Examples 5.8. 1. An abelian group is solvable, with derived length 1. A
nilpotent group is solvable: G’ = I, and by induction

GW = [G(ifl),G(Fl)] C[,G] =T
Polycyclic groups are solvable.

2. 53 is solvable, with derived series S* D C3 D {1}, and so is S*, with
derived series S* D A* D V O {1}. The simplicity of A", n > 5, implies
that S™ is not solvable: the terms of the derived series coincide with A™ from
G' = A" on.

3. A solvable simple group has prime order.

Theorem 5.45. i) Subgroups and quotient groups of a solvable group G are
solvable, with derived length at most that of G;

it) if NG and G/N are solvable, so is G.

Proof. i) If H < G then H® C G®, so if G™ = {1} then H™ = {1}. If

N <G we have (G/N)®) = GO N/N, as follows easily by induction.

ii) If (G/N)™ = N, then GM™N/N = N and therefore G(™ C N. If
N = {1}, then G = (G(™)(") € N = {1} &

Remark 5.3. As we know, ii) of the above theorem is not true if “solvable” is
replaced by “nilpotent”.

Let now N be a minimal normal subgroup of a solvable group G. N being
solvable, the derived group N’ is a proper subgroup of N, and as a character-
istic subgroup is normal in G. By minimality, N’ = {1}, so N is abelian. If N
is finite, let p be a prime dividing its order. The elements of order p of N form
a subgroup, which is characteristic and nontrivial and therefore coincides with
N. Hence N is an elementary abelian p-group. We have proved:
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Theorem 5.46. Let N be a minimal normal subgroup of a solvable group G.
Then:

1) N is abelian;

it) if N is finite, N is an elementary abelian p-group.

Hence, in a finite solvable group there always exists a non trivial normal
p-subgroup H, for some prime p; in particular, the intersection of the Sylow
p-subgroups for that prime p is nontrivial because it contains H. Moreover,
H C F(G), so F(G) is nontrivial. Another nontrivial subgroup contained in
F(G) is the second to the last term of a composition series.

Remark 5.4. In a nilpotent group, finite or infinite, a minimal normal subgroup
is a Zp. In in a finite solvable group a minimal normal subgroup is a direct sum of
copies of Zy,.

Corollary 5.12. The chief factors of a finite solvable group are elementary
abelian.

Corollary 5.13. In a finite solvable group G a minimal normal subgroup is
contained in the center of F(G). Moreover, a normal subgroup of G meets
F(G) non trivially.

Proof. By Theorem 5.15, F(G) centralizes the minimal normal subgroups of
G. If N is such a subgroup, N is a p-group, and therefore nilpotent. It follows
N C F(G) and therefore N C Z(F(QG)). If H 9 G, then H contains a minimal
normal subgroup N; but N C F(G), so HNF(G) # {1}. O

Remark 5.5. It follows from the above that in finite solvable groups the Fitting
subgroup plays the role the center plays in nilpotent groups.

If a solvable group has a composition series, the chief factors are solvable
and simple, so are of prime order (in particular the group is finite). Con-
versely, a composition series with factor groups of prime order is a normal
series with abelian factor groups reaching the identity; a group with such a
series is solvable. Taking into account Corollary 5.12, we have the following
characterization of finite solvable groups.

Theorem 5.47. Let G be a finite group. Then the following are equivalent:

i) G is solvable;
1) the chief factors of G are elementary abelian;
1it) the composition factors are of prime order.

From i) it follows that a finite solvable group always contains a normal
subgroup of prime index (the second term of a composition series).

Corollary 5.14. A solvable group admits a composition series if and only if
is finite.
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The fact that in a solvable group the Fitting subgroup is nontrivial may be
used to construct an invariant series of a solvable group whose length may be
considered as a measure of how far the group is from being nilpotent. Define
inductively:

Fy={1}, F, =F(G), F;11/F;, = F(G/F}).

Hence Fj1 is the inverse image of the Fitting subgroup F(G/F;) in the canon-
ical homomorphism G — G/F;. We have a series {1} = Fy C F} C F» C ...,
in which if G is solvable the inclusions are strict (Corollary 5.13), and therefore
it stops only when it reaches G.

Definition 5.16. Let G be a finite solvable group. The series
{1}=FhCcFHh CFC...CF,_1CF,=G

is the Fitting series of G, and the integer n the Fitting length or Fitting height
of G.

Examples 5.9. 1. Fy = G if and only if G = {1}; F} = G if and only if G
is nilpotent. Moreover, if F,, = G for a certain n, then G is solvable. Indeed,
F is solvable because is nilpotent; assuming by induction that F; is solvable,

we have that Fj;,/F; is nilpotent, hence solvable, from which it follows F;11
solvable (Theorem 5.45, i7)).

2. The Fitting series of S* is {1} C V C A* C S*.

If K C H are two normal subgroups of a group G, the action of G on
H/K induces a homomorphism G — Aut(H/K) with kernel Cq(H/K) (cf.
Definition 5.5). Denoting the image by Autg(H/K) we have:

Aute(H/K) ~ G/Cq(H/K).

In Theorem 5.16 we saw that the Fitting subgroup is the intersection of the
centralizers in G of the quotients of a chief series {H;}, i = 1,2,...,1, of G.

It follows: l

i=1

If G is solvable, the quotients H;/H, 1 are elementary abelian, hence they
are vector spaces over a field with a prime number of elements (the primes
may vary). Then Autg(H;/H;+1) is a linear group. Moreover, since there are
no normal subgroups of G in between H; and H; 1, these spaces have no G-
invariant subspaces: G is irreducible. Therefore, if G is a solvable finite group,
the structure of G/F(G) is determined by that of the irreducible solvable
subgroups of the finite dimensional linear groups over finite prime fields.

Let us now consider a few properties of the Fitting subgroup of a finite
solvable group.
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Theorem 5.48. Let G be a finite solvable group, F = F(G) its Fitting sub-
group. Then:

1) Cq(F)=27Z(F).

Let F be cyclic; then:

i) G’ s cyclic;

1it) if p1|F|, a Sylow p-subgroup is abelian;

i) if F is a p-group, then p is the largest prime divisor of |G]|.

Proof. i) Let H = FCg(F). Then F(H) = F, Cy(F) = Cg(F), and therefore
it H < G, by induction Cy(F) = Z(F(H)) and the claim follows. Then let
G = FCg(F); it follows:.

{1} # Z(F) C FN Cg(F) C Z(G) = Z,

and
Ca(F)/Z C Coy2(F/2Z) = L(F(G/Z)) = F)Z,

where the first equality follows by induction. Then Cg(F) C F and the claim
follows.

1) F being abelian, F' C Cq(F) = Z(F) C F, so Cg(F) = F. Since
G/F = Ng(F)/Cg(F'), which is isomorphic to a subgroup of Aut(F'), which
is abelian because F is cyclic, we have G’ C F, and so G’ is cyclic.

1) G/F being abelian, SF/F is also abelian, where S € Syl,(G), and
SF/F ~ 8/SNF ~ S implies S abelian (SN F = {1} because p does not
divide |F).

w) If |[F| = p", |Aut(F)| = (p") = p" —p"~ " = p"~!(p—1). Since G/F
is isomorphic to a subgroup of Aut(F), if ¢ # p is a prime divisor of |G|, then
q divides |G/F| and so also |[Aut(F)| = p"~!(p — 1). Hence ¢ divides p — 1,
S0 ¢ < p. ¢

The theorem we now prove may be viewed as a generalization of Sylow’s
theorem in the case of solvable groups. If |G| = p™m, where p { m, Sylow’s
theorem ensures the existence of a subgroup of order p™. However, if we con-
sider a different decomposition of the order of G into relatively prime integers,
|G| = ab, with (a,b) = 1, nothing can be said, in general, about the existence
of a subgroup of order a. For instance, the group As has order 60 = 15 - 4,
(15,4) = 1, but As, has no subgroups of order 15. However, if the group is
solvable, then such a subgroup always exists, and there also suitable general-
ization of the other parts of Sylow theorem.

Theorem 5.49 (Ph. Hall). Let G be a finite solvable group of order |G| = ab,

where (a,b) = 1. Then:

1)  there exists in G a subgroup of order a;

1) any two subgroups of order a are conjugate;

1it) if A" is a subgroup whose order divides a, then A’ is contained in a sub-
group of order a.
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Proof. By induction on the order of G. Let N be a minimal normal subgroup
of G, hence a p-group: |[N| = p* for some prime p. We shall prove i) and i)
simultaneously by distinguishing two cases, according as p|a or plb.

1. pla. Consider G/N. Then:

a
G/N| = - b.
IGINT=

By induction, there exists A/N < G/N of order |A/N| = a/p"; hence |A| = a,
and we have 7). As for i), the order of A being coprime to the index and p||A],
the highest power of p dividing |G| also divides |A|. In other words, A con-
tains a p-Sylow S of G. If Ay is another subgroup of order a, then for the same
reason it contains a p-Sylow of G, S1 say. N being normal, N is contained in
all the p-Sylows, and in particular in S and S7, and so also in A and A;. Then
A/N and A; /N are two subgroups of G/N of order a/p*, and therefore they
are conjugate in G/N. It follows that A and A; are conjugate in GG, and this
proves ii).
2. plb. In this case,
b

G/N|=a- .

and always by induction there exists in G/N a subgroup L/N of order a. Then
|L| = a-pk. If L < G, again by induction there exists in L (and so in G) a
subgroup of order a. Now let L = G; we have:

|G‘ = a'pka

so N is Sylow in G. Consider now a minimal normal subgroup K/N of G/N.
Then |K/N| = ¢, where ¢ is a prime different from p because N being a
p-Sylow, p t |G/N|. Hence |K| = ¢'p¥ and K = QN, where Q is a Sylow
g-subgroup of K. Now K <G, so the Frattini argument implies

G =K Ng(Q)=NQ -Ng(@Q) =N -Ng(Q).

Hence,
IN|- [Na(Q)|
INNNg(Q)|”

from which a = |[Ng(Q)|/|N N Ng(Q)|, and therefore a divides |Ng(Q)|. If
N¢(Q) < G, the existence of a subgroup of order a in Ng(Q), and so in G, is
obtained by induction. If N (Q) = G, then G contains a normal g-subgroup
whose order divides a, and we proceed as in case 1, with p replaced by g. The
existence in case 2 is proved.

As to conjugation, let A and A; be of order a; then AN/N and A;N/N
are also of order a (AN N = {1} because p t a) and therefore are conjugate in
G/N. 1t follows that AN and A; N are conjugate in G: AN = (A;N)9 = AN,
and so A, A C AN.If AN < G, since |[AN| = a - p*, by induction A and AY

a-pF=|G| =
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are conjugate in AN, A = A{", x € AN, and so in G. Then let AN = G. N is
Sylow and normal, and we may assume that it is the unique minimal normal
subgroup (if there is another one, it cannot be a p-group for the same p of
|N|, otherwise it would be contained in N, because N is the unique p-Sylow,
contradicting the minimality of N; hence it is a ¢g-group, ¢ # p, and therefore
its order divides a and we are in case 1).

Let K/N be minimal normal in G/N. Then K/N is a ¢-group, with g # p
(N is Sylow, so pt |K/N|), and therefore K = N@Q, where @ is a g-Sylow of
K. Since K 4G, the Frattini argument yields G = N - Ng(Q). We will show
that N (Q) has order a, and that any subgroup of order a is conjugate to it.
Set N¢(Q) = H, and consider N N H; this subgroup centralizes Q (N N H
which is normal in H because N <G, and Q < H, have trivial intersection and
are normal in H) and also N (because N is abelian). Hence, NN H C Z(K),
and Z(K) <G because Z(K) is characteristic in K <G. If NN H # {1}, then
Z(K) # {1}, so the latter subgroup contains a minimal normal subgroup,
that is N, which is the unique such. Hence N centralizes K and therefore @,
soG=N-H=H,Q<JG, N<Q, which is absurd. Hence N N H = {1}, and
G = N - H implies |G| = |N| - |H|, so |H| = a.

Let A be of order a, and consider AK. We have AK = G = AH,|AK/K| =
G/K| = apt/|QIp* = a/|Q], and from |AK/K| = |A/(ANK)| = a/|Q] it fol-
lows |ANK| = |Q|. Therefore Q1 = ANK is Sylow in K and hence is conjugate
to @ in K. Moreover, from K <G it follows ANK <A, s0 A C Ng(Q1) = Hi.
But Q1 ~ @ implies H; ~ H, and therefore |H;| = |H| = a. Then A = H;
and A ~ H.

We now pass to the proof of iii). As above, we distinguish two cases.

1. p¥la. Here |A’N| divides a; otherwise there is a prime ¢ that divides
|A’N| and b, and so also either |A’| and b, or |N| and b, both cases being ex-
cluded. It follows that |A’N/N| divides a/p*; by induction, A’N/N C A/N,
where |A/N| = a/p*. Then A'N C A, so A’ C A, where |A| = a.

2. p*|b. In this case, A’ N N = {1} so that |[A'N/N| = |A’|, and there-
fore, by induction, A’N/N C B/N, with |B/N| = a. Hence A’N C B, and
|B| = a-p*. If B <G, by induction A’ is contained in a subgroup of B, and
therefore of G, of order a. So let B = G. The order of G is now |G| = a - p¥,
and by i) there exists in G a subgroup A of order a. It follows G = AN, and
a fortiori G = A - NA'. Hence:

” |A] - [NA'|
from which |[A N NA'| = |A'|, because |[NA'| = p*|A’| since p { a. The two
subgroups AN NA’ and A’ have order |A’|, they are contained in NA’, and
their order being coprime to the index in N A’ by ii) they are conjugate there:
A= (NA'N A9, with g € NA’. Then A’ = NA' N A9, from which A’ C A9,
and A9 is the required subgroup. &
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If the group is not solvable, there are counterexamples to all three parts
of the theorem. We have seen that the group A®, of order 60 = 4 - 15, has no
subgroups of order 15. Also, 60 = 12-5, and A® contains subgroups of order 6
(for instance the group S generated by (1,2,3) and (1,2)(4,5)) not contained
in a subgroup of order 12 (these are all of type A%). Hence i) and #ii) do not
hold. As for #i), in the simple group GL(3,2) of order 168 = 24 - 7, there are
subgroups of order 24 that are not conjugate (cf. 3.8.1, viii)).

Definition 5.17. A subgroup of order coprime to its index is called a Hall
subgroup.

If H is a Hall subgroup of a group G of index a power of a prime p (and
therefore necessarily the highest power of p dividing |G|), and S is a Sylow
p-subgroup, then SN H = {1} and G = SH. Hence H is a p-complement of
G (cf. Definition 5.7). With this terminology, i) of Hall’s theorem may be ex-
pressed by saying that a solvable group has a p-complement for all p'°. Unlike
normal p-complements, in a solvable group a p-complement is not in general
unique (think of the 2-complements of S3).

Definition 5.18. A Sylow basis for a finite group is a family of pairwise com-
muting Sylow p-subgroups, one for each prime dividing the order of the group.

Theorem 5.50. In a finite solvable group there always exists a Sylow basis.

Proof. Let |G| = szlpfi, and let K; be p;-complements, one for each p;.
Then the K; are of relatively prime indices, so the index of the intersection
of any number of them is the product of the indices (Corollary 2.1). Consider
N 4, Ki; the index of this subgroup is the product of all the pfi, except p?" , SO

its order is pfj , and therefore is a Sylow p;-subgroup. The Sylow obtained in
this way form a Sylow basis. Indeed, let S; = ﬂi# K; and S), = ﬂ#h K;; we
show that S;S, = Sp5;. First, S; = ﬂi# K; C ﬂ#j,h K;, and the same for

Sh. Then S;, S, C ﬂi#ﬁ K;; this intersection is a subgroup of order p?jpflﬁ
and since it contains the set S;S5), that has the same number of elements,
they are equal. Then S;S), is a subgroup, and therefore S;5;, = S1,.5;. &

By the theorem above, a finite solvable group is the product of pairwise
commuting nilpotent groups.

Theorem 5.49 shows how in a solvable group the Hall subgroups have prop-
erties similar to those of the Sylow subgroups. In the case of a Sylow S of a
group G we know that Ng(Ng(S)) = N¢(5), and we have proved this result
as an application of the Frattini argument. A suitable generalization of this
argument will yield the same result for the Hall subgroups of a solvable group.

10 The converse also holds: if a group has a p-complement for all p, then it is solvable.
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Theorem 5.51 (Generalized Frattini Argument). Let K; and Ks be sub-
groups of a normal subgroup H of a finite group G with the property that if
they are conjugate in G, then they are already conjugate in H. Then:

G = H-Ng(K)).

Proof. Let g € G. Then KV = K, is contained in H, so there exists h € H
such that Ky = K;‘L’h. It follows gh € N¢(K7) and the result. O

If H<G and K is Hall in H, then Ky = K7 is contained in H and is
Hall in it. By %) of the Hall theorem applied to H, K; and K5 are conjugate
in H, and the assumptions of Theorem 5.51 are met.

Corollary 5.15. Let H be a Hall subgroup of a solvable group G. Then:
Ng(Ng(H)) = Ng(H).

Proof. Setting K1 = H, H = Ng(H) and G = Ng(Ng(H)) in Theorem 5.51
gives the result. &

Definition 5.19. A subgroup of a group is a Carter subgroup if it is nilpotent
and self-normalizing.

A Carter subgroup H is a maximal nilpotent subgroup. Indeed, if H < K
and K is nilpotent, then H < N (H), against H being self-normalizing.

Theorem 5.52 (Carter). A finite solvable group always contains Carter sub-
groups, and any two such subgroups are conjugate.

Proof. We first prove existence. Let N be a minimal normal subgroup of G,
|N| = p*. By induction, G/N contains a Carter subgroup K /N. By nilpotence,
K/N = S/N x Q'/N, where S/N is a Sylow p-subgroup of K/N and Q'/N
is Hall. Then K = SQ’ and Q" = QN, where @ is Hall. From Q'/N < K/N
it follows Q' = QN < K, and @ being Hall in QN the generalized Frattini
argument yields K = QNNg(Q) = NNk (Q). The subgroup H = Ng(Q) is
a Carter subgroup. Indeed:

1. H is nilpotent.
We have K = 5Q' = SNQ =5Q,so H=HNK =@Q - (HNS) (Dedekind’s
identity, ez. 19 with A = @Q,B = S and C = H). Moreover, S < K because
S/N <1 K/N, and therefore HNS <1 H. @ is nilpotent because Q'/N is nilpo-
tent: indeed, for this quotient we have Q'/N = QN/N ~ Q/(Q N N) ~ Q,
because Q@ N N = {1}. Since Q N (H N S) = {1}, the two subgroups commute
elementwise H = @ x (H N S), so H is the direct product of two nilpotent
subgroups, and as such is nilpotent.

2. Ng(H) = H.
Let ¢ € G be such that HY = H. From K = NH and N < G, we have
K9 = NI9H9 = NH = K. Then (K/N)N = K/N, and since K/N is Carter
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in G/N it is self-normalizing in G/N. Hence gN € K/N, and g € K. But
in K the subgroup @ is Hall, and therefore its normalizer does not grow:
Ng(H)=H,and g € H.

Let us now prove that two Carter subgroups are conjugate. Assume by
induction that this holds for a solvable group of order less that |G|, and under
this inductive hypothesis let us show that if H is Carter in G and N < G,
then the image HN/N of H is Carter in G/N. Nilpotence is obvious. Let
(HN/N)9N = HN/N. Then (HN)Y = HN, i.e. HIN = HN.If g ¢ HN,
then HN < G, and the two Carter subgroups HY and H of HN are conju-
gate in HN by induction: (HY9)Y = H, y € HN. It follows gy € Ng(H) = H,
g € Hy™' € H-HN = HN. Hence we have the contradiction that from
g & HN follows g € HN. Therefore g € HN, gN € HN/N, and HN/N is
self-normalizing.

Always under the above inductive hypothesis, let H; and Hs be two Carter
subgroups of G. Then HiN/N and HoN/N are Carter in G/N, and therefore
by induction they are conjugate in G/N. Then H; N and HoN are conjugate
in G: (H1N)9 = HoN, H{N = H,N, and if this subgroup is not the whole
of G, by induction H{ and H, are conjugate in it, and therefore in G. Hence
we may assume G = H1N = HyN, and N abelian (by taking N minimal
normal). Then H; N N < N (because N is abelian), Hy N N < H; (because
N <G, and therefore Hy N N < G). By the minimality of N, Hi NN = N or
HiNN={1}.If HHNN = N, then N C Hy, so G = H; and there is nothing
to prove. Then let H; N N = {1}, and similarly H, NN = {1}.

Furthermore, H; and Hs are maximal subgroups. Indeed, if H; C M C G,
then MNN <M (because N is normal) and MNN <N (because N is abelian),
and therefore M NN <G because G = HiN = M N. By the minimality of N,
either MNN = {1} or MNN = N. In the former case, G/N = MN/N ~ M
and G/N = HiN/N ~ H; (if M N N = {1}, then a fortiori H; N N = {1}),
and M = Hy; in the latter, N C M and M = G.

Finally, let Q1 and Q2 be two p-complements of H; and Hs, respectively.
Then they are two p-complements of G and therefore by Hall’s theorem they
are conjugate: Q1 = ¢~ 'Q2g. Let us prove that g conjugates H, and H;. In-
deed, let Hy # g~ 'H,g; then Q; C Hy, Q1 C g~ 'Hyg, and @, is Hall in these
two subgroups, and therefore normal by nilpotence. Hence it is normal in the
subgroup they generate, which is G because H; is maximal. The factor group
G/Q1 is a p-group (@ is a p-complement) and properly contains H;/Qq,
which is Carter in G/@Q1, and hence self-normalizing; but this is impossible in
a p-group. This contradiction shows that H; and Hy are conjugate. &

In nonsolvable groups Carter subgroups may not exist. In the simple group
As the only nilpotent subgroups are the Sylow subgroups and their subgroups.
But N¢(Cs) is a Klein group, Ng (V) = A4, Ng(C3) = S5 and Ng(Cs) = Ds.
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Remark 5.6. The notion of a nilpotent self-normalizing subgroup corresponds to
that of a Cartan subalgebra of a Lie algebra. We give a brief explanation of this
relationship. An algebra is a ring that is also a vector space. More precisely, let K
be a field and let A be a ring with a vector space structure on the additive group of
A such that a(ab) = (aa)b = a(ad), o € K, a,b € A. This algebra is a Lie algebra
L if in addition:

i) ab+ba = 0;

1) (ab)c+ (be)a + (ca)b =0

(equality ¢4) is the Jacobi identity). Then the product ab is denoted [a, b] (Lie prod-
uct). A subalgebra B of a Lie algebra is a subspace which is closed under the Lie
product, i.e. if a,b € B, then [a,b] € B. An ideal of a Lie algebra is a subspace I such
that if = € I, then [a,z] € I for each a € L (since, by i), [a,b] = —[b, a], there is no
distinction between right and left ideals). Starting from an associative algebra one
obtains a Lie algebra by setting [a, b] = ab — ba. This is the case, for instance, of the
matrix algebra over a field. Subalgebras are defined in the obvious way. Let B be a
subalgebra of £. Denote B’ = [B, B] the subalgebra generated by all products [b1, b2]
as by and b vary in B, that is the smallest subalgebra of £ containing all these prod-
ucts, and define inductively B = [B*~1 B] (B = B). We have B® D> B+,
and if B™ = {0} for some n the subalgebra is nilpotent (abelian, if n = 1). The
normalizer N(B) of the subalgebra B is the set N(B) = {a € L | [a,b] € B, Vb € B},
which is a subalgebra (as follows from Jacobi identity). It is the largest subalgebra
of L containing B as an ideal (as in the case of groups, where the normalizer is
the largest subgroup in which a subgroup is normal). A nilpotent selfnormalizing
subalgebra B, N(B) = B, is called a Cartan subalgebra. An example of a Cartan
subalgebra in the matrix algebra (with the Lie product [A, B] = AB — BA, where
AB is the usual matrix product) is the subalgebra B of diagonal matrices. It is a
subalgebra, as is easily seen. Moreover, [A, B] = 0, because two diagonal matrices
commute, so B’ = 0, and B is nilpotent (and in fact abelian). Let us show that it
is selfnormalizing. Let [A, B] € B, for all B € B, that is, let [A, B] be a diagonal
matrix if B is. Then AB — BA is diagonal; however, this matrix has all zeroes on
the main diagonal, and since it is a diagonal matrix, it is the zero matrix. It follows
AB = BA, and since a matrix commuting with all the diagonal matrices is itself
diagonal, we have A € B.

We close this chapter with a sufficient condition for the solvability of a
finite group due to I. N. Herstein. First a lemma.

Lemma 5.10. In Theorem 5.39 assume further that H is abelian. Then:

1)  the restriction to H of the transfer V : G — H is the identity on H, that
is V(h)=h, for allh € H;

i) G=HK, K =ker(V) and byi), HNK = {1}.

Proof. i) We know that V (k) = [[\_, x;h"x; ", where x;h"ia; ' € H. If x; #
{1}, then A" € HNH = {1}. In the product, the only contribution is that
of z1 = 1,i.e. V(h) = A" . By (5.13) with z; = 1, the cycle of o to which 1 be-
longs contains only 1; indeed, 1-h = h1z4(1), from which z,1) = hl_lh € H,
S0 Ty1) = 1, 0(1) = 1 and r; = 1. It follows V(h) = h. ii) By i), V is
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surjective (H is already surjective), so H ~ G/K, K = ker(V), from which
|G| = |H| - |K| = |HK| because H N K = {1} (since by i) V(h) = 1 implies
h=1). ¢

If H is not abelian, this lemma yields V(G) = H/H’, and the restriction
of V to H is the canonical homomorphism h — hH'.

If in a Frobenius group the stabilizer of a points is abelian, then by the
lemma above G, = H has |K| conjugates, where K is the kernel of the trans-
fer of G in H; therefore, there are (|H| — 1)|K| = |G| — |K| elements that
move points. Hence, those moving no points are |K| in number, and are the
elements of the subgroup K.

Theorem 5.53 (Herstein). Let G be a finite group admitting an abelian
mazimal subgroup H. Then G is solvable.

Proof*! 1If Ng(H) > H, then Ng(H) = G by the maximality of H; there-
fore H < G and G/H is of prime order (always because of the maximality
of H). Hence H and G/H are both solvable, and so also is G. Then let
Ng(H) = H, and let B = HN H* # {1} for x ¢ H. Then B is normal in
both H and H?® (these are abelian groups), so Ng(B) properly contains H;
hence B<SG. G/B contains the abelian maximal subgroup H/B; by induction
on |G|, G/B is solvable, and B being solvable, so also is G. Hence we may
assume H N H? = {1} for x ¢ H. Let K be the kernel of the transfer of G in
H, and for a given p let S be the Sylow p-subgroup of K fixed by conjugation
by the elements of H (es. 54; 1 # h € H acts f.p.f. on K). Then HS is a
subgroup properly containing H, so HS = G, and since H normalizes S we
have S <G (from HK = G we have S = K). S being nilpotent, and therefore
solvable, and G/S ~ H being abelian, G is solvable. &

Remark 5.7. If the hypothesis “H abelian” is replaced by “H nilpotent”, then
Theorem 5.53 is not true in general. A deep result of J.G. Thompson allows one to
establish solvability if the group admits a maximal nilpotent subgroup of odd order.

Theorem 5.54 (Schmidt-Iwasawa). A finite group in which every proper
subgroup is nilpotent is solvable.

Proof. Let G be a minimal counterexample. i) G is simple. Deny, and let
{1} < N< G. N is nilpotent; if H/N <G/N, H is nilpotent and so also is
H/N; by induction, G/N is solvable, and N being nilpotent, G is solvable,
against the choice of G. i7) If L and M are two distinct maximal subgroups
of G, then LN M = {1}. Deny, and among all pairs of maximal subgroups let
L and M be such that L " M = I is of maximal order. We have I <L and
I < M (because L # M), and by nilpotence <N (I) and <N (I). More-
over N¢(I) <G, because G is simple, and therefore there exists a maximal
subgroup H that contains N (I); it follows LN H 2 LNNg(I) = N (I)>1,

"1 The original proof makes use of the Frobenius theorem (Theorem 6.21).
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from which |L N H|>|I|=|L N M|. The choice of L and M implies H = L;
similarly, H = M, and therefore L=M, whereas L#M. iii) A group G sat-
isfying ¢) and i¢) does not exist. Deny; then every element of G belongs to
a maximal subgroup, and by #i) to only one. By ¢), none of these is normal,
hence by maximality they are self-normalizing. Then the group is a union of
subgroups pairwise with trivial intersection and self-normalizing. But such a
group cannot exist (Chapter 2, ex. 39).

This theorem applies in particular to the study of nonnilpotent groups in
which every subgroup is nilpotent. Such a group is called a minimal nonnilpo-
tent group.

Corollary 5.16. The order of a minimal nonnilpotent finite group G is di-
visible by exactly two primes.

Proof. By the theorem above G is solvable, hence it admits a normal subgroup
N of prime index p. If @ is a Sylow g-subgroup ¢ # p, then @ C N and is
Sylow in N, therefore characteristic in N and so normal in G. If PQ < G for
all @, then these subgroups P(Q are nilpotent, so P is normalized by all the
Sylow g-subgroups, and so is normal in G. We already know that the Sylow
g-subgroups are normal, so G would be nilpotent, against the assumption. It
follows PQ = G, for some Q. &

Exercises

59. i) The nonsimple groups of ez. 38, 41, 43 e 44 of Chapter 3 (except those of
order 180 and 900) are solvable.
i) the dihedral groups D, are solvable, for all n.

60. The inverse of Lagrange’s theorem does not hold in general for solvable groups.

61. 7) The product of two solvable groups, with one of which normal, is solvable (cf.
Theorem 5.11);
17) the direct product of a finite number of solvable groups is solvable.

62. If a group GG admits an automorphism sending an element to itself or to its
inverse, then G is solvable. [Hint: if H is the subgroup of the elements fixed by the
automorphism, then H is normal and abelian, and G/H is also abelian.]

63. Let GG be a finite solvable group and let o be an automorphism fixing every ele-
ment of the Fitting subgroup F of G. Prove that (o(0), |G|) # 1. [Hint: given g € G,
let g° = gz; letting g act on F' by conjugation, prove that x centralizes F', hence
x € F and therefore is fixed by o. Moreover, g"k = gz*, for all k, and o(x)|o(c).]

64. Prove the equivalence of the following propositions:
i)  a group of odd order is solvable!?;
7i) a nonabelian simple group has even order.

12 This proposition is the content of a celebrated theorem of W. Feit and J.G.
Thompson.
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65. Let G be solvable, H < G. Then HG' < G (cf. ez. 6).

66. Let GG be a solvable finite group in which every Sylow subgroup coincides with
its normalizer. Prove that G is a p-group'®. [Hint: let H be a normal subgroup of
index a prime p. Then H contains a g-Sylow @Q; apply the Frattini argument.]

67. Let G be a solvable primitive permutation group of degree n. Prove that n is a
power of a prime.

68. A maximal subgroup in a finite solvable group has prime power index (cf. Corol-
lary 5.2).

69. Let H and K be two maximal subgroups of relatively prime order of a finite
solvable group. Prove that their indices are also relatively prime. The converse is
not true.

70. Let G be a finite solvable group in which every maximal subgroup has order
coprime to the index. Prove that for some p a p-Sylow is normal.

71. Let G be a finite solvable group. Prove that if z1z2---x, = 1 and the x; are of
coprime order, then x; = 1 for all 3.

72. Let G be a finite solvable group, and let Si,S2,...,S: be Sylow subgroups, one
for each prime dividing |G|. Prove that the product of the S;, in any order, is the
whole group G (cf. Fz. 3.4, 12).

73. Let G be a group. If two consecutive factor groups of the derived series GGt
and CT”/AG“Ll7 i > 1 are cyclic, then G* = G**'. [Hint: prove that setting H =
G2 /G the factor group H'/Z(H') is cyclic, and H' abelian.]

74. If G has all its Sylow cyclic, then:
i) G is solvable;
i1) G’ and G/G’ are cyclic (such a group is called metacyclic).

75. A maximal solvable subgroup of a finite group is self-normalizing.

76. (Galois) A transitive subgroup G of S?, p a prime, is solvable if and only if it
contains a normal subgroup of order p. In other words, G is solvable if and only if
its action is affine (Chapter 3, ez. 67).

Remark 5.8. In Galois theory, the result of the previous exercise has the following
meaning: an irreducible equation of prime degree is solvable by radicals if and only
if its roots may be expressed as rational function of any two of them. Let us see
why'®. If the Galois group is solvable, then being a subgroup of S?, by the above
is an affine group, so if an element fixes two points it is the identity. Adjoining two
roots a; and o to the field, the Galois group reduces to a subgroup that fixes these

two roots, and so is the identity. Hence K (au, az,...,ap) = K(ai, a;), so every root
is a rational function of a; and «;. Conversely, if the roots are all rational functions
of two of them, a; and «aj, say, then K(aq,az,...,ap) = K(a,a;); this equality

'3 The result also holds without the hypothesis of solvability (Glauberman).

4 This fact characterizes finite solvable groups (J.G. Thompson).

15 We recall that an equation is solvable by radicals if and only if its Galois group
is a solvable group (Remark 2 of 3.68).
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means that if an element of the Galois group fixes two roots it fixes all of them, and
therefore is the identity. Hence the group is an affine group, and therefore solvable.

77. Prove that, under the hypothesis of Theorem 5.53, G" = {1}.

78. Let p1,po, ..., pn be the composition factors of a solvable group G (possi-
bly with repetitions). Then G is nilpotent if and only if for every permutation
Diy s Diss - - - 0i,, Of the p;, G admits a composition series whose composition
factors appear in the order p;,,pi,,. .., Di,-

79. A finitely generated periodic solvable group is finite (cf. Theorem 5.17).

80. Let G be finite, G = ABA, where A is an abelian subgroup and B is of
prime order. Prove that G is solvable. [Hint: use Theorem 5.53.]

81. Prove that:

i) asubgroup A of a group G is a maximal abelian subgroup if and only if
it equals its centralizer;

1) if the Fitting subgroup F' of G is abelian, then it is the only maximal
abelian normal subgroup;

#1) if F is abelian, and G is solvable, then F' is a maximal abelian subgroup.

82. Let G be a finite group in which every maximal subgroup has prime in-
dex. Prove that if g is the largest prime dividing |G|, then a Sylow ¢-subgroup
is normal, and G is solvable. [Hint: if @ is not normal, let M be maximal,
M 2 N¢g(Q); consider the number of Sylow g-subgroups of G and M.]

83. i) Let G be a simple group, G = HK, where H and K are two proper
subgroups with H abelian. Prove that H N K = {1}.

ii) Let |G| = p®¢® and let the Sylows be abelian. Prove that the group
is solvable. [Hint: it is sufficient to prove that G is not simple (use 7)) and
induct.] We shall see in the next chapter that the result also holds without
the assumption of the Sylows being abelian (Theorem 6.20).

84. A free group of rank greater than 1 is not solvable.

85. The group G of Ex. 4.1, 4 is solvable (Chapter 4, ez. 12), but not polycyclic
(Theorem 5.21).

Definition 5.20. A group is supersolvable if it has an invariant series with
cyclic quotients. (In the definition of a polycyclic group replace “normal” with
“invariant”.)

86. Subgroups and factor groups of supersolvable groups are supersolvable.

87. (Wendt) The derived group G’ of a supersolvable group is nilpotent. [ Hint:
let H/K be a quotient of the series of G’ obtained by intersecting G’ with a
series of G with cyclic quotients. Two elements of G’ induce on H/K commut-
ing automorphism, so their commutator induces the identity, and the series
of G’ is central.]
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88. Let G be a supersolvable finite group, and let |G| = p? ! pg"‘ e p?‘ where
p1 > P2 > ... > py, and for each p; let S; be a Sylow p;-subgroup. Prove that
G contains a set of normal subgroups

S1,5185,...,8185 S, (5.15)

where the S; are Sylow p;-subgroups, as follows:

1) G has a normal subgroup N of prime order;

it) by induction, G/N admits a normal Sylow p-subgroup SN/N where p is
the largest prime divisor of |G/NJ|;

i) if p = pq, then S = S is normal in G;

) if p # py, then S is the unique pi-Sylow of SN, s0 S = Sy is characteristic
in SN and therefore normal in G;

v) by induction, G/S contains the normal subgroups Ss, S3S53,...,5253
S,

(A set of normal subgroups as in (5.15) is called a Sylow tower.)

89. i) The symmetric group S* is solvable but not supersolvable;

ii) the derived group of S* is not nilpotent;

iii) S* has a normal subgroup N such that both N and S*/N are super-
solvable.

90. i) A maximal subgroup of a supersolvable group has prime index. [Hint:
use i) of ex. 83.]

1) Let G be a finite group in which the maximal subgroups are of prime
index. Prove that, if ¢ is the largest prime dividing |G|, a ¢-Sylow is normal
and G is solvable. [Hint: if @ is not normal, let M a maximal subgroup
containing N¢(Q); consider the number of ¢-Sylow of G and of M.] (By a
theorem of Huppert, a finite group in which the maximal subgroups are of
prime index is supersolvable.)
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Representations

6.1 Definitions and examples

In Chapter 3 we have seen that the action of a group on a set gives rise to
a homomorphism of the group into a symmetric group. This homomorphism
allows the representation of the elements of the group by means of permuta-
tions; the properties of the latter may then be exploited to study the structure
of the group. Instead of permutations, one may turn to linear transformations
of a vector space, and consider homomorphisms of the group into a general
linear group; in this way many group-theoretic problems may be reduced to
problems in linear algebra.

Definition 6.1. Let V be a finite dimensional vector space of dimension n
over a field K. A (linear) representation of a group G with representation
space V is a homomorphism of G into the group of linear transformations of
V:p: G — GL(V). The degree of the representation is the dimension of V.
The the kernel ker(p) of the representation p is the set of elements s € G such
that p(s) is the identity transformation of GL(V'). The representation p is
faithful if ker(p) reduces to the identity element of G. Using the isomorphism
between the linear group and the group of matrices the elements of p(G) may
be expressed by non singular n x n matrices of GL(n, K).
We write p, for the image p(s) of the element s of G.

The representations of a group G are related to the actions of G on a
set (2 as follows. Consider the formal linear combinations of the elements
of 2 with coefficients in a field K, v = ciay + coag + -+ + cpap, a; € 2.
Then we may extend the action of G to these by defining, for s € G, v° =
c1af + ceas + - -+ + ¢ These elements form a vector space V' with basis
2, and the action of G on {2 is given by the permutation matrix Ps defined
by s (Theorem 3.1). The mapping s — Ps is a homomorphism of G into the
group GL(n, K), the permutation representation of G. In turn, a represen-
tation p : G — GL(V) defines an action of G on V given by v® = p4(v).

Machi A.: Groups. An Introduction to Ideas and Methods of the Theory of Groups.
DOI10.1007/978-88-470-2421-2 6, © Springer-Verlag Italia 2012
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Fixing a basis ej,es,...,e, of V, let Ry be the matrix of ps in this basis.
Then det(Rs) # 0; p being a homomorphism, Ry = RsR;. If ; j(s) is the
(i,7) entry of Ry, the last equality means r; x(st) = >, 75 ;(s)rjk(t).

Examples 6.1. 1. If the space is of dimension 1, the representations are
homomorphism in K*. If s € G has period m, p(s)™ = p(s™) = p(1) =1, so
that if G is finite, the images of the elements of G are roots of unity of K. In
particular, over the complex field these images are of modulus 1. A non trivial
example of a 1-dimensional representation is the alternating representation of
the symmetric group S™: p(s) =1, if s is even, and p(s) = —1, if s is odd.

2. If ps = I, the identity transformation, for all s € G, p is the trivial repre-
sentation. If p is trivial, and of degree 1 (i.e. ps equals the 1-element of the
field K) then p is the principal representation; it is denoted 1.

3. Let R be the additive group of the reals, and p the mapping of R into
GL(2,R) given by o — (COSa —sin a

sina cosa

). Then p is a representation of R.

4. Let G be finite, and let e; be a basis of V indexed by the elements of
G. By defining ps(e;) = ets, we obtain the right regular representation, and
by defining ps(e;) = e,—1; the left regular representation (see Definition 1.9).
Note that e; = ps(e1); in other words, the images of e, where 1 is the identity
of G, under the various ps, make up a basis of V.

Conversely, if the space V' contains a vector v such that its images under py,
s € G make up a basis of V, then p is equivalent to the regular representation
according to the following definition.

Definition 6.2. (cf. Definition 3.5). Let p and p’ two representations of a
group G with spaces V and W over a field K. Then p and p’ are equivalent
(or similar) if there exists an isomorphism 7 : V' — W commuting with the
action of G:

Tps = puT, s € G.

If Rs is the matrix expressing p, in a given basis, then equivalence means that
there exists a matrix T such that TR,T~! = R/, for all s € G.

In the case of Ez. 4 above, the equivalence is obtained by defining 7(e;) =
ps(v).

Let p and p’ be two representations of G on two spaces V and W over K.
The direct sum p @ p’ is the representation on V & W defined by:

(p®p')s(utv) = ps(u) + pi(v).

Rs 0

In terms of matrices, (p @ p')s is represented by ( 0 R ), where R, and

R!, are relative to ps and p/,, respectively.
A subspace W of V is invariant under the action of G, or G-invariant, if
ps(w) € W, for all s € G and w € W. If W is G-invariant, then p induces
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two representations, one on W and one on the quotient space V/W. The first
one is simply the restriction of p to W, the second is obtained by setting
ps(v+ W) = ps(v) + W (the invariance of W implies that this action is well
defined). These representations on W and V/W are the constituents of p.

Definition 6.3. A representation p on a space V' is irreducible if the only sub-
spaces invariant under the action of G are {0} and V; otherwise p is reducible.
The representation p is completely reducible if every invariant subspace W has
an invariant complement W', that is V =W @ W’. (Note that an irreducible
representation is completely reducible.)

In terms of matrices, the representation p is reducible if there exists an
/
invertible matrix 7" over K, independent of s, such that TR, 77! = ({Es ]2" );
it is completely reducible if there exists 7" such that:

R
R 0
TRT ' = .
0 i
R{™
for some m, and where the matrices Rgl), s € G,t=1,2,...,m, are irre-

ducible.
Reducibility depends on the ground field as the following examples show.

Examples 6.2. 1. Let G = {1, 2,22} be the cyclic group of order 3, and let
p be the 2-dimensional representation:

(10 (11 (01
pl* 01 ﬂpI* _10 7p3727 1_1 .

Over the real field this representation is irreducible. Indeed, if

-1 _ a0
To=T _<*b>

then taking traces and determinants we have a + b = —1 and ab = 1, and
so a? + a + 1 = 0 which has no real roots. Over the complex numbers, the
matrices can be reduced to the form:

(10 (w0 _(w? O
P1 = 01 y Pz = 0w2 y Px2 = 0 w

where w is a primitive third root of unity, and the representation is even com-
pletely reducible. It may happen that a representation remains irreducible for
every extension of the base field (see Exz. below).

2. Consider the permutation representation associated with the action of a
group on a set {2 defined at the outset of the present chapter. If 2 is split
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into orbits, the space V splits into the direct sum of subspaces, each having
as basis the elements of an orbit A. These subspaces are never irreducible
if |A| > 1: transitivity does not coincide with irreducibility. Indeed, linear-
ity allows a further decomposition besides that into orbits. More precisely, if
A = {ey,ea,...,e}, then the subspace V'’ having the elements of A as basis
always has an invariant subspace, that is, (v), where v = ey +ea + ... + e,
and on which the representation is trivial. This subspace of dimension 1 has a
complement, the hyperplane W of equation 1 +z2+ - - -+ = 0 of dimension
t — 1, and we have V' = (v) ® W.

Assume now G = S™; let 2 = {ej,ea,...,e,} and let V be a vector space
with basis 2. In the representation of S™ defined by ef = e,(;), the hyperplane
W of equation x1 + x5 + -+ + x, = 0 is invariant, and on W the represen-
tation is irreducible. Indeed, let U # {0} be an invariant subspace of W. If
0#u=73xe €U, then at least two coefficients are different, x, # z, say.
Consider the transposition 7 = (1,2) and the difference v — u™; we have:

u—u" = x1€1 + Toes + T3z + -+ Tpey — To€] — T1€0 — T3€3 — *++ — Tp€y

= ($2 - xl)(€2 - 61)7

so U is invariant, (z2 — x1)(e2 —e1) € U, and being 1 # x2, e2 —e1 € U too.
With 7; = (2,4), 4 = 3,...,n, invariance also implies (e3 —e;)™ =¢e; —e; € U.
But these vectors generate W: if w € W, then

w=u1z1e1 + T2+ F Tpey = — (T2 + o+ Tp)er + 3202+ -+ Tpey

=aq(ea —e1) +x3(es —e1) + -+ an(e, —e1),

and therefore U = W. Hence, on the space V, S™ admits the trivial represen-
tation on the subspace (v), where v = ey + e2 + - -+ + ¢, and an irreducible
representation of degree n — 1 on the complement of (v).

Let us see an example with the group S3. Let S3 = (s = (12),t = (132))
and its 3-dimensional representation with the permutation matrices:

010 010
pe=1100],po=(001],
001 100
(it is sufficient to define p on the generators and verify that p? = p3 = (psp;)?
111
= 1). p is reducible: with the matrix T = (—1 1 O), which allows passing
—-101

from the basis {e1, e, es} to the basis v = e; + e3 + e3,e2 — e1,e3 — 1 cor-
responding to the decomposition into invariant subspaces V = (v) @ W, we

have:
1 00 1 00

T, T '=10-10],Tp, T '=[0-11
0-11 0-10



6.1 Definitions and examples 257

Let us verify that the matrices of the representation on W make up an irre-
ducible system. Indeed, let S be such that

~10\ o1 (10 ~11\ ..1_ (PO
s(n)s=(00) s (o) = (19),

by equating traces and determinants we have r+s =0,rs = 1,ie.r = +1,s =
Fl;and p+q = —1, pg = 1, ie. p = w,w? and ¢ = w?, w (third roots of
unity). Summing memberwise we have

21\ o1 [(*l+a 0
s(31)s = ()
a =w,w? and b = w?, w, which is impossible over any field (the determinant

on the left is zero, that on the right is not zero.) Hence this representation is
absolutely irreducible.

6.1.1 Maschke’s Theorem

HV=WaoW, and v =w + w’, the projector w : V.— W makes correspond
to the vector v its component on W. If v € W, then m(v) = v. Conversely, if
7 is a linear mapping of V in itself such that I'm(w) = W and 7(w) = w if
w € W, then V=W @ ker(r), a direct sum. Indeed, if v € W N ker(n), then
m(v) = v and w(v) =0, so v = 0. Moreover, v = w(v) + (v — 7(v)), (7 (v)) =
m(w) =w = 7(v) € W and n(v — 7n(v)) = 7(v) — m2(v) = 7(v) — 7(v) = 0,
i.e. v —7(v) € ker(m). In other words, given a subspace W and a complement
W', V. =W oW/, the subspace W’ determines the projector 7 that associates
with a vector v its component in W; then W' is a kernel of w. Conversely, if ©
is such that w(v) € W and 7(w) = w, we have seen that V =W & ker(r), so
7 determines a complement of W (its kernel). Therefore, we have a one-to-one
correspondence between the projectors of V on W and the complements of
Win V.

Theorem 6.1 (Maschke). A representation p of a finite group G over a
field whose characteristic does not divide the order of the group is completely
reducible.

Proof. If p is irreducible, there is nothing to prove. Hence assume there ex-
ists an invariant subspace W and let us prove that there is a complemen-
tary subspace of W which is also invariant. Let V’ be a complement of W,
V =W @ V', let © be the corresponding projector, and consider the average
over the group G:

w° Z PLTPL—1. (6.1)

6l &

We show that 7° is a projector of V on W. Let v € V, ¢t € G; then

pmpi-1.v = pm(pp-1.0) = pr.w € W,
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where w = 7(p;-1.v) € W, and p,.w € W because of the invariance of W.
Hence 7°(v) is a sum of elements of W multiplied by the scalar |c1:|v and
therefore belongs to W.

Let now w € W, t € G. We have:

P Pe—1.w = ppm(Pp-1.W) = peps—1.W = W,

because p;-1.w € W and therefore is fixed by m, for all ¢ € G. It follows
m°(w) = |é‘ (|Glw) = w, so w° is a projector; to it there corresponds a com-
plement of Wy (its kernel): V = W @ Wj. Let us show that Wy is G—invariant,
i.e. that 7°(v) = 0 implies 7°(ps.v) = 0, s € G; then Wy will be the required
subspace. To this end, we prove that 7° commutes with the action of G: from
m°(v) = 0 it will follow 7°(ps.v) = ps7°(v) = ps.0 = 0. Now,

5 1 1
PsTps—1 = ps[|Gl > pimpi-]psr = G| > " papiTpi-1 ps—
teG teG

1
= |G| Z pstﬂ-p(st)71 .

teG

But as ¢ varies in G, st runs over all elements of G, and therefore the last term
is \Cl?l > e PiTpi—1, that is 7°, as required. Then p = p' @ p”, where p’ e p”
are the restrictions of p to W and Wy, respectively. If these are irreducible,
then stop. Otherwise, by repeatedly applying the procedure above, V' decom-
poses into the sum of G-invariant subspaces and p into the sum of irreducible
representations. &

The assumption on the characteristic of the field was used in the above
proof because 1/|G| is meaningless if the characteristic divides |G|. However,
the assumption cannot be dropped as Fz. 1 and 2 below show.

Examples 6.3. 1. The group S* acts on the space Fo ®Fy = {0, u, v, u+v}
over Fa; ps, s = (1,2), fixes {0,u} and interchanges {0,v} and {0,u + v}.
The subspace {0,u} admits the latter as complements, neither of which is
invariant under p.

2. The cyclic group G = (s) of prime order p admits over F,, the reducible
representation:

g (10 o .
p(s)_<k1)7k_05177p 15

(if V' = (v1,v2), the subspace (v1) is invariant). But if Tp(s)T~* = (g 2>7 by

equating traces and determinants we have a + b = 2 and ab = 1, from which
a =b =1, a contradiction.

3. An argument like the one of Ez. 2 above shows that the result does no

longer hold in the case of an infinite group. The matrices: (]1g (1)) , k€ Z, form
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a group isomorphic to Z, and therefore they afford a faithful representation of
this group in dimension 2. The representation is reducible, but not completely
(here too the existence of a matrix T' would give a = b =1).

Let p be a representation of a group G with space V' over the complex
field C. We recall that a Hermitian form is a function V x V — C such that:

i) (u,0) = (v,u);
i) (au+ fu,w) = alu,w) + Bv, w);
i) (v,v) > 0, when v > 0 (non degenerate).

The form is G-invariant if (ps(u), ps(v)) = (u,v), s € G. Starting with a
given form it is always possible to determine a G-invariant form. Indeed,
by defining (ulv) = 3, (ps(w), ps (1)), we have, for t € G, (pi(u), pi(v)) =
5 (ot (W), ot (1)) = 3 (psr(u)s per () = X, (ps(u), ps(v)) = (ulv). This
invariance means that in an orthonormal basis of V' the matrix of p, is uni-
tary (the inverse coincides with the conjugate transpose), and in the real case
orthogonal.

The orthogonal subspace W+ of a G-invariant subspace W is G-invariant.
Indeed, if v € W+, then (w,v) = 0, w € W, so (psw,v) = 0 by the invari-
ance of W. It follows 0 = (psw,1l.v) = (psw, psps—1v) = (w, ps—1v), where
the second equality follows from the invariance of the form under ps and
the third from that of W under p,—1. Hence V.= W @ W with both sub-
spaces invariant under G in this way, a new proof of Maschke’s theorem is
obtained.

6.2 Characters

In the case of an action of a group on a set {2, we have defined the character of
the action as the function x which associates with an element g € G the num-
ber of points it fixes. If g is represented with a permutation matrix, to a point
fixed by g there corresponds a 1 on the main diagonal, so that x(g) is the sum
of the elements on the diagonal, i.e. the trace of the matrix representing g.

Definition 6.4. Let p be a representation of the finite group G over C. The
function x : G — C, which associates with s € G the trace of the matrix
Psy X(8) = tr(ps) is the character of G afforded by p. The degree of x is
the degree of p. If p is of degree 1, the character is linear and x = p. The
character afforded by the principal representation, of constant value 1, is the
principal character, and is denoted 1 or 1. Two equivalent representations
afford the same character: the matrices representing the same element in the
two representations are conjugate, so they have the same trace. The character
of the alternating representation of S™ will be referred to as the alternating
character.
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Theorem 6.2. Let x be the character of a representation of a group G on a
space V' of dimension n. Then:

i) x(1) =n, the degree of the representation;

1) if o(s) = m, then x(s) is a sum of m-th roots of unity, so |x(s)| < n;
1it) |x(s)| = n if and only if ps is scalar;

w) x(s) =n if and only if ps is the identity;

v)  x(s71) =x(s);

vi) x(tst™!) = x(s).

Proof. i) x(1) is the trace of the identity matrix;

11) the eigenvalues p, are roots of unity. Indeed, if s™ = 1, and p,(v) = Av,
v # 0, then p7(v) = AN™w. But p = psm = p; = I, and therefore
v = Tv = A™v, and in particular A™ = 1 (observe that this also follows
from the fact that p, may be given by a unitary matrix). Hence A = ¢, a
root of unity. From yx(s) = Y., € it follows |x(s)| < >0, |&| = n.

#ii) If the ¢; are all equal, ¢; = ¢, then x(s) = ne and so |x(s)| = n. Con-
versely, if |x(s)| = n, then since |e;| = 1, all 4, the ¢; are all equal, ¢; = ¢,
say. The characteristic polynomial of ps is (z — €)™, and since p; satisfies
™ — 1 it also satisfies the gcd of the two polynomials, i.e. z — e. This
means that ps is the multiplication by e.

w) If x(s) = n, then |x(s)] = n, so ps is scalar by #ii) and x(s) = ne. It
follows € = 1 and p(s) is the identity transformation.

v)  From A\ =1 it follows:

x(s) = tr(ps) = Z \i = ZAII =tr(p; ') = tr(ps—1) = x(s7).

vi) Conjugate matrices have the same trace. &

From v) of the above theorem it follows that s is conjugate to its inverse
571 in the group G then x(s) is a real number for all characters , and con-
versely. A real character is a character that only takes real values.

Theorem 6.3. Let x be the character of a representation p of degree n of a
group G. Then the set of s € G such that x(s) = n is the kernel of the repre-
sentation p and therefore is a normal subgroup of G (one also says that this
set is the kernel ker(x) of x).

Proof. If x(s) = n, then by iv) of the previous theorem p; is the identity trans-
formation, i.e. s € ker(p). Conversely, if s € ker(p), then py is the identity,
hence x(s) = x(1) = n. ¢

We recall that the tensor (or Kronecker) product T =V ®x W of two
vector spaces over the same field K is the space over K with basis the pairs
of basis vectors of V' and W; the notation v; ® wj, i = 1,2,..., 7 = 1,2,...
is used. If v = 3. ojv; and w = Zj Bjwj, the tensor product of v and w is
v@w =), a;Bj(v; ®w;); an element of 7' is a sum of elements of this type.
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It is easily seen that the product thus defined is bilinear. If A = (a; ;) and
B = (b;,;) are the matrices of two linear transformations of V" and W, respec-
tively, their tensor product is defined as the linear transformation of V@ W
given by(A®B)(v; ®w;) = Av; @ Bw;. If the dimensions of V' and W are finite,
n and m say, by choosing the lexicographic order according to the first index of
the basis vectors of VR g W (v1@w1, 01 QWa, . . ., V1 QW Va@W1, . . . , Un @Wyy, ),
the matrix A ® B has as entry (i,7) the entire matrix B multiplied by a; ;.
It is immediate to verify that the trace of the tensor product A @ B is the
product of the traces: tr(A ® B)=tr(A)tr(B), whatever the order chosen for
the basis of V @ W.

The tensor product of two spaces allows the definition of the product
of two representations over these spaces: p’ ® p’ is defined on V @ W as
(' @p")(vew)=p(v)®p"'(w). As seen above, the trace of the tensor prod-
uct of two matrices is the product of the traces, so taking the product of two
characters we obtain again a character, that of the tensor product of the two
representations: x' - x” = x(p’ ® p”’).

Lemma 6.1 (Schur). Let p' and p” be two irreducible representations with
spaces V1 and Vo, and let ¢ be a linear transformation Vi — Vo commuting
with the action of G: ppl, = pllp, s € G. Then:

i) if p' and p” are not equivalent, then ¢ is the zero map Vi — {0};
it) if the field is the complex field, Vi = Va, and p' = p”, then ¢ is the
multiplication by a scalar.

Proof. i) Let ¢ # 0 with kernel W. Then, for w € W, we have p(p,(w)) =
plp(w) = pll(0) = 0; it follows p,(w) € W, and therefore W is G-invariant. p/,
being irreducible, either W = V4 or W = {0}. In the first case, ker(p) = V;
and therefore ¢ = 0, which is excluded. Hence ¢ is injective. Let us prove
that it is surjective. From p//(¢(v)) = w(ps(v)) € Im(p) we see that Im(p)
is G-invariant, and since I'm(¢) # {0} because ¢ # 0, we have Im(p) = Va.
Therefore ¢ is an isomorphism, and the assumption that it commutes with
the action of G implies the equivalence.

i1) Let A be an eigenvalue of ¢: ¢’ = ¢ — AI. Then the kernel of ¢’ is not
zero, and by i) (¢’ also commutes with p) this kernel is the whole of V| i.e.
¢ =0and p = Al O

In terms of matrices, Schur’s lemma may be stated as follows:

i) Let A(s), B(s) two irreducible systems of matrices depending on the same
parameter s and relative to two vector spaces of dimension n and m, re-
spectively. Assume there exists an nxm matrix ¢ (rectangular, in general)
such that ®A(s) = B(s)®. Then either ¢ = 0, or @ is invertible, and in
the latter case n = m and A(s) and B(s) are equivalent.

1) Over C, if a matrix ¢ commutes with the matrix of an irreducible system,
then it is a scalar matrix.
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Corollary 6.1. Let C be the complex field. Then:

1) the irreducible representations of an abelian group are of dimension 1;
1) if a finite group admits a faithful irreducible representation, then the cen-
ter is cyclic.

Proof. i) The elements of the group pairwise commute, and this is also the case
for the matrices of an irreducible representation. But each matrix commutes
with all the others, so by i) of Schur’s lemma every matrix of the group is
scalar. Irreducibility then implies that this is only possible if the matrices are
1 x 1, i.e. if the space is 1-dimensional.

i1) The representation being irreducible, the matrices representing the cen-
ter of the group are scalar matrices, and the representation being faithful,
these matrices form a group isomorphic to a finite subgroup of the complex
field, and therefore is cyclic. &

Corollary 6.2. Let ¢ : Vi — V5 be a linear transformation, and set:

|Zpts0 )~

teG

Then:

i) if p' and p” are not equivalent, then ¢’ = 0;

i) if Vi =Va and p' = p", ¢ is the multiplication by ! tr(p), where n is the
dimension of V1.

Proof. By Schur’s lemma, it suffices to show that, for s € G, pl¢’ = ¢'pl/. We
have:

e ( Zpsfw () Pt = Zpstwg“: p. O
tEG tEG

Let us now consider this corollary in matrix form. Let p, be given by
A = (a;,;(t)) and py by B = (b; ;(t)), and let ¢ be the transformation rep-
resented by the matrix E}, , = (0p,1). Then AE} B = (a;nbk,;); in case i),
Do phop!~" =0, so that, in terms of matrices, S AR)ER kBt =0, or
Sopain(®)br (¢ = 0, for all i,h,k,j. In case i), |Cl;‘ S p)ept™t) =
itr(cp)[, where [ is the identity transformation. With ¢ in the form FEj 4
we have Y, A(t)Ep, jA(t™!) = If‘tr(gp)], where now [ is the identity ma-
trix. The matrix being scalar, the entries off the main diagonal are zero:
S ain(t)ak,j(t71) =0, if i # j. There remain the entries Y, a; n(t ™ )ag i (t),
which, if h # k, are zero, since tr(Ep ) = 0. With h = k, tr(Ej ) = 1, and
S A ER gAY = dlag(‘Gl) that is >, a;p(t)ay,;(t71) = If‘7 for all ¢
and h.
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Summing up:

Corollary 6.3. Let p' and p”’ be represented by the matrices A(t) and B(t),
respectively. Then:

1) if p' is not equivalent to p”,
Z ai,h(t)bkd‘(t_l) = O, (62)
t
for alli,h,k,j;
i) if o' = p",

otherwise.

Zai,h(t)ak,j(t_l) = { |(C)¥7| i ?éj or h 7& k7 (63)

n

Let us suppose that the matrices A and B are unitary (we have seen that
this is always possible). Then a; ;j(t™1) = a;,;(t~1) (because A~! = A"). For-
mulae (6.2) and (6.3) express orthogonality relations w.r.t. a scalar product
that we now define.

Let ¢ and ¥ be two complex functions defined on a finite group G, and
set

1
(pw) = | 5 D_ #(8)¥(s)-
| | seG
This is a scalar product with the following properties:
1) it is linear in ¢;

i1) it is is semilinear in 9:
(o, a1 +¢2)) = alp, 1) + ale, ¥2);

14i) (¢, @) > 0 for ¢ # 0.

(1) and %) follow easily by calculation; as for iii) we have

1 1 ,
(e.0) = > e()e(t) = G > le®)?,

teG teG

a sum of squares of real numbers that are not all zero because ¢ # 0, so for
at least one t € G ¢(t) # 0).

We call ¢ and ¢ orthogonal if (p,1) = 0. The norm of ¢ is \/(¢, ¢).

The importance of the product just defined in representation theory lies in
the fact that w.r.t. it the irreducible characters have norm 1 and are pairwise
orthogonal, as the following result shows.
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Theorem 6.4. i) If x is the character of an irreducible representation of a
finite group G, then (x,x) = 1;

1) if x and X' are the characters of two non equivalent irreducible repre-
sentations of G, then (x,x’) = 0.

Proof. i) We have

(%) |G|Zx |G|Zx

teG teG

If p is given in matrix form p; = (a; ;(t)), then x(t) = >, a;;(t), so that

bex) |G| Z Z aiilt Z(a“ 0N |G’| Z Z aii(t)aii(t™),

i=1

because, by (6.3), S_1" a;;(Pa;;(t™1) = 0 for i # j. By (6.3) again, the
summands are equal to 711, so the sum is n 711 =1.

i7) The proof is similar by applying (6.2). &

The result of the theorem may be summarized as follows:

Z] = | ZXl XJ _1 |G| ZXZ Sk XJ(Sk:) (64)

seG

(0, is the Kronecker symbol). (6.4) is the first orthogonality relation.
Let us now consider a few applications of the above.

Theorem 6.5. Let p be a representation of a finite group G on a space V,
let ¢ be its character, and suppose that V splits into the direct sum of irre-
ducible subspaces V.= W1 & Wy & ... ® Wy. If p; are the representations on
the W;, with character x;, the number of equivalent p; is (v, xi), where x; is
the character of p;.

Proof. By assumption, ¢ = x14 X2+ - -+ X, from which (¢, xi) = (x1, Xx:) +
(x2,Xi) + -+ (X&, xi)- If p; is not equivalent to p;, then (x;,x;) = 0 (Theo-
rem 6.4), so the sum contains as many 1 as there are p; equivalent to p;. <

The product (¢, x) is independent of the chosen decomposition of V' (for
example, it does not depend on the chosen basis). Hence:

Corollary 6.4. The number of p; equivalent to a given irreducible represen-
tation does not depend on the decomposition of V.

One speaks in this case of the number of times W appears in V, or of the
multiplicity of W in V| or of p; in p, or of x; in ¢.
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If an irreducible subspace W; appears m; times in V as a direct summand,
one writes V. =m Wy &moWo &---&m, Wy, o = mix1+maxa+- - +mXr,
and one has

m; = (¢, Xi)- (6.5)
Moreover,

(p,0) = (Z miXiaZmiXi) = Zmimj(Xqu),
and since (x;,x;) = 01if i # j and (xi, x:) = 1,

(,0) =Y mi. (6.6)
=1

Theorem 6.6. Let ¢ be a character. Then:
1) (v, ) is an integer;
1) (p,) =1 if and only if ¢ is irreducible.
Proof. i) Follows from (6.6).
i1) The sum in (6.6) equals 1 if and only if the m; are all zero except one,
i.e. if and only if the space V coincides with one of the irreducible W;. &

Theorem 6.7. Two representations p' and p” are equivalent if and only if
they have the same character.

Proof. Necessity has already been seen. As to sufficiency, if the two repre-
sentations have the same character they contain a given irreducible repre-
sentation the same number of times. It follows that if V' = Z?j W; ; and

V" = f?j W ;, then for each W; ; there exists an isomorphism f; ; such that
fiipi = pi fi,j. The mapping f = Z” fi,; sending v = Z” w,j to the sum
>i; fij(wi ;) is such that p} f = fpf, for all t € G. ¢

Remark 6.1. In Chapter 3, Ez. 3.8 and ex. 79, we have seen that two actions of
a group G on a set {2 may have the same character without being equivalent. This
means that there may not exist a permutation ¢ of 2 such that ¢(a?) = p(a);
in terms of matrices, that there may not exist a permutation matrix B such that
BA(g)B™' = A'(g), where A(g) and A’(g), g € G, are the matrices of the permu-
tations of {2 induced by the elements of G in the two actions. The above theorem
states that if one allows the more general matrices with complex entries, then the
equality of the characters is sufficient for the existence of a matrix that establishes
the equivalence. In other words, two actions having the same character may not be
equivalent as actions, but they are equivalent as representations over the complex
numbers.

Let V' be a vector space with basis e; indexed by the element of a group
G, t € G. The mapping ps : e; — e;5 defines the regular representation of G.
If s # 1, st # t, so that the diagonal entries of the matrix are all zero (no e;
is fixed). In particular, tr(ps) = 0. If s = 1, tr(py) is the trace of the identity
matrix, and therefore equals the dimension of V| i.e. |G|.
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Theorem 6.8. Let ¢ be the character of the regular representation. Then:

i) (1) =1G];
1) @(s) =0, s# 1.

Theorem 6.9. Every irreducible representation of a finite group G is con-
tained in the regular representation a number of times equal to its degree. In
terms of characters,

e=x1()x1+ x2(1)x2 + - x»(1) X0

Proof. If ¢ is the character of the regular representation and x that of the
irreducible representation under consideration of degree x(1), from (6.5) the
sought-for number is (¢, x). Now,

(,X) |G|Zso

But ¢(s) =0 if s # 1, and ¢(1) = |G|, and therefore
(ex) = Zs@ |IG\ x(1) = x(1),

as required. &

In particular, there are only a finite number of irreducible representations
for a finite group.

Corollary 6.5. The degrees n; of the irreducible representations of a finite
group G satisfy the relation:

> nl=|G| (6.7)
1=1

where r s the number of conjugacy classes of G.

Proof. By the previous theorem, and with the same notation, ¢ = >"_, n;X;.
Evaluating at 1 € G,

Gl =p(1) =) nixi(1) =Y nini =) _ni. ¢
i=1 =1 i=1

From this corollary it follows that a group G is abelian if, and only if, ev-
ery irreducible character is linear. Indeed, G is abelian if, and ouly if, r = |G|,
i.e if, and only if, the sum (6.7) equals r. But n; > 1 all 4, so r = |G| if, and
only n; =1,alli=1,2,...,r.

We shall see another property of the degrees the irreducible representations
of a finite group: they divide of the order of the group.
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In Chapter 3 we have called class function (or central function) a function
f defined on a group which takes the same value on conjugate elements. By
Theorem 6.2, vi), characters are class functions. In the space of complex val-
ued functions defined on a group G' consider a class function f; we define its
Fourier transform f w.r.t. the representation p, with representation space V,
as the linear transformation V — V:

Fo=>" FW)pe

teG

Theorem 6.10. If p is an irreducible representation of degree n and character
X, then fp s the multiplication by X\, where

=S s = .

Proof. (We write ffor fp) Let us show that ]?ps = psf, sesS:

psfpst =D FOpsprpst = F()psts—r.
t t

Setting u = s~ !ts gives:
ps fps =D flsuspu =" fu)p

By Schur’s lemma, ]?is the multiplication by a scalar A, j?: A, with trace
nA. It follows:

n\ = tr(f :Zf (t)tr(pr) Zf

from which

Zf =0,

as required. O

The central functions with values in C form a vector space H over C for
which the following result holds.

Theorem 6.11. The characters x;,i = 1,2,...,7, of the irreducible represen-
tations form an orthonormal basis of 'H.

Proof. We already know that these characters form an orthonormal system;
we must show that this system is complete, that is, that an element f of H

orthogonal to the x; is zero. For this purpose, consider f =", f(t)p;, where
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p is a representation. If p is irreducible, by the preceding theorem f is the
multiplication by ‘fl (f,x); by assumption, (f,x) = 0, so that f = 0. If p is
reducible, then p = p' + p" + --- 4 p™ with the p(*) irreducible, so

Zf(t)/)t Zf (P + P + +Pt Zf

In any case, f = 0. Let p be the regular representation, and let us evaluate f

at eq: N
0=fe = Z f)prer = Z f(t)es

The independence of the e; now implies f(¢t) =0, all ¢, so f =0 and f = 0.

Theorem 6.12. The number of non equivalent irreducible representations of
a group G equals the number of conjugacy classes of G.

Proof. By the previous theorem, the dimension of the space H equals the num-
ber of irreducible characters of G. Since a central function is determined once
its values on the conjugacy classes are arbitrarily assigned, the dimension of
‘H also equals the number of these classes. &

Write Cs for be the conjugacy class of the element s, and let fs; be the
function whose value is 1 on Cs and 0 on the other classes. It is a class
function, so (Theorem 6.11) it is a linear combination of the characters x;:

fs =200 cixi,
(fsaXz = ‘Zfs Xz = ‘ ZXz |G||C|X1(>

teG teC,

and therefore f,(t) = IICG““ 2?21 xi(s)x:(t). It follows:

- I t=s,
> xilo)xi(t) {l%’“ , (6.8)

if t and s are not conjugate.

(6.8) is the second orthogonality relation.

We recall that an algebraic integer is the root of a monic polynomial with
integer coeflicients, and that sums and products of algebraic integers are again
algebraic integers. We have:

Theorem 6.13. Let x be a character of a group G. Then x(s) is an algebraic
integer for all s € G.

Proof. x(s) is the trace of the matrix ps, and therefore is the sum of its
eigenvalues. These are roots of unity (see the proof of Theorem 6.2, ii)) and
therefore algebraic integers. &



6.2 Characters 269

Theorem 6.14. Let C;,i = 1,2,...,r, of order k;, the conjugacy classes of
a group G. Let x be the character of an irreducible representation p, and let
x(x;) be its value on C;. Then,

k() kpx(e,) ¢ kix(ws)
n n = ; Clp,i ’ (69)

where n is the degree of x and the c;p; are nonnegative integers. Moreover,
CLp,i gives the number of times an element of the class C; can be written as a
product of an element of C; and one of Cp,.

Proof. Let M; = » o p(s). For each t € G we have p(tYp(s)p(t) =
p(t~1st) = p(s), and therefore p(t~1)M;p(t) = M;. The matrix M; com-
mutes with the matrices p(t),t € G; this set being irreducible, M; is scalar
(Schur): M; = diag(c), and tr(M;) = noy. But tr(M;) = > . tr(p(s)) =
Sty (i) = kix(a), so

kix (i)

o = . (6.10)
n
Similarly, let M; = > ¢, p(s), M, = Ztecp p(s), and
MM, = > p(st). (6.11)
seCy,teCy

But for all u € G,
p(u™ Y MiMyp(u) = p(u™")Mip(u) - p(u™") Mpp(u) = MiM,,

and therefore in the sum (6.11), together with the p(s) there also appear
all the p(u~'su). It follows that the summands of (6.11) appear in blocks,
each of which corresponds to a conjugacy class, and whose sum is an M;. Let
¢i,p,i = 0 denote the number of times in which the blocks corresponding to
the class C; appear; then M; M, = 22:1 c1,p,iM;. These matrices being scalar,
oy, = 22:1 Clp,it%, i.e. (6.9). The number of ways in which g € C, is a prod-
uct st, s € Cp, t € C}, does not depend on g but only on its conjugacy class Cj,
and this is precisely the number of times in which the blocks corresponding
to C; appear in (6.11), i.e ¢; p;. &

Corollary 6.6. The a; = k;x(x;)/n are algebraic integers.

Proof. Consider the equalities oy, = 2221 Clp,icy as p varies, p=1,2,...,r,
for a fixed ay:

Qo = €1,1,1001 + € 1,202 + - + €1 Qe

Qg = Cl 2,100 + Cl 2200 + + + €12 O,

QO = Clp 101 + Clr202 + -+ CpprQp.
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Thus we have a system of homogeneous linear equations in the oy, with matrix

Cl,1,1 — O Cl,1,2 cee Cl1,r
€21 Cl22—0 ... Clar
Clr 1 Cl,r,2 e Clpr — Qg
The system admits a solution ag,qs,..., ., where the a; are not all zero

(for instance oy = 1) and therefore the determinant is zero. Setting = = ay,
this determinant is a polynomial in @ with integer coefficients (the ¢, ; are
integers), with leading coefficient £1 and admitting the root «;. This proves
that a; is an algebraic integer. &

Corollary 6.7. The degree n of an irreducible representation divides the order
of the group.

Proof. With x irreducible, >~ x(s)x(s) = |G|, that we write

are algebraic integers, and so are the

By the previous corollary, the

x(z;). Hence |§|, being a sum of products of algebraic integers is an algebraic

integer, and being a rational number is an integer; hence n divides |G]|. &

kix(z:)
n

Theorem 6.15. The number of linear characters of a group G equals the in-
dex in G of the derived group G'.

Proof. The representations of the abelian group G/G’ are all linear; compo-
sition with the projection m : G — G/G’ yields linear representations of G.
Conversely, if p : G — C* is a linear representation of G, then p factorizes
through p' : G/G' — C*: p = p’m. The mapping p — p’ is a bijection. &

We resume the relations existing between the degrees n; of the irreducible
representations and the order of the group G:

1) n; divides |G|, 1 =1,2,...,r (Corollary 6.7);
ii) >.i_,n? = |G| (Corollary6.5),

where 7 is the number of conjugacy classes of G.

Examples 6.4. 1. The group S® has three conjugacy classes, and therefore
three irreducible representations. There always is the principal one, of degree
1, and the alternating one, also of degree 1. We have seen one of degree 2
(Ez. 6.2, 2); its existence also follows from the equality n? + n3 + n3 = 6,
because, being n; = ng = 1, the only possibility is ns = 2. The group S* has
five conjugacy classes; the derived group of index 2, hence S* has two linear
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characters. The non principal one is the alternating character. From i) above
we see that the degrees of the remaining characters are 2, 3 and 3.

2. The group D4 has five conjugacy classes, and so does the quaternion group
Q. For both groups the only possibility for the degrees is 1,1,1,1,2.

3. Let C, and C}, be the classes of the elements a and b, and let ¢* b the num-
ber of times in which a given element x can be expressed as a product aibj,
a; € Ca, b; € Cp. Then 37, 5 x(aibj) = 3, cq cq pX(2). Let us consider x(a;b;);

since a; = y~'ay for some y, x(a;b;) = x(y~tayb;) = x(a - ybjy~') = x(aby).
If h # j, x(aibn) = x(y~ " aybs) = x(aybny~"') = x(aby), with b’ # k. Hence
in the following table the values on each row are equal to those on the first
one, up to the order (set a1 = a):

x(ab1), x(ab2), ..., x(abs),
X(az2b1), x(azbs), ..., x(a2bs),
X(a,;bl), X(a,;bg), , X(a;bs).

It follows that the sum of all the elements of the table equals that of the first
row times |Cy| = kq:

ZX(aibj) = ka Zx(abj)- (6.12)

Let us now consider the sum > . x(ab”). Two elements y,y" € G give rise to
the same conjugate b if and only if they belong to the same coset of Cg(b). In

other words, if C, = {b1,bs,...,bs}, each b; is obtained |Cg(b)| = ﬁl times:

Z (ab¥) Z'CG )| x(ab;) |ZX ab;)

yeG

Equality (6.12) then becomes:
x(a;b;) x(ab?)

and therefore ) ¢ x(x) = klacflb >, X(ab¥). Hence (6.9) is equivalent to

xax®) = | g Do x(ab)

In particular, for b = a1,
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4. From equality (6.9) an explicit expression of the number of ways in which
an element z, of a class C; may be written as a product of an element of
C) and one of C), can be drawn. Set x = X, multiply both sides of (6.9) by
Xm(Zq)Mm, where n,, is the degree of x.,, and sum over m. Reversing the
order of summation on the right hand side we have:

Z Clp,iki Z Xom (2i) X (24)-
i=1 m=1

By (6.8), if i # ¢ the terms of sum are zero, otherwise the sum equals
|G|/kq. The required expression:

k "
Clp,q = |le|p Z Xm(ml)Xm(xp)Xm(mq)
m=1

follows.

As in the case of the action of a group on a set, we now consider induced
matrix representations. Let H be a subgroup of a group G, p a representation
of H. One may think of obtaining a representation of G by simply defining p to
be zero outside H. By this would give rise to singular matrices, and therefore
not a representation of G. The right idea, due to Frobenius, goes as follows!.
Let t1,to,...,t, be representatives of the cosets of H, and let p©(g) be the
matrix whose (i, j) entry is the block p(tigtj_l), and 0 if tigtj_1 ¢ H.

Theorem 6.16. The mapping g — pG(g) is a matriz representation of G.

Proof. We have to prove that p%(z)p%(y) = p&(xy), i.e.

m

> pltiaty p(tryt; ) = p(tizyt; ). (6.13)

i=1

If tmyt;l ¢ H, then the right-hand side of (6.13) is zero; we prove that the
left-hand side is also zero. Indeed, for each k, either tixtlzl or tkytj_l does not
belong to H, otherwise the product tixt,zl -tkytj_1 = tixytj_l belongs to H,
contrary to assumption. Hence each summand is zero, and therefore the sum
is zero. If v = tixytj_l € H, let t;x belong to the coset Ht,., so u = tmt;l € H.

It follows that t;at; ' ¢ H if k # r, so the left-hand side of (6.13) reduces to

the summand for which k = r, i.e. p(tixtr_l)p(trmt]ﬂ). Now tryt;1 = u~ltv,
an element of H; hence (6.13) becomes p(u)p(u=1v) = p(uv), which is true

because p is a representation. &

The representation p& of G is said to be induced by the representation
p of H. Moreover, the matrix p%(g) is a block-permutation matrix (every

1 See Section 3.4.
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row and column contains only one non zero block p(tigtjl)). Indeed, t;x
belongs to a unique coset Ht,., so there is a unique element of the list
p(tigtTh), pltigtyh), ..., p(tigt:}) of entries of row i for which tigtj_1 belongs
to H, and this element is t;gt, 1. Similarly for the other cases.

If y is the character of the representation p of H, we denote x¢ the induced
character of p©. For g € G, x“(g) is the trace of the matrix p“(g):

m

X(9) = x(tigt; "), (6.14)

i=1

with the convention that x(z) =0 if € H. As proved in Theorem 3.23, i3),
this formula can be written in the following form:

X“(g) = |;1\ > xlxga™), (6.15)
zeG

with ¢ € G and x(zgx~!) = 0 if zgz~! & H. More generally, if ¢ is a class
function on H, then (6.15) defines the induced class function ¢©.

To illustrate the theorem, let G = S%, H = {I,(2,3)}, and let t; = 1,t, =
(1,2),t3 = (1,3) be representatives of the cosets of H. Let p be a matrix
representation of H of degree r, and let R = p((2,3)) be the r x r matrix
representing the element (2,3) of H. Then the matrices:

100 070 001
pf =010, p9(1,2)=(100 |, p°(1,3)=| 0RO
001 00R 100

R

0

0

100 00 R I 0
p((2,3)) = (0 0 3)7 p((1,2,3)) = (Io 0) p((1,3,2)) = (0 1) :
ORO 070 ROO

yield a representation of S® of degree 3r.

If p is a representation of a group G, then its restriction py to a subgroup
H is a representation of H (but if p is irreducible, pgy need not be irreducible).
If x is the character of p, we denote y g the character of pg. More generally,
if ¢ is a class function defined on G we denote ¢y the restriction of ¢ to H.
Induction and restriction are related by the following theorem.

Theorem 6.17 (Frobenius reciprocity). Let H < G, ¢ a class function
on H and ¥ a class function on G. Then:

() = (v, 9m).

In particular, if ¢ and v are irreducible characters, then the multiplicity of
WY in @ equals that of 1 in ©©.
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Proof. From the definitions we have:

(%, ¥) = ‘é‘ > ea)wlg) = ‘é‘ II;\ > elagre(g).

geG geGzeG

Setting y = zgx~!, and since ¥(g) = 9(y), we have:

1 1 1 1
Gl 2= 2 W) = o G ewv) = (pvm). O

yeGzeG yeH

We give an application of the above result. Recall that for a group G acting
on a set 2 the character of the permutation representation corresponding to
the action is the function which associates with an element g € G the number
of points of {2 fixed by g.

Lemma 6.2. Let G act on 2 with permutation character x. Then (x,1g)
equals the number of orbits of G on 2.

Proof. (x,1g) = |é| >gec X(9)1a(9) = -, cc x(g), which is the number of
orbits by Burnside’s counting formula (Theorem 3.18). &

Lemma 6.3. Let G act transitively on a set 2, and let H = G be the sta-
bilizer of the point «. Then the induced character lg is the (permutation)
character of G (i.e., 15(g) equals the number of points of §2 fized by g € G).

Proof. 1 (xgz~') = 1 each time xgz~' € H, and this happens if and only if
a9 = q, ie. (a%)9 = a®. Since a"* = o, for all h € H, each point fixed
by g occurs with multiplicity |H|, and so does each conjugate zgx~! € H.
Now 1% (g) = IIlﬂ > wec La(zga™t); if g fixes m points, then each term of the

sum appears |H|m times, so 1 (g) = m. &

By (6.14), if ; is the principal character of a subgroup H, then x{(g) = 1
each time tigt;1 € H,i.e., each time t;g € Ht;, i.e. g fixes the coset Ht; under
multiplication. Hence x§ is the character of the representation of G on the
right cosets of H (see Fz. 3.9, 2). We recall that the rank of a group G acting
transitively on a set {2 is the number of orbits of the stabilizer of a point. If
H = {1}, x{ is the character of the regular representation (see Ez. 3.9, 1).
This example shows that an induced character Y& may be reducible even if y
is irreducible.

Theorem 6.18. Let G be transitive on §2 with permutation character x. Then
the rank v of G is given by (x, X)-

Proof. Let H be the stabilizer of a point. The restriction x g is the character
of H on 2, and (xm,1x) the number of orbits of H by Lemma 6.2, i.e. the
rank r of G. By Frobenius reciprocity the latter product equals (x, 1%) which,
again by Lemma 6.2, equals the number of orbits of G.
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Corollary 6.8. Let G be 2-transitive, with permutation character x. Then

X =1la+eo,
where @ is an irreducible character of G.

Proof. By Theorem 6.18 and formula (6.6), 2 = (x,x) = >.;_, m?. The m;
being integers, the only possibility is m; = 1 for two values of 7, and m; = 0 for
the other values, so x is the sum of two irreducible characters. By Lemma 6.2,
(x, lg) equals the number of orbits of G, so (x,1g) = 1, i.e. 1g occurs in x
(with multiplicity 1). Hence one of the two characters occurring in x is 1lg,
and the result follows. &

6.3 The Character Table

The irreducible characters of a group G may be presented in a square array of
complex numbers, the character table, whose rows correspond to the charac-
ters (starting with the principal character) and the columns to the conjugacy
classes (starting with the class {1}). The rows are pairwise orthogonal, and so
are the columns, as follows from the first and second orthogonality relations
((6.4) and (6.8), respectively).

Examples 6.5. 1. The table of S®. S® has two linear characters (Ez. 6.4, 1).
The irreducible representation of degree 2 (Exz. 6.2, 2) affords a character
whose value is zero on the class of transpositions and —1 on the class of
3-cycles. Hence the table:

(1) (1,2) (1,2,3)
X1 1 1 1
X2 1 -1 1
X3 2 0 -1

If ¢ is the character of the regular representation, then p(1) = 6 and
©(g) = 0if g # 1. By Theorem 6.9, the latter contains once the two linear
representations and twice that of degree 2: p = x1 + x2 + 2x3. For instance,
on g = (1,2,3) we have ¢(g) = x1(g) + x2(9) +2x3(9) =1+1+2--1=0.

We now consider the induced characters on G' = S* of the above charac-
ters of S3. The elements of S* having conjugates in S° are the identity, the
transpositions and the 3-cycles. Hence x§(g) = 0 for the elements g with cycle
structure of type (1,2)(3,4) and (1,2,3,4). As for the other elements, using for-
mula (6.14) with ¢t = 1,t2 = (1,4),t3 = (2,4) and t4 = (3,4), we see that the
transpositions admit two conjugates contained in S3: for example, for (1,2) we
obtain (1,2) (conjugating with ¢; = 1) and (1,3) (conjugating with t4 = (3,4));
for (2,4), we obtain (1,2) (conjugating with to = (1,4)) and (2,3) (conjugat-
ing with ¢t = (1,4)). Hence for g a transposition we have x%(g) = 2xi(g).
The 3-cycles have only one conjugate in S3 (e.g. (1,2,3) only has itself, and
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(1,4,3) has (1,3,2)); it follows that for g a 3-cycle, x%¥(g) = xi(g). Finally,
xi(1) = 4x;(1). Summing up,

{1} (1,2) (1,2,3) (1,2)(3,4) (1,2,3,4)

x5 4 2 1 0 0
X 4 -2 1 0 0
X5 8 0 -1 0 0

Note that (x§'(1)? = 16, x§¥((1,2))? = 4, (x§((1,2,3))? = 1, and that
x§((1,2)(3,4)) = x§((1,2,3,4)) = 0. It follows (x{, x{) = 5, (16 +6-4+8-
1) = 2, so x¢ is not irreducible. Similarly, (x5, x5) = 2 and (x§,x§) = 3,
so none of the induced character is irreducible. However, we can obtain an
irreducible character of S* if we subtract from x§ the principal character 1¢.
Indeed, let x = x§ — 1¢ (it is a character by exr. 12), with values 3,1,0,-1,-1;
we have (x,x) = ,,(1:3-3+6-1-1+8:0-04+3-—-1-—-1+6-—-1--1) =1.
It is the character of the permutation representation of S* on the space of
dimension 3 (it is the character ¢ of Corollary 6.8).

The characters of S3, and more generally those of S™, are real because an
element and its inverse are conjugate, hence x(s) = x(s™!) = x(s)). But there
is more.

Let s € G, o(s) = m, and consider the field Q()\) obtained by adjoining
a primitive m-th root of unity A to Q. The automorphism group G of Q(\)
over Q (the Galois group) is isomorphic to the group of integers less than m
and coprime to m. For o € G, o(A\) =AY, (t,m) = 1, and the mapping o — ¢
is an isomorphism. Write o = ;. For s € G, x(s) is a sum of m-th roots of
unity, so x(s) € Q(N).

Lemma 6.4. Let x be a character of G. With the above notation, and o, € G,
at(x(s)) = x(s"), Vs €G.

Moreover, x(s) is rational if, and only if, x(s') = x(s), for all integers t
coprime to m.

Proof. If \; are the eigenvalues of the matrix p(s), those of p(s*) are the powers
AL Hence,

oi(x(5) = ot (Q_N) =D oe(h) =D AL =x(s").

If x(s) is rational, then it is invariant under all o; € G, hence x(s) = o¢(x(s))
which equals x(s'). Conversely, if x(s') = x(s), for all o, € G then x(s) is
invariant for all o; € G and therefore is rational. O

Theorem 6.19. The characters of the symmetric group S™ are rational val-
ued, and therefore integer valued.
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Proof. For s € S™, and t coprime to o(s), s* and s have the same cyclic struc-
ture, so they are conjugate, and therefore x(s') = x(s). By the lemma, x is
rational valued. But the values of the characters are algebraic integers, and
rational algebraic integers are ordinary integers. &

2. The table of A*. The derived group of A% is the Klein group, hence there
are three linear characters. Moreover, we have four conjugacy classes: Cy; Ca,
which contains the elements of order 2; C3 and Cy4, both with elements of
order 3. The equality 1 + 1+ 1 +n3 = 12 implies ny = 3. The elements of
order 2 belong to the Klein group, and therefore also to the kernel of every
representation of degree 1. Hence the first column of the table is 1,1,1,3. The
second one has 1,1,1 in the first three entries; by the orthogonality with the
first the fourth entry is —1:

1 (1,2)(3,4) (1,2,3) (1,3,2)
X1 1 1 1 1
X2 1 1 x
X3 1 1 Yy
X4 3 -1 z

The orthogonality of the third column with the first two yields
l+z4+y+32=0,14x+y—2=0,

from which z = 0. The same argument applied to the fourth column yields
x4(C4) = 0. The orthogonality between columns 1 and 3 and between 2 and 3
now yields 14+z+y = 0. Next, the elements of C5 are of order 3, and therefore

x and y are third roots of unity, and they are distinct; set x = w and y = w?:

1 (1,2)(3,4) (1,2,3) (1,3,2)
X1 1 1 1 1
X2 1 1 w
X3 1 1 w?
Ya 3 -1 0 0

Now let = and y the values of x2 and x3 on Cjy, and consider the orthog-
onality between the first two rows:

1-14+3(1-1)+4(1-w)+4(1-2) =0,

from which 1 +w + 2 = 0, i.e. = w?. Similarly, ¥y = w. Summing up:

1 (1,2)(3,4) (1,2,3) (1,3,2)
X1 1 1 1 1
X2 1 1 w w?
X3 1 1 w? w
X4 3 -1 0 0
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Consider the permutation representation of degree 4 of A*. Since A* is
2-transitive, its character x equals 144 + ¢, with ¢ irreducible. Hence 4 =
X(1) = 144(1) + (1) = 1 + (1), i.e. ¢ is of degree 3. It is character x4 of
the above table, and is the character of the irreducible representation on the
3-dimensional space of Fz. 6.2, 2.

If we induce the character x; on S* we find an irreducible character of §*
(we have ), (1-22+3-2244:12+4-1%) = 1). The same holds for x5 and x3 but not
for 4. Note that x2((1,2, 3)) being different from x2((1,2,3)?) = x2((1, 3,2)),
is irrational (Lemma 6.4).

3. G = A5 has five conjugacy classes:

1 (1,2)34) (1.23) (1,2345)) (1,3,524)
x1 1 1 1 1 1

In the representation as a permutation group, the characters (number of
fixed points) are respectively, 5,1,2,0,0. A% being 2-transitive, the represen-
tation of degree 4 of Ez. 6.2, 2 is irreducible, and the character has values
4,0,1,—1,—1 obtained by the above by subtracting the trivial representation
on the subspace of dimension 1. Hence we may add a second row to the above
table:

1 (1,2)(34) (1,2,3) (1,2,3,4,5)) (1,3,5,2,4)
i 1 1 1 1 1
x2 4 0 1 -1 -1
Let x be a non principal linear character of A*. From the character ta-
ble of H = A* we see that x(g) = 1 if o(g) = 1 or 2, x((1,2,3)) = w,
x((1,3,2)) = w?. If g is a 3-cycle, then |Cq(g)| = [Cu(g)| = 3 and x“(g) =
3-(% + '%2) = w+w? = —1. Since (x%,x%) = 4, (256 +15+20) =1, x“ is
irreducible. We get one more row of the table:

1 (12)34) (1,23) (1,2345) (1,3,5,2,4)
xi 1 1 1 1 1
x2 4 0 1 -1 -1
X3 5 ~1 0 0

The sum of the squares of the degrees must equal the order of the group.
Hence 12 +42 452 +a? + b = 60, a® +b? = 18, and the only possibility in in-
tegers is a = b = 3. Hence we have two irreducible representations of degree 3,
x4 and x5. Let a and b be the values of x4 and x5 on (1,2)(3,4). By the second
orthogonality relation, 1-14+4-0+4+5-1+43a+ 3b =0, and hence a +b = —2.
Again by the the second orthogonality relation, 27, [x;((1,2)(3,4))> =1 +

_ Le] _ Gl _ ; _
0+1+a?+b%= ICle((1.2)3,4))] = 15 = 4, from which a? 4+ b = 2. Hence
a = b = —1. Similarly, if ¢ and d are the values of x4 and x5 on (1,2,3) we

5 G G
have >0, [xi((1,2,3))| =14+ 1+14+2+d* = \CIG(|(1!2,3))| = ‘20| = 3. Hence

c?+d?> =0, and c = d = 0. At this point:
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1 (12)34) (1,23) (1,2345) (1,3,5.2,4)
i 1 1 1 1
Y2 4 0 1 ~1 —1
xs 5 ~1 0 0
X4 3 -1 0

Let ¢ = (1,2,3,4,5) and d = (1,3,5,2,4). Let a = x4(c), and b = x4(d);
row-orthogonality yields

5
0= kixa(si) =1-3+15-—1+20-0+ 12a + 12b,
1=1

i.e. a+b=1. Also,

5
60 = kixa(si)? =1-9+15-1+20-0+ 12a® + 12°

i=1

i.e. a® +b? = 3 (the characters are real because every element is conjugate to
its inverse). Hence a2~a—1 = 0so a = (1++/5)/2, and b = (1 — v/5)/2 (or con-
versely). As in the case of A%, x4((1,2,3,4,5)) is different from x4((1, 3, 5,2, 4))
and so is irrational. Now see ex. 14.

4. The table of Dy. Dy = {1,a,a?,a®,b,ab, a?,ab} has five conjugacy classes,
and the derived group C5 has order 2, so D, has four linear characters, and
since the sum of the squares must be 8, the fifth one has degree 2. Moreover,
D,/Cy is a Klein group, so its elements have order 2 or 1. But in the group
C* only —1 has order 2, so the image of a linear representation (not pi) is
{1, —1}, and therefore the kernel has order 4. The three subgroups of order 4
are possible kernels, and in fact we have three homomorphism:

po: {1,a,a% a®} — 1, {b,ab,a’b,a’b} — —1,
ps : {1,a* b,a*b} — 1, {a,a® ab,a*b} — —1,
pa:{1,a% ab,a®b} — 1, {a,a®b,a’b} — —1,

that allow us to complete the first four rows of the character table:

{1} {a2} {a,a3} {b, a2b} {ab, a3b}

Y1 1 1 1 1 1
Y2 1 1 1 —1 -1
X3 1 1 -1 1 -1
X4 1 1 -1 -1

s 2 —2 0 0 0
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where the last row follows from the orthogonality relations. With the same
proof it can be shown that the quaternion group has the same character table
of D4. Hence, the character table does not determine the group.

In the dihedral group D,,, the commutator subgroup has order n/2 or n,
according as n is even or odd. Hence D,, has four or two representations of
degree 1, respectively. All non linear irreducible representations have degree
2; there are n/2 — 1 (n even) or (n — 1)/2 (n odd) of them?.

6.3.1 Burnside’s Theorem and Frobenius Theorem

Let us now see two important application of what we have seen above. The
first is a famous theorem due to Burnside, know as the “p%q® theorem”,
First two lemmas.

Lemma 6.5. Let x be an irreducible character of degree n, C a conjugacy
class of cardinality coprime to n. Then for s € C we have either x(s) =0 or
Ix(s)| = n, and in the latter case ps is a scalar transformation.

Proof. First we prove that XS) is an algebraic integer. Let a and b be integers
such that a|C| + bn = 1; multiplying this equality by x(s) and dividing by
n yields alCLX(S) + bx(s) = Xff). The first summand is an algebraic integer

x(s)

(Corollary 6.6), and so is bx(s), and therefore also **’. Moreover, x(s) is a

sum of |G|-th roots of unity:

) x(s8)  wiH+wat---+wy

n n

Let A; = “1TW2F=Fwn 4 — 9 G|, \; = A; then:

n
witwy ety el w4t ] e
n o n n

Consider the polynomial f(z) = Hﬁll (z — ;). This polynomial has coeffi-

cients that are symmetric functions of the \;, and therefore polynomials with
rational coefficients in the elementary symmetric functions of wy, wa, ..., wg|,

Aol = | ~ 1.

i.e. in the coefficients of z!¢l — 1, that are equal to 0, 1 or —1. Hence the co-
efficients of f(x) are rational numbers. f(x) has the root A; in common with
p(x), the minimum polynomial of A; the latter being irreducible, p(z) divides
f(x). The other roots of p(z) also are roots of f(x), so they are among the \;
and therefore have absolute value less than or equal to 1. But the product of
all these roots is the constant term of p(z), an integer, a,, say®. If a,, = 0,
irreducibility implies p(z) =  and therefore A = 0. This proves the first part.
If |ap,| = 1, then |A| = 1 (and the other |\;| = 1 as well), so that IXS)l =1
and |x(s)| = n. By Theorem 6.2, iii), ps is scalar. O

2 Ledermann, p. 65-66.
3 Tt follows from a theorem of Gauss that the minimum polynomial of an algebraic
integer has integer coefficients and is monic.
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Lemma 6.6. If in a group G a conjugacy class C contains a number of ele-
ments which is a power of a prime p, then the group is not simple.

Proof. Since |G| = 1+ n3 + .-+ + n2, and p||G|, there exists ny such that
(p,nk) = 1, so that, by the assumption on C, (|C|,nx) = 1. By the previous
lemma, for 1 # s € C we have either x(s) = 0 or |x(s)| = ng, and, in the
latter case ps is scalar, it commutes with all p;,t € G, and therefore belongs
to the center of p(G). If p is faithful, s belongs to the center of G; otherwise
p has a nontrivial kernel. In either case G is not simple.

If x(s) = 0, let ¢ be the regular representation of G; we know that p(1) =
|G|, and p(s) = 0,5 # 1. Then (s) = >, nixi(s) = 0 and 1432, ) nixi(s) =
0. If p t n;, then either |x;(s)| = n;, and for what we have seen above G is not
simple, or x;(s) = 0. If x;(s) = 0 for all ¢, then we would have 1 = 0. The only
non zero terms of the sum come from the n; such that p|n;. Let n; = pk;; then
0=1+> pkixi(s) =14+p(_ kixi(s)). Now, the x;(s) are algebraic integers,
the h; are integers, and therefore the above sum is a sum, a say, of products
of algebraic integers, and so is an algebraic integer. From 1+ pa = 0 it follows
that a = —11) is rational, and therefore integer, a contradiction. O

Theorem 6.20 (Burnside). A group of order p®q® is solvable.*

Proof. If G is a p-group there is nothing to prove. Let a,b > 0, S a Sylow
p-subgroup of G, and let 1 # z € Z(S). Then Cg(x) contains S and therefore
lcl(z)| = [G : Cg(w)] divides ¢°. By the lemma above, G is not simple. If N
is a normal subgroup of G, then by induction, N and G/N are solvable, and
therefore so is G. &

If a character is not irreducible, then it is a linear combination of irre-
ducible characters, with positive integer coefficients. If we allow negative or
zero coefficients, we have a class function (but not the character of a repre-
sentation if some of the coefficients are negative) called a wvirtual or a gen-
eralized character. Formula (6.6) also holds for virtual characters. However,
Theorem 6.6, i7), should be modified as follows:

Lemma 6.7. Let a be a virtual character such that (a, ) = 1. Then o = £,
where x is an irreducible character. Hence, if a(1) > 0, then o = x.

We now prove the important result due to Frobenius announced in Sec-
tion 5.4. Unlike Burnside’s theorem, so far no proof is known that does not
make use of character theory.

Theorem 6.21 (Frobenius). The elements fixing no point in a Frobenius
group G acting on a set of n points form, together with the identity, a normal
subgroup K.

4 For a long time this results has defeated many attempts to prove it without char-
acter theory. In the 1970’s, proofs using deep group-theoretic results have been
found.
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Proof. (Clearly the issue is not on normality, but rather the fact that K is
a subgroup.) The idea of the proof is to construct a character of G and to
show that K is the set of elements of G on which the value of this charac-
ter equals the degree. The result will then follow from Theorem 6.3. Let H
be the stabilizer of a point, and let t; = 1,to,...,t, be a transversal of the
right cosets of H. Then the stabilizers of the other points are the conjugates
ty ' Hto, ...t Ht,p, of H.

Let 1 be an irreducible character of H, and let ¥“ be a transversal; we
have ¥%(1) = ny(1). Consider now the permutation representation of G; it
is the sum of the trivial representation and a representation of degree n — 1
(Ex. 6.2, 2). If  is the character of the latter, then ¢(1) = n—1. The elements
outside H and its conjugates fix no point, so in the permutation representa-
tion their character is zero; hence the value of ¢ at these points is —1, and is
0 elsewhere.

If we subtract ¢(1) times the above character ¢ from ¢ we obtain the
virtual character

X =99 =y (6.16)
Note that from % (1) = ni(1) it follows:
X(1) =99 (1) = p(1)(n — 1) = ¥(1),
i.e. the degree of x equals that of ). Moreover, for = € K,
x(x) =% () = p(Dp(x) = 0 = (1) - =1 = (1),

Hence, for z € K,
x(@) = x(1).

We now show that x is an actual character, and is irreducible. Let us calculate

D@ () = (1) (p()) (¥ () — e(1)p(x)). (6.17)

zeG

We first sum over the elements of H; recalling that p(h) =0for 1 #h € H,

Y wlh)e(h) = |H| = ¢*(1),

1#£heH

because 1 is irreducible. Now consider (6.14), and let & be an element of a
conjugate tj_lHtj of H; then z = tj_lhtj, so (6.14) becomes:

WO () = 3 wltity htst ). (6.18)

The i-th term of the sum is nonzero only if titj_lhtjti_l € H,ie. tj_lhtj €
t; 1 Ht;, which is possible only if j = i. Hence (6.18) reduces to

Ot hty) = p(h), j=1,2,...,m.
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For the elements x outside H and its conjugates 1% (z) = 0 and ¢(x) = —1,
so their contribution to the sum (6.17) is ¢/(1)2. Hence,

P(1)? +n([H| = ¢(1)?) + (n = Dy(1)* = n|H| = |G|,

so (x,x) =1, and x is an irreducible character of G (Lemma 6.7).

Hence y is a character, and we have seen that its value on the elements of
K is x(1). However we cannot conclude that this is the character we seek be-
cause there might be other elements y of G, not in K, for which x(y) = x(1).
To overcome this difficulty, we consider characters of G like (6.16), this time
taking into account all the irreducible characters y; of H:

i) _

XD =xE —xiDp, i=1,2,...,n

Like the above x the x(® are irreducible; we construct the character:

=Y (. (6.19)

We have:
D) = xi(1), x5 hty) = xa(h), XD (k) = xi(1),

where h € H, and k € K. Substituting in (6.19) we have:

n(1) =n(k) =Y xi(1)* = [H]|,

(Corollary 6.5) and

n(h) = 3" xi(Dxa(h) = p(h) =0,

because the sum is the regular representation p of H (Theorem 6.8). Hence K
is the set of elements of G for which the value of 1 is n(1), so is the required
normal subgroup. &

Remark 6.2. A different virtual character is considered by M. Hall, p. 292-294,
that is, w = p — hy, h = |H|, where p is the character of the regular representation
of G and ¢ is as in the theorem above. Then w(1) = p(1) —hp(1) = nh—(n—1) = h;
for x € H and its conjugates, w(z) = p(x) — hp(x) =0—h-0=0 and, for y € K,
w(y) = p(y) — he(y) =0 — h-—1 = h. Hence, if w is a character, it as the required
properties, so what one has to prove is that this virtual character is an actual char-
acter. Isaacs, pp. 100-101, considers for an irreducible non principal character ¢ of
H, the virtual character § = ¢ — (1)1, and proves that p* = ¢ + ¢(1)1¢ is an
irreducible character of GG. The required normal subgroup will be the intersection
of the kernels of the ¢* as ¢ runs over all the irreducible characters of H. Our
treatment follows Ledermann, pp. 153-157.
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Exercises

1. If p is a representation of G on V, prove that p* defined by pi(f).v = f(ps—1.v),
where f € V™, the dual of V, is a representation G — GL(n, V™). If A is the
matrix of ps, then the matrix of p* is the inverse transpose of A (contragredient
representation).

2. Prove that if V is of dimension n, and p is irreducible, then pj; is also irre-
ducible. [Hint: consider an invariant subspace W of V*  and prove that its anni-
hilator W° = {v € V | f(v) = 0,f € W} is also invariant, and use the equality
dimW +dimW%=n.]

3. The representation of the reals given in Ez. 6.1, 3, is not faithful. Determine its
kernel.

4. Let V be the space of polynomials with real coefficients, and let ps be the lin-
ear transformation of V defined by os(f).v = f(v — s). Prove that ps is a linear
transformation of the additive group of the reals.

5. 1) Let x be a character of a group G such that x = > m;x;, with the x; irreducible.
Then ker(x) (Theorem 6.3) equals Nker(x;), n: > 0. [Hint: Theorem 6.2 ii)).]

1) The intersection Nker(x;) of all the irreducible characters of G is the identity.
[Hint: consider the character of the regular representation.]

6. Prove that a finite p-group admits a faithful irreducible representation if, and only,
if the center is cyclic. [Hint: there is a unique subgroup of order p in the center.]

7. Using the results of this chapter prove that a group of order p? is abelian.

8. i) A class function ¢ is a character if and only if ¢ # 0 and the scalar products
with the irreducible characters are non negative integers;

11) use i) and Frobenius reciprocity to prove that if o is a character of a subgroup
H of a group G, then ¢, as defined by formula (6.15), is a character of G. [Hint:
[p, xH] is a nonnegative integer.]

9. Let G be a permutation group, and let x(g) be the number of fixed points of
g € G. Prove that the function v(g) = x(g) — 1 is a character of G.

10. Let A\ be a linear character of G, and let x be an irreducible character. Prove
that the product xA defined by xA.(g9) = x(g)A(g) is also an irreducible character.
[Hint: recall that if « is a root of unity, then aa = 1.]

11. Determine the character table of S*.
12. Let H < G. Prove that:

i) (1F,1e) =1;

i) 1% — 1¢ is a character.

13. Prove that with H = A* and G = A®, the character 1§ — 1¢ is the same as the
character of the permutation representation of A% on the space of dimension 4.

14. Complete the character table of A°.
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15. (Solomon) Prove that the sum of the elements on a row of the character table
is a non negative integer. [Hint: as in the regular representation, let vs, s € G, be
the vectors of a basis for V' and let p be the representation of the group induced by
conjugation, p; : vs — Vy—14; then x(¢) = |Cg(t)|. Consider the number of times
the representation p; with character y; appears in p.]

6.3.2 Topological Groups

In order to prove Maschke’s theorem on complete reducibility we have shown
that there exists a G-invariant complement W) of the G-invariant subspace
W C V by constructing a projection 7 : V. — W that commutes with the
action of the group G. This is obtained by averaging over the group the projec-
tion 7 associated with the decomposition W& V', where V' is any complement
of W. In the case of infinite groups complete reducibility may not be achieved,
as the example of the integers shows (Ez. 6.3, 3). In this section we sketch
the possibility of extending the mentioned results to infinite groups. Instead
of finite groups, we shall be considering compact topological groups. If G is
such a group, then a measure p can be defined a on the subsets of G such
that 1(G) is finite. In this way, the finiteness of G is replaced by the finiteness
of u(G). In the discrete case, compactness means that the group is finite, the
invariant measure is the counting measure, and (@) is simply the cardinality
of G. First some definitions and examples.

Definition 6.5. A topological group G is a group endowed with a structure
of a Hausdorff topological space with respect to which the mappings from the
product spaces G x G to G given by (g,h) — gh, and from G to G given by
g — ¢! are continuous.

Any group becomes a topological group if endowed with the discrete topology.

Examples 6.6. 1. The group R of the real numbers with the topology of
the real line is a topological group. The two functions (x,y) — x + y and
x — —x are continuous. Similarly, the set R™ of the n-tuples (z1,22,...,2y)
with the usual topology is a topological group, and so is the set C™ of the
n-tuples of complex numbers (z1, 22, ..., 2n), 2k = Tk + 1Yk, where x, yr are
real numbers, with componentwise sum. With such an n-tuple there is asso-
ciated the 2n-tuple (z1,v1,%2,¥2,...,ZTn,yn) of R*; this correspondence is
bijective, and allows one to consider as open sets of C™ the inverse images of
the open sets of R?”. These are the natural topologies of R” and C™.

2. The groups GL(n,R) and GL(n,C). A matrix A = (a; ;) of GL(n,R)
may be considered as a point (@1,1,...,01,0,02.1,---,82n,--;8n,15- -, 0nn)
of R", and therefore one can endow GL(n,R) with the topology induced
by that of R™. In this way, GL(n,R) becomes a topological space, and in-
deed a topological group. The inverse of a matrix A = (a;;) is detl(A) (4;;),
where 4; ; is the matrix of the cofactors, which are determinants and hence
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polynomials in the entries of the matrix, and therefore continuous functions
of the latter. Similarly, the row-column products of the product matrices are
polynomials in the entries; hence GL(n,R) is a topological group w.r.t. the
natural topology. A basis of the neighborhoods of a matrix A = (a; ;) is given
by the invertible matrices B = (b; ;) for which, given € > 0, |a; ; — b; ;| < €,
i,7=1,2,...,n. Note that GL(n,R) is an open set of R"Z; indeed, the func-
tion that associates with the matrix its determinant is a continuous function
GL(n,R) — R and GL(n,R) is the inverse image of the complement of the
closed set {0} of R. This also holds, with obvious modifications, for GL(n, C).

3. A subgroup of a topological group becomes a topological group by endow-
ing it with the induced topology. With this topology, SL(n,R) is a closed
subgroup of GL(n,R) because is the counter-image of the closed subgroup
{1} under the continuous mapping determinant. The orthogonal group O(n)
consists of the matrices A = (a; ;) of GL(n,R) such that AA" = I, that is,
>k i ks = 0;; (rows are orthonormal). These sums are continuous, and
O(n) is a closed subgroup of GL(n, R); its intersection with SL(n,R) yields
the closed subgroup SO(n), the special orthogonal group. Similarly, the unitary
group U(n)® (matrices such that AA! = I) is a closed subgroup of GL(n,C),
as well as its subgroup SU(n) obtained by intersection with SL(n, C).

4. The group O(n) is compact. Indeed, due to the orthonormality condition,
the sum of the squares of the elements of each row of a matrix of O(n) is 1,
and therefore the sum of the squares of the elements of the matrix is n. Hence
a matrix of O(n) is a point on the surface of the sphere centered at the origin
with radius y/n, so that O(n) is a bounded set of R and therefore compact.
Similarly, the unitary group is compact.

5. The group SO(n), as a closed subset of the compact space O(n), is it-

self compact. Let us consider the case n = 2. Let (Zl‘l 31’2)6 SO(n). The
2,1 Q2,2

orthogonality condition implies the equalities:
2 2 2 2 .
ajptajs=1,a5;+a30=1, a11a21+ a1 2022 =0;

we have the further condition aj ja22 — a1 2a2,1 = 1 given by the fact the
the determinant is 1. The first condition allows one to set a; 1 = cos a and
a2 = —sena, a € [0, 27]; from the other conditions it follows that the matrix

<C95a _Sma). Hence the group SO(2) consists of the rotation matrices

smoa  Cos«

(rotations around the origin of the plane). If we make correspond with the
matrix of a rotation of an angle # the complex number e’ we have an isomor-
phism ¢ between SO(2) and the group S = R/27Z of the circle with center
at the origin and radius 1. By defining the open sets of S! as the images under

© of the open sets of SO(2) we have a homeomorphism.

5 This symbol has already been used with a different meaning (see p. 21).
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Definition 6.6. A finitely dimensional (complex) representation of a topolog-
ical group is a continuous homomorphism into the topological group GL(n, C).

Example 6.7. In this example we see how one can define an average opera-
tion similar to (6.1) of Maschke’s theorem in the case of a representation of
an infinite group. Consider the group S', and let f be a continuous function
defined on S! with values on a space V. Define the mean of f over S! to be

the integral
1 2 "
4.
o) / 7

:27r

Due to the translation invariance of the Lebesgue measure over R, and the
periodicity of the function 6§ — f(e"), we have that (f o L,) = (f), for all
g € S*, where L, denotes left multiplication by g. If p : S' — GL(V) is a
representation of S! and f(e?) = p(e??).v, some v € V, then f also satisfies
the property

p(e)(f) = (f),

as the following calculation shows:

pEN ) = ple) ) / " ple?)odb

1 2 . 0 1 2w ‘9/
= 277/0 p(e @t Ypdh = 271'/0 p(e" )vdd'.

Hence the mean (f) of the function f(e?®) = p(e’).v provides an S'-invariant
element of V. Note that the passage of p under the integral sign is guaran-
teed by the continuity of p. By making use of this operation of mean on the
topological group S* the proof of Maschke’s theorem holds for S! in zero char-
acteristic: the complex linear representations of S are completely reducible.
The possibility of constructing an invariant mean on the functions defined on
S is made possible by the property of the measure induced on S! by the
Lebesgue measure on R, which is translation invariant and finite on compact
sets.

As for the Lebesgue measure on the reals, in any locally compact group it
is possible to define a measure which is translation invariant and finite on the
compact sets.

Definition 6.7. Let G be a locally compact topological group. A left (right)
invariant Haar measure for G is a measure y defined on Borel o-algebraS of
G and such that:

1) w(U) = p(gU) (u(U) = w(Ug)) for all subsets U of G and elements g of
G;

5 The Borel o—algebra of a topological space is the smallest o-algebra among those
that contain all the open sets of the space.
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i) pu(U) > 0if U is open;
i4t) p(U) is finite if U is compact.

Theorem 6.22 (Haar). A locally compact topological group has a left in-
variant measure which is unique up to scalars. If the group is compact (or if
the group is abelian, in which case left and right invariance coincide) such a
measure 15 also right invariant.

If G is a compact group, and u is the Haar measure on G, then p(G) is
finite. If p : G — GL(n,C) is a continuous linear representation of G, and v
is a vector of the representation space V', then the mean

1
)= g . ptaw dn

is a G-invariant element of V. This fact allows the construction of G-invariant
projectors. Hence the existence of the Haar measure for a compact group
implies, as seen above, the complete reducibility of the continuous represen-
tations of G.



7

Extensions and Cohomology

Among the subjects we shall touch upon in this chapter there is that of ex-
tensions. We have already mentioned this problem in Chapter 2 when talking
about Holder’s program for the classification of finite groups. As we shall see,
the solution proposed by Schreier in the years 1920’s allows a classification of
the groups that are extensions of an abelian group A by a group 7 by means
of equivalence classes of functions m x m# — A. Unfortunately, one does not ob-
tain a system of invariants for the isomorphism classes of the groups obtained
in this way, because nonequivalent functions can yield isomorphic groups. No
characterization of the isomorphism classes is known.

7.1 Crossed Homomorphisms

Definition 7.1. Given two groups 7 and G, and a homomorphism ¢ : 7 —
Aut(G), the group 7 acts on G by g° = g¥(?). We shall then say that G is a
m-group and, if it is abelian, a m-module.

Let G be a m-group; we denote by G™ the set
G"={2xeG|z° =z, Vo € 7},

that is, the set of fixed points of 7 on G. It is a subgroup, the largest subgroup
of G on which 7 acts trivially. In the semidirect product 7 x, G, after the
usual identifications, G™ is the centralizer in G of 7 (for this reason, G™ is
also denoted by Cg(7)).

Given an action of 7 on G, we know how to construct the semidirect
product m X, G. In general, together with 7 there exist in this group other
complements of GG. The purpose of the present section is to classify these
complements by means of certain functions f : 7 — G.

If w is a complement for G and o € 7, then there exists a unique element
g € G such that 0g € w. Indeed, if 0g and oh are two elements of w, then

Machi A.: Groups. An Introduction to Ideas and Methods of the Theory of Groups.
DOI10.1007/978-88-470-2421-2 7, © Springer-Verlag Italia 2012
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og(ch)™! = o(gh™')o~! belongs to w and, G being normal, also to G, and
therefore equals 1. It follows A = g. Therefore, it is possible to define a func-
tion f : m — G that associates with o € 7w the element g € G such that og
belongs to w.

The function f enjoys the property:

flor) = f(o)" f(7). (7.1)

Indeed, on the one hand g - 7h = 67¢g"h = o7 f(0o7), and on the other hand
og-th = of(o)rf(r) = orf(0)” f(1), recalling that in © x, G conjugacy
by means of an element o € 7 coincides with the action of o. Equality (7.1)
follows. Observe that f(1) = 1, as can be seen by setting o0 =7 =1 in (7.1),
and that if the action is trivial then f is a homomorphism.

A function f : m — G satisfying (7.1) is a crossed homomorphism. Con-
versely, given a crossed homomorphism, the pairs (o, f(0)) make up a sub-
group of 7 X, G

i) of(o)Tf(r) =orf(o)" f(7) =0T f(oT);
i) 1=1-1=1- f(1);
iii) (of(0))~t =071 f(071). Indeed,

—1

of(0) o7 flo™) =007 f(0)” flo7!) =1 floo™") = f(1) =1.

We denote by w this subgroup. If x € m x, G, then = og, and since
f(o) € G there exists g1 € G such that g = f(0)g1, and therefore z = og =
of(o)g1 € wG, so that wG = 7 x, G. If 6f(0) = g € G, then f(o) =1
(uniqueness of the writing) so that f(o) = 1 and g = 1. In other words,
the intersection w NG = {1}. Thus, w is a complement of G in the semidirect
product 7 X, G: like the elements of 7, those of w also form a complete system
of representatives of the cosets of G in 7™ x, G.

In addition, it is immediately seen that the function 7 — G to which w
gives rise is the function f used to construct it, and that the complement
w = 7 corresponds to the f such that f(o) = 1 for all o € m. We have the
following theorem.

Theorem 7.1. The crossed homomorphisms f : m — G are in a one-to-one
correspondence with the complements of G in the semidirect product m X, G.

A complement w of G corresponding to a crossed homomorphism f is the
image of 7 under the mapping s : 7 — 7 x, G, given by s(c) = (o, f(o)). This
mapping s is a homomorphism because f is a crossed homomorphism, and
viceversa. If ¢ is the homomorphism ¢ : 7 X, G — m, given by ¥(0,g) = o,
then ¥s = id,. A homomorphism s with this property is called a splitting.
Thus the crossed homomorphisms correspond bijectively to the splittings.

Let now wy and wy be two complements for G in 7 x, G, and assume they

are conjugate, wi = wo. If z = yg1, y € w1 and g1 € G, then W = W' = wo.
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Let f1 and fo be the crossed homomorphisms corresponding to wy e wso, re-
spectively. Then (o f1(0))9" = 7f2(7), for some 7 € 7, and [0t f1(0)9] =
Tf2(7T), with 07109 € G, because of the normality of G. Therefore, the ex-
pression in brackets is an element of G. By uniqueness, it follows 0 = 7 and

(gfl)"fl(a)gl = fa(0), and setting gfl =g,
fa(o) = g"fl(a)gfl, Vo € . (7.2)

Conversely, it is clear that if f; and fo are as in (7.2) for a given g € G, then
wy and ws are conjugate by means of g~ !, and the relation between f; and fo
is an equivalence relation, f; ~ fs.

Theorem 7.2. The conjugacy classes of the complements of G in the semidi-
rect product ™ X, G are in a one-to-one correspondence with the classes [f] of
the equivalence given by (7.2).

We have seen that the crossed homomorphism f corresponding to the
complement 7 is the one for which f(o) =1 for all o € 7; the crossed homo-
morphisms f equivalent to it are those for which there exists a fixed element
g € G such that:

flo)=9¢°g7", VYoem. (7.3)
A crossed homomorphism f satisfying (7.3) is called principal. Thus:

Corollary 7.1. If any two complements of G in the semidirect product mx ,G
are conjugate, then every crossed homomorphism is principal, and conversely.

If H < G is w-invariant, 7 acts on the cosets of H: (Hg)? = Hg°. Clearly,
if 7 fixes an element of a coset, then it fixes that coset: just take as represen-
tative the fixed element. Conversely, let Hg be fixed by all the elements of ;
then ¢g°¢g~! € H, for all ¢ € 7, and the correspondence f : ¢ — ¢g°¢g~ ' is a
crossed homomorphism of 7 in H:

flor)=g¢""g ' =g g77g g =(¢79 )99 " = flo) (7).

If two complements of H in the semidirect product @ by H are conjugate,
every crossed homomorphism 7 in H is principal, and therefore there exists
h € H such that ¢g°¢g~! = h°h~L, (h=1g)” = h~lg.

Corollary 7.2. If H < G is w-invariant, and any two complements of H in
the semidirect product of m x, H are conjugate, then w fizes a coset of H if,
and only if, it fizes an element of that coset.

If H <G and is m-invariant, the image of the fixed points G™ in the canon-
ical homomorphism G — G/H is obviously contained in (G/H)™, but it may
not coincide with it, as the following examples show.



292 7 Extensions and Cohomology

Examples 7.1. 1. Consider the Klein group G = {1,a,b,c}, and let o be
the automorphism of G that interchanges a and b and fixes ¢. If 7 = {1,0},
the subgroup H = {1, ¢} is normal and w-invariant, and we have G™ = H, the
image of G™ in G/H is the identity, whereas (G/H)™ = G/H.

2. Let G be the group of the integers, # = {1,0}, where o : n — —n. We have
G™ = {0}, and if H = (2), then (G/H)™ =G/H.

In the next section we will introduce a group which, in the case of an
abelian group acted upon by a group 7, measures the extent to which (G/H)™
differs from G™H/H (see ex. 6 to 8).

Corollary 7.3. If H < G is as in Corollary 7.2, then the image of the fired
points of w in G is the set of the fixed points of the image: G"H/H = (G/H)™.

In the first of the above examples the semidirect product of m by H is
the Klein group; this group being abelian, there are two conjugacy classes,
each with a single element, of complements of H in the group. In the second
example also there are two conjugacy classes (see Ex. 7.2, 2).

Remark 7.1. Our action is a right action; with the left action (7.1) becomes f(oT)

= (0 f(m)f (o).

7.2 The First Cohomology Group

Let now A be a m-module, written additively. The crossed homomorphisms
of m in A are called 1-cocycles; the set of 1-cocycles is denoted by Z!(w, A).
A structure of an abelian group can be given to this set by defining (f; +
f2)(o) = fi(o) + fa(o), o € 7; the zero element is the 1-cocycle f such that
f(e) =0 for all o € m, and the opposite of a 1-cocycle fis —f : 0 — —f(0).
The principal crossed homomorphisms are called 1-cobords; they form a sub-
group BY(m, A) of Z' (7, A). Indeed, if fi(0) = 2° — 2, fo(0) = y° — y then
(fi+ f2)(0) = (z+y)7 — (z+y), and —f(0) = (=2)7 — (—x).

Definition 7.2. The quotient H'(r, A) = Z'(w, A)/B(m, A) is the first co-
homology group of m with coefficients in A.

Theorem 7.2 can be rephrased as follows: the order of H'(m, A) equals the
number of conjugacy classes of the complements of A in the semidirect product

of m by A.

Examples 7.2. 1. Let 7 be finite, acting trivially on the integers. The action
being trivial, every 1-cocycle is a homomorphism, and since the only homo-
morphism between a finite group and Z is the one sending everything to {0},
we have Z'(r,Z) = {0}, and, a fortiori, H' (7, Z) = {0}.

2. If 7 = {1,0} is the automorphism group of Z, where o(n) = —n, the
semidirect product is the group D, and the complements of Z are the groups
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{(1,0), (o,m)}, of order 2. Two complements {(1,0), (o,n)} and {(1,0), (o, m)}
are conjugate if, and only if, m and n have the same parity, as it is easily seen;
it follows |H!(m, Z)| = 2.

3. If 7 is finite, |7| = n, and D is an n-divisible group (every element of D is
divisible by n) and torsion-free, then:

H'(m,D) = {0}.

For f € Z'(w, D) we have nf € Bl(nw, D), that is, nf(c) = d° —d, for all o and
some d € D. D being n-divisible, d = nd;, and therefore nf(c) = (ndy)? —
ndy = n(df — di) = nf'(c), where f' € B! is defined by f'(c) = df — d.
n(f(o) — f'(o)) = 0 and therefore, D being torsion-free, f(o) — f'(o) = 0,
f(o) = f'(0); this equality holding for all o, f = f, and f € B*.

4. Let us determine H! (7, A) in case 7 is a cyclic group. Firstly, a 1-cocycle
f is determined once the image a = f(o) of the generator o of 7 is known.
Indeed, f(0?) = f(o-0) = f(0)” + f(o) = a® + a, and for k > 0, f(c*) =
a+a”+---+a’ . Moreover, from 0 = f(1) = f(o- o) it follows 0 =
f(o)  +fleYy=a" "+ f(o 1), from which f(c~!) = —a® ', and in gen-
. _k ok oo (k=1) o1
eral for negative powers of o, f(c™") = —a —a —---—a° . By
associating f with a = f(o) we obtain an injective homomorphism

ZY (7, A) — A. (7.4)

If f(o) =a” —a, then f is a 1-cobord: for all k,

Conversely, for a 1-cobord we have, by definition, f(o*) = a®" — a, and there-
fore, in particular, f(o) = a% — a.

Let us now distinguish the two cases 7 finite and 7 infinite.

i) w finite, || = n. In this case, let us define the norm of a € A as the sum of
the images of @ under the various elements of :

N(a) = Za".

oEm

As a varies in A, the elements of the form N(a) make up a subgroup (because
A is abelian). Moreover, N(a) is fixed by every element of 7, because when
T € 7 varies, the products o7 run over w. Therefore, the subgroup of the
elements of the form N(a) is contained in A™. The elements of A of zero norm
also form a subgroup of A™.

If 7 is cyclic, f is a 1-cocycle and f(o) = a then, by (7.2), 0 = f(1) =
f(e™™ 1) = N(a), and the image a of o under f has zero norm. Conversely,
if N(a) =0, setting f(o) = a a 1-cocycle is defined. Therefore, the image of
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ZY(m,A) in (7.4) is {a € A| N(a) = 0}. The elements of A of the form a” —a
have zero norm, and constitute the image of B!(m, A); thus:

Z(m, A) - {a € A| N(a) =0}

Hi(m, 4) = Bl(m, A) {a® —a, ac A} ~

i1) m infinite. In this case, letting f(o) = a for all a € A a cocycle is defined:
the mapping (7.4) is surjective, and therefore is an isomorphism; we have:

A

1 ~
H(m, 4) = {a® —a, a € A}

Lemma 7.1. Let 7 be finite, |t| = n. Then nH'(w, A) = 0. Therefore, the
order of every element of H'(w, A) divides n.

Proof. In (7.1) let us fix 7 and sum over o: y__ f(or) =>__ f(o)"+>_, f(7).
As o varies, the product o7 runs over all elements of 7; the above becomes

>0 flo) = (32, f(0)" + nf(r). Setting 3°, f(0) = —g we have nf(r) =
g™ — g, for all 7 € m, that is nf € B(m, A). O

Theorem 7.3. If (||, |A|) = 1, any two complements of an abelian group A
in the semi-direct product of m by A are conjugate.

This theorem also holds in the more general case in which A is a solvable
group.

Lemma 7.2. Let G be a w-group, H I G and m-invariant. If every crossed
homomorphism of m in H and of m in G/H is principal, then every crossed
homomorphism of m in G is principal.

Proof. Let f be a crossed homomorphism of 7 in G. The mapping g : 7 —
G/H given by ¢ — Hf(o) is easily seen to be a crossed homomorphism
of m in G/H, and as such is principal. Then there exists Hz € G/H such
that g(o) = (Hz)?(Hz)™! = Hz°271, o € m. It follows Hf(0) = Hazz~!
and f(o)xxz=% € H, and therefore also 77 f(o)x € H. The mapping ¢ :
o — f(o)xx™ is a crossed homomorphism of 7 in H and therefore prin-
cipal. Then there exists h € H such that 279 f(o)x = h°h~!. But then
f(o) =2°h°h=ta=1 = (xh)°(xh)~!, o € 7, and so f is principal. &

Theorem 7.4. If G is a solvable w-group and (|«|,|G|) = 1, then the comple-
ments of G in the semidirect product of m by G are all conjugate.

Proof. By induction on |G|. If G is abelian, the result has already been seen.
Assume G’ # {1}. G’ being w-invariant, and since G’ < G and |G/G'| < |G|,
by induction the complements in their respective semidirect products are all
conjugate, and therefore the crossed homomorphisms of 7 in G’ and in G/G’
are all principal (Corollary 7.1). By the preceding lemma, those of 7 in G are
all principal, and again by Corollary 7.1 the result follows. &
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Example 7.3. As an application of this theorem let us prove Corollary 5.11
in the following form: if an automorphism o of a finite p-group P induces the
identity on P/®, where ® is the Frattini subgroup of P, and p t o(o) = 1,
then o and is identity on P. With m = (o) we have (|P|,|7| = 1), and by
Theorem 7.3 and Corollary 7.3 P™®/® = (P/®)™ = (P/®), from which
P™® = P, and therefore P™ = P.

The conclusion of Theorem 7.4 also holds when instead of G, the group
7 is solvable, as will be shown in a moment. Observe that if 71 is a normal
subgroup of 7, then the quotient 7/m; acts on G™, the fixed points of 71, by
g™ 7 = g?. We have a lemma “dual” to Lemma 7.2:

Lemma 7.3. If m; <7, and every crossed homomorphism of G™ in G and
of m/m in GT is principal, then every crossed homomorphism of © in G is
principal.

Proof. If f is a crossed homomorphism of 7 in G, its restriction to 7 is a
crossed homomorphism of 71 in GG, and therefore principal. Hence there exists
x € G such that f(7) =272~ for all 7 € ;. For o0 € 7 set g(o) = 277 f(0),
thus obtaining a crossed homomorphism of 7 in G and such that g(o) = 1
for o € m;. For n,n € m we have g(no) = g(n)?g(c) = g(o), and similarly
for g(n'o), so that g is constant on the cosets of m;. Moreover, if 7 € m
and o € 7, then g(o7) = ¢g(0)"g(7) = g(¢7), and o7 = 7’0, by the normal-
ity of my, 7 € 71, g(t'0) = g(77)%g(c) = g(o), and therefore g(o)” = g(o)
for all 0 € m and 7 € 7y, that is, g(o) € G™ for all ¢ € 7. The function
g:7m/m — G™, given by w10 — g(0o) is well defined, and clearly is a crossed
homomorphism of 7/m; in G™. As such, it is principal: there exists y € G™
such that g(mo) = y™7y~! = y7y~ 1. It follows g(o) = y°y~! and therefore
flo) =a2g(o)x™t = 27yy~to=t = (2y)? (xy)~, and f is principal. O

Theorem 7.5. If G is a w-group with m solvable and (|x|,|G|) = 1, then the
complements of G in the semidirect product of ™ by G are all conjugate.

Proof. If w is not simple, the claim follows by induction from the preceding
lemma and from Corollary 7.1. If it is simple, being solvable is of prime order
p, and from (p,|G|) = 1 it follows that 7 is Sylow in the semidirect product
of m by G. The result follows from the Sylow theorem. &

Exercises

1. If H < G is w-invariant, its centralizer and normalizer are also invariant.

2. Define [G, 7] = (g7'¢%, g € G, o € w), and show that this subgroup

i) is normal;

i) is m-invariant;

131) is the smallest normal 7-invariant subgroup of G such that 7 acts trivially on
the quotient (therefore, [G, 7] is the subgroup“dual” to G™).
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3. Let G be a group. For a fixed y € G, the function f, : * — [z,y], is a crossed
homomorphism G — G".

4. If V = {1,a,b,c} is the Klein group and ©# = {1,0} acts on V according to
a’ =b, b° =a, ¢ = ¢, show that H' (7, V) = {0}. If the action of w on V is trivial,
then H' (7, V) ~ V.

5. Show that if any two complements of G in the semidirect product of © by G are
conjugate, then

i) G=G"[G, 7l

1) [G,m, 7] =[G, 7]

We know that G is a m-group and A is a subgroup of G which is normal and -
invariant, the inclusion

G™AJA C (GJA) (7.5)

may be strict (see Fz. 7.1, 1), and that if any two complements of A in the semidirect
product ™ X, A are conjugate, then equality holds. If A is abelian, the condition
that any two complements are conjugate becomes Hl(ﬂ', A) ={0}.

If A and B are two m-modules, a w-morphism o : A — B is a homomorphism
commuting with the action of 7, a(z?) = a(z)?, z € A, o € 7. We say that a
sequence

Co A B A i1
of groups A; and homomorphisms «; is ezact at point A; if ker(a;) = Im(a;—1); it
is exact if it is exact at each point. Exactness of the sequence:

(0} —-A42B2 0 {0} (7.6)

means that « is injective and  is surjective. Such a sequence is called a short exact
sequence.

6. If in (7.6) @ and 8 are w-morphisms, show that, by defining o™ : A™ — B™
according to a™ : a — a(a), a € A™, and similarly 8™, we have a”(A™) C B™ and
B™(B™) C C™, and that the sequence of abelian groups (trivial m-modules)

{0y » A~ S " Lo
is exact. (Note that B"/A™ = B"/B" N A~ B"A/A™.)

The fact that the inclusion (7.5) may be strict shows that, in general, the se-
quence obtained by the previous one by adding — {0} is not exact at C”. In other
words, taking fixed points does not respect exact sequences. Let us show what can
be add in order to restore the exactness lost when passing from (—) to (—)". For
the sake of simplicity, let us consider the case in which « is injective, i.e. A C B.

Let ¢ € C™; 3 being surjective, there exists b such that 3(b) = c¢. If 0 € 7,
then ¢ = ¢, that is B(b)° = B(b), and § being a m-morphism, 3(b°) = B(b),
b — b € ker(B) = A. The function f : ™ — A, given by o — b — b is a 1-cocycle of
7 in A, and in fact a 1-cobord of 7 in B.

If ¢ = B(b'), we obtain in the same way a l-cocycle f’ of 7w in A given by
f'(o) =b7 = V. Now c = B(b') = B3(b) implies b’ — b € ker(8) = A, and therefore
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b — b = a for some a € A, from which b’ = a + b and
fl(o)=b" =t =(a+b)° —(a+b) = (" —a)+ (" = b) = f(0) +a’ —a
so that f' ~ f.
7. Show that the mapping 6 : C™ — H'(m, A), defined in the way seen above by
c— [f] = f + B(n, A), is a homomorphism that makes the sequence
0 = A" B L o™ % g, A)
exact.

A m-morphism a : A — B induces a homomorphism
o : Z'(w,A) — Z' (7, B),
given by f — af. Moreover, if fi ~ fa, then fa2(0) = fi(0) + a° — a so that
afa(o) = a(fi(o) +a” —a) = a(fi(0)) + a(a)” — ala),

and af1 e afs differ by the 1-cobord o — a(a)? — a(a).

Thus, we can consider the two morphisms:

H'(r,A) S H'(x,B) and H'(r,B) LA H'(r,0),

induced by « and 8 according to a[f] = [af] and B[f] = [Bf].

8. Show that the sequence
{0} — H(r, A) S H (n, B) 22 HO(x,C) % H'(r, A) & H'(m, B) % H'(n,0),

where we have set (—)™ = H°(r, —), is exact.

This sequence is not necessarily exact at the point H1(7r7 (), as it can be seen
by considering the short exact sequence 0 — Z = Z LA Zs — 0 where 1 = Co2
is the cyclic group of order 2, o : n — 2n, ( is the canonical homomorphism and
the action of = is trivial. Then H'(w,Z) = 0, while H' (7, Z2) has two elements
since there are two homomorphisms C'> — Z3. This means that if 3 : B — C is a
surjective 7-morphism, the morphism induced by 8 : H'(w, B) — H*(n,C) is not
necessarily surjective.

The sequence cannot be extended by adding “— {0}”. We will see how it can
be extended (ez. 15).

7.2.1 The Group Ring Zn

For Z the ring of integers and 7 a group, let us consider the set of functions
u: 7 — Z with finite support (u(o) # 0 for at most a finite number of ele-
ments o of 7). Denote by Zmx this set. It can be endowed with the structure
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of a free abelian group with addition (u 4 v)(c) = u(o) 4+ v(o), a basis been
given by the functions u, defined as follows:

o (7) = 1,if 7 =0,
7Y 771 0, otherwise.

Indeed, if u € Z7m and {01, 09, ...,0,} is the support of u, then u = u(o1)uy, +
w(02)Ugy + -+ - +u(on )y, . Thus, every element of Zm has a unique expression

as
u= Z u(o)ug, (7.7)
oem
so that Z7 is a free group. Z=w also has a ring structure, with the product
defined by extending by linearity the group product. This product is the con-
volution product:
uov(o) = Z u(T)v(r o) (7.8)
TET
(we shall simply write uv for uw o v). It is easily verified that this product is
associative and that the distributive property with respect to addition holds.
Consider now the mapping # — Zn given by ¢ — wu,. Observe that
Ugur(n) = Y en Uy (Y)ur(y"1n), and since if v # o or if y71n # 7 the
terms of the sum are zero, only the term for y = o and v 'n =7, ie.n =01
remains. In other words:

1,ifn=or,
otz (1) = {0, otherwise,

and therefore, by definition, u,u, = us,. Thus, the elements u, combine as
those of 7, and this fact allows us to embed 7 in Zn by identifying o with u,,
and (7.7) can be written more simply as

u= Z u(o)o . (7.9)

oEm

In this way Zm becomes the set of formal linear combinations with in-
teger coefficients of the elements of w. The product of two elements u =
Yveruwlo)o and v = Y7 u(r)7 is wv = Y u(o)v(T)or. Writing uv
in the form (7.9) the coefficient of 7 € 7 is the one obtained for o7 = 7,
ie. 7 =071y, so that this coefficient is )_ . u(o)v(c~'n). Therefore uv =

D onen(PZoen w(@)v(e™n))n. (Observe that from o1 = 7 it follows o = 57",

and 37, u(o)v(o™tn) =32 ulnt~Ho(7)).
A 7-module A becomes a Zm-module by defining,

a.u = E Uya’,
ag

for a € A and v as in (7.7). Conversely, if A is a Zr-module, A becomes a -
module by embedding 7 in Z7 (0 — 10) and defining a” = a.10.
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As we know, to say that A is a m-module amounts to saying that it has
been assigned a homomorphism of 7 in the automorphism group Aut(A)
of the abelian group A. By composing this homomorphism with the inclu-
sion Aut(4) C End(A) we have a mapping ¢ : # — End(A4) such that
o(o1) = p(0)p(T) e ¢(1) = 14. This mapping ¢ extends to a homomorphism
¢’ between the rings Zm and End(A)': ¢'(>°_ u,0) = Y., usp(o). Thus, by
defining: a.) _ us0 = ¢'(3_, us0)(a), A becomes a Zr-module. Conversely,
if A is a Zr—module, by definition we have a homomorphism Z7 — End(A)
which induces a homomorphism 7 — Aut(A) (invertible elements of Z7 map
into invertible elements of End(A), that is into elements of Aut(A)). Thus,
the two notions of a m—module and a Zrm—module are equivalent, so that we
can speak of a module, a notion belonging to ring theory, for an abelian group
acted upon by a group .

The map m — Z which sends all the elements o € 7 to 1 (augmentation
map) induces the homomorphism between the rings Zm and Z which sends
an element of Zm to the sum of its coefficients > u,0 — > uy, which is sur-
jective. Its kernel, denoted I, is the ideal of the elements of Zmw for which
> ue = 0 (augmentation ideal).

Lemma 7.4. 4) I is a free abelian group with basis 0 — 1, 1 # o € 7;
it) if {o;} is a system of generators for w, then {o; — 1} is a system of gen-
erators for Im as an ideal.

Proof. i) If 3°_u,o € Im, then ) u, = 0 and Y u,0 = > uy,(c —1).
Hence the elements 0 — 1 generate Im. From this equality it also follows that
they are free generators: 0 = Y us(0c — 1) = ) u, implies u, = 0 since the
o’s are free generators for Zm.

i1) Let us show that o — 1 € I for all o € m. This holds for the words of

length 1 in the o;: 0; — 1 € Im and o'i_1 = —ai_l(ai — 1) € Ir. Assume the

+1

result true for words of length m. A word of length m + 1 has the form o;" "o,
with o of length m, and we have o' — 1 = o' (6 — 1) + (0! — 1), with
both terms in Ir. &

Note that Zm = Imr @ Z as abelian groups: indeed, > u,0 = > uy - (0 —
D+ u,- 1.

If A and B are two m-modules, it is possible to endow the set Hom(A, B)
of morphisms from A to B with the structure of a m-module, with the addition
(f+9)(a) = f(a)+g(a) and the action of 7 given by f?(a) = (f(a® ))°, 0 €
m. The set Hom, (A, B) of m—morphisms preserving the module structure
(f(a®) = f(a)?) is an abelian group with the obvious addition. If ¢ : Zw — A
is a m-morphism and (1) = a, then p(o) = ¢(lo) = ¢(17) = p(1)7 =
a’, and therefore (> uy0) = Y u,p(0) = Y u,a’ = (3 u,a)?. Hence a
m-morphism ¢ is determined by the image of 1; if (1) = a we write p = p,. It

! It is well known that the endomorphisms of an abelian group form a ring.
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is easily seen that an element a € A determines a morphism ¢(o) = a” which
sends 1 to a, that is p,. Thus we have an isomorphism Hom, (Zm, A) ~ A.
The inclusion ¢ : In — Z7 induces a homomorphism

" : Hom,(Zn, A) — Hom, (Ir, A) (7.10)

obtained by sending a m—morphism ¢, : In — A to ¢, composed with the in-
clusion: g, — @g0t. As to the elements of It we have t*(0—1) = g ou(c—1) =

Pa(0 — 1) = @a(0) — @a(1) = a” —a.
Lemma 7.5. i) Hom, (Ir, A) ~ Z'(m, A);

1) if m is a free group with basis {o;}, then Ir is a free m—module with basis
{O’i - 1}

Proof. i) If ¢ € Hom,(Im, A) the function f : ¢ — g(oc — 1) is a crossed
homomorphism of 7 in A. Indeed, f(o7) =g(c7—1) =glor—7+7—-1) =
g(c=1)74+7=1)=g(c —1)"+g(t—1) = f(o)" + f(7). Moreover, it is clear
that the mapping g — f is a homomorphism. Conversely, for f € Z!(x, A)
define g : 0 — 1 — f(0); let us show that ¢ € Hom,(Ir, A). First, In being
free abelian on {¢ — 1, o € 7}, g extends to a homomorphism of abelian
groups Im — A. This extension is a m/—morphism: g((c — 1)7) = g(o7 —7) =
9o =1) = (r=1)) = gloT =1) —g(r = 1) = f(o7) = f(7) = f(o)" + f(7) =
f(r) = flo)" =g(o —1)".

1) We must show that every mapping ¢ of {o; — 1} into a m—module A
extends to a m-morphism of I7 in A. If F is the semidirect product of m by A,
¢ extends to a mapping of {¢;} into E given by o; — (04, ¢(0; —1)), and since
7 is free, this extends to a homomorphism ¢’ of 7 into E: ¢'(0) = (o, f(0)),
for some f of 7 into A. The fact that ¢’ is a homomorphism implies that f is
a crossed homomorphism (and conversely): ¢'(o)¢' (1) = (o, f(0))(7, f(7)) =
(o1, f(o)"f(7)), and ¢'(o7) = (o7, f(o7)). Thus the isomorphism i) yields a
m—morphism of Ir into A, that is g(o — 1) = f(0). Now, ¢(0;) = ¢'(0;) =
(04, f(04)), from which ¢(o — 1) = p(o — 1), hence @ extends ¢.

If f is principal, f(o) = a° — a, and the corresponding ¢ : In — A is
given by g(c — 1) = a” — a. Therefore, we can extend (7.10) by means of
“— Hl(m, A)”, and we have:

Theorem 7.6. The sequence:
Hom, (Zr, A) ©> Hom, (I, A) & H'(r, A) — {0} (7.11)
s exact, that is:
H'(m, A) ~ Hom, (Ir, A) /u*(Hom, (Z~, A)).

Proof. The kernel of p* consists of the elements g such that the corresponding
f is principal. From what it has been observed before Lemma 7.5 the g’s are
the elements of the image of ¢*. &
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As we have seen, the principal crossed homomorphisms of 7 into A cor-
respond to the images of Hom,(Zm, A), hence to the morphisms of It into
A that lift to Zm. If @ lifts to ¢’, then p(oc — 1) = ¢'(0 — 1) = ¢'(0) — ¢’ (1)
(¢’ (o) makes sense because ¢’ is defined on the whole of Z; hence the second
equality is legitimate). Now, ¢'(0) = ¢'(1-0) = ¢’(1)?, and setting ¢'(1) = a,
we have (o — 1) = ¢/(0 — 1) = a” — a. In conclusion:

Theorem 7.7. Let A be a m—modulo. If every m—morphism of I in A lifts to
one of Zm in A, then H*(w, A) = {0}.

As in the case of abelian groups, one can define injective w-modules: A is
injective if for every module C' and every submodule B of C, a morphism of
m—modules of B in A lifts to one of C' in A.

Corollary 7.4. The first cohomology group of a group ® with coefficients in
an njective m-module is trivial.

Exercises

9. Let 7 be a cyclic group of order n and let Z[z] be the ring of polynomials in x
with integer coefficients. Show that Zm ~ Z[z]/(2™ — 1).

10. Let m1 < 7, and let T" be a transversal for the left cosets of m1. Show that Zx is
a free right Zm; module with basis T

11. Let {Cx}rea be the set of finite conjugate classes of w, and let {Cx} =
{>-scc, o} Show that the center Zm is a free abelian group with basis {Cx}rea.

12. Prove the equality Hom,(A, B) = (Hom(A, B))".

13. If A is a m-module and Z is a trivial m-module, show that Hom,(Z, A) ~ A™.
[Hint: consider the mapping f — f(1).]

7.3 The Second Cohomology Group

Let A be an abelian group, E an extension of A. Then A becomes an E/A-
module by defining
a?® = 27 ax,

A being abelian, this is well defined, because if Ar = Ay, then y = a1z, and
ylay = x_laflaalx = 7 !ax. Hence we have a homomorphism v : E/A —
Aut(A). Observe that A is a trivial £/A-module if, and only if, A is contained
in the center of F; in this case, the extension is central.

If A is a m-module according to a homomorphism ¢ : 7 — Aut(A4), and
E is an extension of A (as an abelian group) with E/A ~ m, the structure of
E/A ~ w-module does not necessarily concide with the original one (in other
words, the two homomorphisms ¢ and ¢ are not necessarily the same). If
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they do coincide, we say that the extension E of A by 7 realizes the group of
operators w. The extension problem for the w-module A can then be phrased
as follows: determine all the extensions E of the abelian group A realizing .

This problem always admits at least one solution, i.e. the semidirect prod-
uct E = 7 x, A, for which (0,1)71(1,a)(0,1) = (1,a®(?)). With the usual
identifications, we have 0 ~'aoc = a°, so that F realizes 7.

Let us now try to determine other extensions, if any. By “determine” we
mean “to specify what is the product” in the groups F, and this will be done
by means of certain functions = x m — A that arise in a way that we will see
shortly. As we observed at the outset of this chapter, Schreier’s solution of the
extension problem that we propose does not provide a system of invariants
for the isomorphism classes. The above mentioned functions, up to a certain
equivalence, allow us to construct the multiplication table of the groups, but
nonequivalent functions may give rise to isomorphic groups.

Let E be an extension realizing 7, and let A be a choice function of the
representatives of the cosets o € m of A in E. If A(0) and A(7) are represen-
tatives of o and 7, we have o7 = A(0)A - A(7)A = M(0)A\(7)A, so that, for a
certain element g(o,7) of A depending on o and 7, A(o)A(7) = A(o7)g(o, 7).
In this way, the choice function A determines a function g : 7 x m — A. Now,

(A@)AT))AM) = Aa)g(e, T)An) = AaT)A(n) - A(n) ™ g(o, T)A(n),

and since F realizes m, we have \(1) " 1g(o, 7)A(n) = g(o,7)", so that

A@AT)A) = Aem)A(n)g(o,7)" = MoTn)g(aT,n)g(o, )"

Similarly, A(@)(A(T)A(n)) = A(oTn)g(o,™)g(T,n). By the associative law we
have, using the additive notation for A,

glo, ™) +g(m,n) = g(oT,n) + g(o, 7)". (7.12)

A function g : # x 7 — A satisfying (7.12) is called a factor system or a 2-
cocycle. If A chooses the identity as representative of A, then g(c,1) = 0 for all
o € . From this, setting 7 = 1 in (7.12), it follows g(1,0) = 0. If g(,1) =0
for all o € 7, the factor system g is said to be normalized.

If p is another choice function of representatives, then p(o) = A(o)h(o),
for h(o) € A, and being as above u(o)u(r) = p(or)g’' (o, 7) we have:

(o) () = Ao)h(a)MT)h(T) = AMa)A(T)h(o)h(T)
= XoT)g(o,7)h(c)"h(T)

and p(o1)g' (o,7) = MoT)h(o7)g' (o, 7). Hence we have the following relation
between ¢’ and ¢ (additive notation):

g'(0,7) = g(o,7) — h(oT) + h(o)™ + h(7). (7.13)

We say that two 2-cocycles ¢’ and g are equivalent when there exists a func-
tion h : m — A such that (7.13) is satisfied. Thus, an extension realizing 7
determines a class of equivalent 2-cocycles.
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If g is not normalized (i.e. A(1) i 1s not the identity of A), we have A(1)A(7) =
A(7)g(1,7), that is g(1,7) = A(7) "IA(1)A(7) = A(1)7. If i chooses the identity
of A as representative of A, by the above we have 1 = u(1) = A(1)h(1), i.e.
A(1) = h(1)71, or A(1) = —h(1) in additive notation. From (7.13) it follows:

§(1,7) = 9(1,7) — h(r) + h(1)" + h(r) = g(1,7) + h(1)7 = (1) ~ A(1)" =0.
Since g’ as defined by (7.13) is by definition equivalent to g, we have that a
non-normalized factor system is equivalent to a normalized one.

If, for a certain h : @ — A, one has

g(o,7) = —h(oT) + (o)™ + h(T) (7.14)

then ¢ is a 2-cobord. It is clear that if g is a 2-cobord then —g is also a
cobord, where —g¢ is determined by —h defined by (—h)(c) = —h(c). Then
two 2-cocycles are equivalent when their difference is a 2-cobord.

Let us now show that given a 2-cocycle g : m x m — A it is possible to con-
struct an extension E of A that realizes w. As set E' let us take the cartesian
product m X A and let us introduce the operation

(0,a1)(7,a2) = (07,9(0,7) + a] + a2). (7.15)

The pair (1,0) is the identity and (0,a)"* = (6= !,—a®  — g(c=1,0)° ).
The mapping (0,a) — 7 is a surjective homomorphism with kernel A* =
{(1,a),a € A} ~ A e EJA* ~ 7. If we choose as representatives of A* the
pairs (o,0) we have (c,0)~(1,a)(0,0) = (6%, —g(c=1,0)° )(1,a)(s,0) =
(071, —g(c™1,0)7 " +a)(0,0) = (1,g(c1,0) — glo™,0) +a”) = (1,a°), so
that, by identifying (1, a) with a, the group E realizes .

With our choice of representatives of A*, i.e A(0) = (0,0), the group F
reproduces the 2-cocycle g used to construct it. Indeed, we have (o, 0)(r,0) =
(o7,0)(1,g1(0, 7)), for a certain g;(o,7) € A*. From the product (o, 0)(r,0)
=(o1,0)(1,9(0,7)), we have g1(0,7) = g(o,7), for all o, 7 € 7, and g1 = g.

If ¢’ ~ g, the groups with the operation (7.15) obtained by means of g and
g’ are isomorphic, an isomorphism being given by (o,a) — (o,—h(o) + a),
where h is the function of (7.14) giving the equivalence. Clearly, the given map-
ping is bijective. Moreover, (o, —h(c) + a1)(r,—h(7) + as) = (o7,¢'(0,7) —
h(o)™ + a] — (1) + a2) = (o7,9(0,7) — h(oT) + (o)™ + h(T) — k(o)™ +
a]l — h(7) + a2) = (o7, —h(oT) + g(o,7) + af + az2), which is the image of
(o7,9(0,7) + a] + a2) = (0,a1)(7, az).

In this way we have determined all the extensions of A that realize . As
already observed, we do not have a one-to-one correspondence between the
classes of equivalent 2-cocycles and the classes of extensions that as groups are
isomorphic, because it may happen that two non equivalent 2-cocycles give
rise to groups E and E’ that are isomorphic as groups but not as extensions,
as the following example shows.
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Example 7.4. Let 7 = {1,0,7} and A = {0, 21,22}, both isomorphic to the
cyclic group of order 3. Since Aut(A) ~ Cs, the action of 7 on A can only be
trivial. An extension F of A that realizes the trivial action is the cyclic group
Cy, obtained by means of the 2-cocycle:

(0,7) = 0, fe=1orifr=1,

gl 1) = x1, otherwise.

The pair (o, 21) is a generator for E (one has (o,21)? = (7,91(0,0) + 221) =
(1,0),...,(0,21)% = (1,21), (0,21)° = (1,0)). The group E’ obtained in the
same way by using the 2-cocycle

(0,7) = 0, ifo=1orif 7 =1,

9249, 7) = To, otherwise,

is also cyclic of order 9 (the pair (o, x2) is a generator here too). However, g1
and gy are not equivalent. Indeed, suppose there exists h such that:

g92(0,7) = g1(0,7) + h(c) + () — h(oT), (7.16)

for all pairs 0,7 € w. Then for 0 = 1 one has 0 =0+ h(1) 4+ h(7) — h(7), and
therefore h(1) = 0. Now consider (7.16) for 7 = o (recall that o = 7):

92(0,0) = q1(0,0) + h(o) + h(o) — (7). (7.17)

If h(o) = 0, from (7.17) we have x5 = x; — h(7), i.e. h(T) = x2, so that (7.16)
becomes x5 = 1 + 22 and x; = 0, which is absurd. If h(o) = z1, (7.17) yields
29 = 3x1 — h(7), and since 3x; = 0 we have h(7) = x1; but then from (7.16) it
follows xo = 3x1 = 0, which also is absurd. Finally, if h(o) = x2, from (7.17)
we have o = 1+ 222 — h(7), and h(7) = 0, and (7.16) gives x5 = x1 +x2 and
1 = 0, which is again absurd. Therefore, the equivalence relation established
between the 2-cocycles is in general finer then that of isomorphism.

The function g such that g(o,7) = 0 for all 0,7 € 7 is a 2-cocycle, the
null 2-cocycle. With this g, (7.15) becomes (o, a1)(7,az2) = (o7,a] + az2), and
the extension E is the semidirect product (the extension splits). Moreover, if
¢’ is equivalent to the null 2-cocycle g then it is of the form (7.14), i.e it is
a 2-cobord, and the groups obtained by means of g and ¢’ are isomorphic.
Hence:

Theorem 7.8. An extension E of A realizing 7 splits if and only if the 2-
cocycle relative to E is a 2-cobord.

Remark 7.2. Let {1}— A % G LB {1}, be an exact sequence of groups, and
let A : B — G be a homomorphism such that A = idg. This is the case for a
semidirect product (split extension): there is a choice function A : B — G of rep-
resentatives of A which is an injective homomorphism (the chosen representatives
form a subgroup isomorphic to B). Conversely, if there is a homomorphism such
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that ¥ A = idp, then the extension splits. Indeed, let g € G; then (g) = b € B,
and P(gA(BY) = v(g)(Ab ) = (gb~" = 1. Hence gA(™") = a € 4, so
g=a\b")7! ie G = AX(B). Let g € AN A(B); then ¥(g) € ¥(p(A)) = {1}
(the sequence is exact at G). But g = A\(b), some b € B, so from ¢(g) = 1 it fol-
lows 1 = ¥A(b) = b, and g = A(1) = 1. The presence of a 2-cocycle relative to an
extension which is not a 2-cobord witnesses the fact that A is not a homomorphism.

To the set of 2-cocycles it can be given the structure of an abelian group
with the obvious operation of addition, and also to the set of 2-cobords. The
former is denoted by Z2(w, A), and the latter by B?(w, A).

Definition 7.3. The quotient: H?(w, A) = Z%(n, A)/B?(m, A) is the second
cohomology group of ™ with coefficients in A.

The above discussion may now be summarized as follows:

Theorem 7.9. There exists a one-to-one correspondence between the ele-
ments of H*(m, A) and the equivalence classes of extensions of A realizing 7.
This correspondence sends the zero of H?(w, A) to the class of the semidirect
product.

If 7 and A are finite, there is only a finite number of functions 7 x T — A,
and so a finite number of 2-cocycles. In particular, H?(w, A) is finite. (That
the number of extensions FE is finite also follows from the fact that if E/A ~ 7,
then |E| = |r||A], so that there is only a finite number of groups E.)

As in the case of H' we have, for all A,
Theorem 7.10. If |t| = n, then nH? (7, A) = 0.

Proof. The proof is similar to that for H'. Fix 7 and 7 in (7.12) and sum over

0: 3, 9(o. ™) +32, 9(mm) = 3, 9(om,n)+32, g(o, 7)". Setting 37, g(0,7) =
(1), and taking into account that o7 runs over all elements of 7 as o varies
in 7, we have

v(mn) +ng(,n) = ~v(n) + (1), (7.18)

and ng(r,n) = v(n) + (1) = ~y(mn) € B*(x, A) (set h =~ in (7.14)). &

As we have done for H', we consider here too the case A finite, |A| = m,
and (n,m) = 1. There exists r such that rn = 1 mod m. Multiplying (7.18) by
r we obtain g(7,n) = rvy(n) + (ry(7))" — ry(7n), and setting ry = h we have
g(7,m) € B(m, A): in this case, we already have H?(w, A) = 0. It follows:

Theorem 7.11 (Schur-Zassenhaus). Let A be a finite abelian group, E an
extension of A such that (|A|,|E/A|) = 1. Then E is a semidirect product.

Proof. Apply the previous argument with 7 = E/A. &
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Remark 7.3. We know that, under the hypotheses of the theorem, we also have
H'(mw, A) = 0, so that two complements of A in the semidirect product of = by A
are conjugate. Another case in which every extension of A by 7 splits for any A is
the one in which 7 is a free group (cf. Ex. 7.5, 3 below).

Theorem 7.11 also holds if A is not abelian:

Corollary 7.5. Let E be an extension of N with (|N|,|E/N|) = 1. Then E
s a semidirect product.

Proof. We reduce to the abelian case, and then apply the preceding theorem.
Note that it is sufficient to prove that E contains a subgroup of order |E/N]|.
Induct on |N|. If |[N| = {1} there is nothing to prove. Let n = |[N| > 1 and
S a p-Sylow subgroup of N. By the Frattini argument, if H = Ng(N) then
E =NH and m = |[E/N| = |NH/N| = |H/(N N H)|. The group H/S con-
tains (H N N)/S as a normal subgroup, of order a proper divisor of n (since
|S] > 1) and of index m in H/S. By induction, H/S contains a subgroup L/S
of order m. Z = Z(S) is normal in L, S/Z is normal in L/Z and has index
m, and since p { m, by induction L/Z contains a subgroup K/Z of order m.
Therefore, K is an extension of the abelian group Z, of order a power of p,
by K/S, of order m prime to p. By the preceding theorem K, and therefore
FE, contains a subgroup of order m. O

If N or E/N is solvable, the hypothesis (|N|,|E/N|) = 1 implies that two
complements for N are conjugate (Theorems 7.4 and 7.5)2.

Examples 7.5. 1. As in the case of H!, we have H?(m, A) = 0 if 7 is finite
and A is divisible and torsion free. The proof is the same as that for H'.

2. With reference to Fz. 7.4, recall that for any prime p there are two groups
of order p? i.e. Z,» (which is not a semidirect product) and Z, x Z,, (which is a
semidirect product, and in fact direct). It follows |H?(Z,, Z,)| > 1, and since
pH?*(Z,, Z,) = 0, the group H?(Z,, Z,) has at least p elements. Therefore, if
p > 2 there certainly exist extensions of Z, by Z, that are isomorphic but not
equivalent. (Also in this more general case, since Aut(Z,) ~ Z,_1, an action
Z, on Z, can only be trivial, so that an extension realizing it can only be
central).

3. If 7 = Z, then H?(w, A) = 0 all A. Indeed, if E realizes m and E/A ~ T,
then E/A = (Ae) for a certain e € E, and Ae being of infinite order, it cannot
be " € A for n # 0. Hence {(¢) N A = {1}, E = (e)A, and E is the semidi-
rect product of Z ~ (e) by A. The proof is similar in case 7 is nonabelian
free. Indeed, E/A ~ (ex, A € A) ~ m, with the Aey free generators. 7 being

2 Since (|N|,|E/N|) = 1 one of the two groups has odd order and therefore, by the
Feit—Thompson theorem, already quoted in Chapter 5, is solvable. Hence, any
two complements for N are always conjugate.
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free, no product Aey, Aey, - -- Aey, = Aey, ey, -+ - ey, can equal A, so that no
product ey, ey, - - - ey, belongs to A. Then AN{ey A € A) = {1} and therefore
E = Alex A € A) ~ An, a semidirect product.

4. If A = (s, an action of a group 7 on A is trivial. Let 7 = V, the Klein
group; then an extension of Cy by V has order 8, and is central. There are
five groups of order 8; one is cyclic, and this cannot have V' as a quotient.
The other four, Cy x Cy x Cs,Cy x Co, Dy e @, are all central extensions of
Cy by V. This is obvious for the first group. The second one is U(15), with
Cy ={1,2,4,8} and Cy = {1,11}. The latter group C5 is not the one we need
because the quotient is Cy; we must take Co = {1,4}. For the dihedral group
and the quaternion group take the respective centers. The groups of order 8
can also be obtained as extensions (either central or not) of V' and Cy by Co
(see Ez. 2.10, 5).

7.3.1 H! and Extensions

If F is an extension of the abelian group A we have seen how A becomes
an E/A-modulo. We want to determine the structure of H'(E/A, A) starting
from E. Consider the subgroup D of the automorphism group of E consisting
of the automorphisms fixing A and F/A elementwise: a® = a, (Ax)® = Az for
alla € A and x € E. The second equality is equivalent to z~'z® € A. We shall
see that H'(E/A, A) is isomorphic to a quotient of D. The group D is abelian:
given a, 3 € D we have, for all z € E, 27 '2® = a and 27 '2° = o/, some
a,a’ € A. Hence 2% = (za)” = 2°a = zda’a and 2°* = (zad')* = 2%’ = zad’.

The function f, : Ar — z712% a € D is a l-cocycle of the E/A-
module A. Firstly, it is well defined: if Ax = Ay, then y = ax and
y~ly® = 27 la Y (ax)® = 27 ta " tax® = 27 'w®. Moreover, f,(Ax - Ay) =
(zy) Hay)* = ylatety™ = yolaT ey ly® = (T la)Y(y ) =
fa(Az)H £, (Ay).

The correspondence D — Z'(E/A, A) given by a — fq, is in fact an
isomorphism: if 3 — f5, then f,5(Az) = z712% = x71a%(z7 1) =
r i (zh)eafY = g7 lpY (27 af)Y = e (27 2f) = fu(Ax) fs(Ax), re-
calling that « is trivial on A. If f, = fg, then 27 1a® = 27128 2% = 2P
for all z € E, and therefore o = 3. This shows that the correspondence is
one-to-one. It is also onto: given a 1-cocycle f, we define « : © — x f(Az) and
show that « is an automorphism of E. It is bijective: on each coset A of A,
multiplication by f(zA) is a permutation of the elements of that coset. Indeed,
if z; is a representative of £ A, and y € x A, then y = x;a, some a, and since
a = d f(zA) for some d', y is the image of the (unique) element z;a’. Hence «
is a permutation of E. Moreover, (xy)* = zyf(AzxAy) = xyf(Azx)Y f(Ay) =
zf(Az) - yf(Ay) = 2*y*. Thus « is an automorphism of E. Finally, if x € A,
then f(Az) =1 and z® = z. By definition 27 'z® = f(Az) € A, so « is trivial
on A and E/A.

If « corresponds to a cobord, f(Az) = a®a~! for a fixed a € A, and

therefore 2% = za*a~! = axa™!. Thus « is conjugation by a™', o = y,-1.
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Conversely, conjugation by an element a of A belongs to D since it fixes all the
elements of A (A being abelian) and 7 !2% = 7 la " lowa = (z7la " tr)a € A
(A being normal). Therefore, the group D contains a subgroup D isomorphic
to A (through the isomorphism a — ~,-1). We can conclude as follows:

Theorem 7.12. If E is an extension of the abelian group A, the first coho-
mology group H'(E/A, A) is isomorphic to the quotient group D/Dg, where
D is the group of automorphisms of E fixzing A and E/A elementwise, and
Dy ~ A is the subgroup of the inner automorphisms induced by the elements
of the group A.

7.3.2 H?(m, A) for w Finite Cyclic

Let 7 = {1,0,0%,...,0" '}, A a mmodule and E an extension of A realizing
7. In addition, let E/A = {A, Az, Ax?,..., Az"~ !} ~ 7, in the isomorphism
o' — Ax’, and X the function that chooses the representative z’ of the coset
associated with 0%, A\(o?) = z* (note that A(c?) = \(0)?).

If i + j < n, the product 2’2’ equals 2'*7, which is the representative of
the coset associated with the product otc?: A(6*)\(07) = A(oto?). If i+j > n,
the element %7 is no longer a representative; the coset to which it belongs
is represented by z¥ where i + j = n + k: z'z? = 2" = 2"tk = 272% and
therefore A(0?)\(07) = aX(c*) = a\(c%07), where a = 2". Hence the choice
function A determines the 2-cocycle:

R o

Now a = z'™ commutes with z, and since F realizes w, we have a? =
Ao) tal(o) = z7rax = a, and therefore a is fixed by all the elements of
m, i.e. a € A™. Conversely, for each a € A™ the function g of (7.19) is a 2-
cocycle. Indeed, let us show that g(o?,07c"%)g(a?,0%) = g(ot7,0%)g(0?, 07),
for all 4,4,k < n (which is (7.12) written multiplicatively, and recalling that
7 is trivial on @ and therefore on the function g(o?, o7) whose value is 1 or a).
Let us write the previous equality as uv = zt, and consider various cases:

1.4+ j <n; thent=1.

la. j+k<n.Thenv=1ifi+j+k>nthenu=z=qa;ifi+j+k <
n, then u = z = 1. In any case uv = zt.

1b. j+ k > n, and therefore v = a; moreover, (i+j)+k =i+ (j + k) > n,
so that z = a. Now o/o* = ¢/tF = gItk=" and we have necessarily
i+j+k—n < n because i1 +j < n and k < n. Hence v = 1, and in
this case also uv = zt.
2.14+35>n;t=a.

2a. j+ k < n; v=1. Moreover z = 1 because, ¢ and j + k being less than
n,we have i+j—n+k <n,and u=abecause i +j+ k= (i+j)+k>n-+
k> n.

n
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2b. j+k >n; v =a Moreover i + (j+k—n) = (i+j—n)+k, and
therefore they are both less or both greater than n; hence u = z.

In this way we have a one-to-one mapping between A™ and Z2(rw, A), and
it is immediate to see that it is an isomorphism: A™ ~ Z?(7, A).

If g is a 2-cobord, relative to some function h : m — A, we have g(o*,07) =
k(") h(o?)h(o*t7) =1 and since (7.19) should hold,

Lifi+j<n

a,ifi4+j >n, (7.20)

o'y hia? o)t = §
with @ € A™. Let h(o) = b € A. From the first alternative of (7.19) it follows,
for i = 0 and any j, that h(1) = 1. Fori =1 j = 1, b°b = h(0?); fori = 1
and j = 2, bUQh(O'2) = h(o?), which together with the previous one implies
h(c?) = b bb. In general, for i = 1,2,...,n — 1, and recalling that A is
abelian, k(o) = bbb ---b° . Hence, the value of h on 7 is determined by
the first alternative of (7.19). Now given h as in (7.20) and with (1) = 1, we
have, if i + j < n,

(o) h(o?) = b7 o T
R
= h(c").
If instead i + j > n, let us evaluate h(oi)"j:
o' = @b )
e T
_ bajboj+1 N b(,j+(n—j>bc,j+<n—j+1)b(,j+<n—j+k—1>
e T G
bbb

where i+j = n+#k (and therefore i = n+k—j). With h(c?) = bbb - - 57"
and k(o)1 = h(o™ k)= = (bbb - b" )1 we have:

h(e")” h(o?)h(o™) ! =
J. _g+1 n—1 j—1 k—1 :
[Nl AR -t N SN - AN XS N A X4

n—1

bbb

j—1 k—1

(bbb )*1:

and with a = bbb ---b°" " = N(b), the norm of b, (7.19) holds. If a is of the
form N(b) for some b, then the 2-cobord (7.19) is determined, with h defined
by (7.20), and therefore:

B?*(m,A) ~ {N(b), b€ A}.
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By composing the isomorphism A™ ~ Z2(w, A) with the projection
Z(x, A) — Z3(x, A)/B2(r, A)

we obtain a surjective homomorphism whose kernel is precisely the set
{N(), be A}.

Hence we may conclude with the following theorem.
Theorem 7.13. If 7w is a finite cyclic group of order n and A a w—module,
then:
ATF
{N(a), a € A}

In particular, if A is a trivial 7-module, then H?(m, A) ~ A/A™. Moreover, if
A is n-divisible, i.e. A" = A, then H?(w, A) = {1}.

H?(m, A) ~

Remark 7.4. The elements of the form (7.20) rise when the representatives of the
cosets of A are changed, and precisely when one takes as representatives the elements
z' = (bx)". Indeed, with such a choice we have:

2" = (bx)" = bxbx---bx =b-xbz ' -z bz bz
=b-zbr "t 2%br % b g (P g
o1 g2 s (n—1)

1

2 n—
=bb*b" ---b" "

n

since xﬂ runs over the whole 7 as ¢ varies. Moreover, recalling that E realizes 7, we
have % = b7 . If g and ¢’ are the 2-cocycles relative to the choices of representatives
z* and z*, respectively, we have:

L (1, ifitj<n
99 T\ e =06 07" 4 >

Exercises

With reference to ez. 8, let f be a 1-cocycle 1 — C, f(o) = ¢o = [B(bs). Then
B(bor) = cor = ci+cr = B(bo)"+6(br) = B(b7)+5(br) and therefore byr —b, —b, €
ker(B) = A. Hence there exists a,r such that ae,r = bor — by, — b-.

14. Show that g : 7 X 7 — A defined by (0,7) — ao,~, where as, - is determined as
above by a l-cocycle f : m — C| is a 2-cocycle of 7 in A. Moreover if two cocycles
are determined by f and f’ with f’ ~ f then they are equal.

A different choice of inverse images of ¢, gives rise to the equivalence relation
between the 2-cocycles we know. Indeed, let ¢, = B3(bs) = B(b},). Then b, — b, €
ker(B8) = A and we have b, — b, = ao. If a/, ; and ao, are determined by b’ and b
then:

Ggr=bor =05 = b =bor —b) — aor +ajy +ar

.
= Qo,7r — Qor + QAo + ar.
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Let us associate with a class [f] of 1-cocycles of 7w in C the class [g] of 2-cocycles
of m in A, where g is obtained from f as seen above, ¢ : [f] — [g] (this mapping 0 is
called transgression.)

15. Prove that the sequence:

- — H'(m,B) & H'(r,C) > H?(n, A)
is exact at H'(w,C).

If g is a 2-cocycle of 7 in A, by composing g with o we obtain a 2-cocycle of 7
in B; in this way « induces « : [g] — [ag].

16. Prove that the sequence:
.= H'(n,C) > H?(r, A) % H?(n, B)
is exact at H?(r, A).

Finally, consider the sequence:

(s HE(m, A) % B (w, B) & HE (x,C)
where (3 is defined by composition: S[g] = [Bg].
17. Prove that the sequence above is exact at H>(r, B).
The exercises above may be resumed as follows: the sequence
0 — H(r,A) < H(x,B) & H(x,0) > H'(r,A) % HY(x,B) & H'(x,0) >
H?(m,A) % H*(w, B) LA H*(m, C)
1s ezact (this is the exact cohomology sequence).

18. i) Prove that if H <7, and A is a w-module, then A™ is a 7/H module via the

obvious action ¥ = a7;

ii) prove that A” is also a m-module with the 7m-module structure induced by the
canonical homomorphism A : 7 — G/H;

iii) by the above we have a map H'(r/H, A") — H*(m, A™) given by [¢] — [pA];

iv) the inclusion of m-modules ¢ : A¥ — A induces a map H'(r, A”) — H'(xn, A)

given by [¢] — [td];
v) the composition [¢p] — [t¢] — [td]] yields the inflation map

inf: H' (x/H,A™) — H'(x, A).
19. Prove that the sequence

{0} = H'(x/H,A™) 2 HY (%, A)

is exact. [Hint: if [¢] € ker(inf), then (@A is principal, i.e. there exists a € A such
that t¢A(0) = a® — a. Prove that a € A"

The injection j : H — 7 induces the restriction map
res: H'(m, A) — H'(H, A)
given by [¢] — [¢j].
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20. (The inflation—restriction sequence) The sequence
{0} — H'(w/H,A™) ™ H' (r, A) ™S H' (H, A)

is exact. [Proof. We have [tpAp(h)] = [tdpA(h)] = [tp(H) = 0] (being ¢(H) = {0}).
This proves that I'm(inf) C ker(res). For the other inclusion, let [¢] € ker(res), i.e.
[¢] = 0 (so ¢y is principal). Hence there exists a € A such that ¢u(h) = ¢(h) = a"—
a, for all h € H. With this a, let n : 7 — A be the principal crossed homomorphism
n(o) = a° —a; then (¢—n)yu(k) = dpa(h) —npu(h) = B(h)— (k) = (a" —a) — (a" —a) =
0. But [¢ — 7] = [¢], so we may assume that ¢ restricted to H is zero, ¢u = 0. It
follows ¢(ch) = (o) +¢(h)° = ¢(c0) and ¢(ho) = ¢(h)+¢(o)" = ¢()". Therefore,
d(a)" = ¢(ho) = ¢(oh’) = ¢(0), i.e. p(0) € A™. Hence define ¢1(0) : 7 — AH
by ¢1(0) = ¢(o), and for ¢ : A” — A we have 1p1 = ¢. Then we can define
¥ :m/H — AT by YA(0) = ¢1(0), i.e. Y\ = ¢1. It follows tip\ = 11 = ¢, and there-
fore [¢] = inf([¢)]), as required. In dimension zero, H®(n/H, A™) = (A")™/H = A~
H°rm,A) = A", H°(H, A) = A" the inflation is the identity A™ — A™, and the
restriction is the inclusion A™ — A¥: hence the sequence {0} — A™ 4oAm L oAH
cannot be exact (ker(t) =0 # Im(id) = A™).

21. Prove that if 7 is finite, and Z and R(+4)/Z are trivial m-modules then H?(r, Z) ~
Hom(7, R/Z). Hence, if 7 is cyclic of order n, then H? (7, Z) is also cyclic of order n.

22. Prove that B?(m, C*) (trivial action) has a complement M in Z2(w, C*). [Hint:
it suffices to show that B?(mr, C*) is divisible (Corollary 4.5).] (The group M ~ Z>
(m,C*)/B?*(m, C*) is isomorphic to the Schur multiplier M (7); see next section.)

7.4 The Schur Multiplier

Definition 7.4. Let m be a group, C* the multiplicative group of non zero
complex numbers considered as a trivial m-module. The Schur multiplier M ()
of the group m is the second cohomology group of m with coefficients in the
group C*:

M(n) = H*(m,C").

Lemma 7.6. Let m, be finite, || = n. Then, for each 2-cocycle g of m in C*
there exists a 2-cocycle g’ ~ g whose values are n-th roots of unity.

Proof. Set [, ¢, 9(0,7) = 7(0), and let k(o) be an n-th root of v(o)~!,
with h(1) = 1. Define ¢'(o,7) = g(o,7)h(c)h(T)h(o7)"L. We have ¢’ ~ g
and ¢'(o,7)" = g(o,7)"h(c)"h(T)"h(c7) ™. From (7.18) (written multiplica-
tively), and taking into account that the action of 7 is trivial, we have:
g(o,7)" = y(o)y(r)v(o1)"t = h(o)"h(r) "h(oT)", ¢'(c,7)" = 1, for all
o, T ET. %
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Theorem 7.14. If 7 is finite, then M(w) is also finite.

Proof. If || = n, and since there are n n-th roots of unity, and n™ functions
from 7 X 7 to an n-element set, there are at most n’ 2-cocycles like the ¢’
of the lemma. &

From Theorem 7.10 it follows:

Corollary 7.6. If 7 is a finite p-group, so also is M(r).
From Theorem 7.13 we have:

Corollary 7.7. If 7 is finite cyclic, then M(w) = {1}.

If 7 is infinite cyclic, we know that the second cohomology group of 7 is
the identity group, no matter what the m-module of the coefficients is.

7.4.1 Projective Representations

The Schur multiplier arises in connection with the study of central extensions
of groups, which in turn are related to projective representations. A projective
representation of degree n of a finite group 7 is a homomorphism

0:m— PGL(V)

into the group PGL(V) = GL(V)/K* of projective transformations of a vec-
tor space of dimension n over a field K. Clearly, a projective representa-
tion 6 may be obtained by composing an ordinary (linear) representation
7 — GL(V) with the natural projection p : GL(V) — PGL(V). The ques-
tion arises whether it is always the case that a projective representation is
obtained in this way from an ordinary representation. In other words, is it al-
ways possible to lift § to an ordinary (linear) representation which composed
with p reproduces 67 In general the answer is no; if we try to lift 6 we face an
obstruction due to the presence of 2-cocycles as we now see.

Let A : 1 — GL(V) be a lifting; then for o € 7, 0(0) = A(o)K*. Let
o,7 € m; from 0(0)0(1) = 0(o7) it follows

AMo)A(T) = alo, T)N(oT) (7.21)

a(o,7) € K*. By the associative property « is a 2-cocycle; if A(1) = I, « is
normalized (see Section 7.3). Thus a lifting determines a 2-cocycle a?; unless
«a = 1, it is this cocycle that prevents the lifting from being a homomorphism.
If )\ is another choice of representatives, then X () = h(o)A(0), and if o is
the cocycle relative to X’ then « and o’ differ by the coboundary determined
by h:m— K*.

3 Called a multiplier of the projective representation.



314 7 Extensions and Cohomology

In this way, the representation 6 determines a class [a] of cocycles, i.e. an
element of H?(w, K*), with the trivial action of 7. Hence, a projective repre-
sentation has a lifting to an ordinary representation if, and only if, H?(w, K*)
is the identity group. On the other hand, a mapping

A:m— GL(V) (7.22)

satisfying (7.21) reproduces 6 when composed with the projection GL(V) —
GL(V)/K*. Thus we may take (7.22) such that (7.21) holds as an alternative
definition of a projective representation of m. We say that this representation
is irreducible if there are no non trivial subspaces of V' invariant under A\(o)
for all o € m. Two projective representations 6; and 6» on two spaces V; and
V4 are projectively equivalent if there exists an invertible linear transformation
¢ of V1 in V5 such that

61(c) = h(o)p'02(0)¢p, o€,

for a certain h : 1 — K*. It easily seen that this equivalence induces that
of the cocycles a1 and as relative to 6, and 6> by means of the coboundary
determined by h. If h(o) = 1, then 6y and 0 are linearly equivalent.

If o is equivalent to the null cocycle, that is if « is a coboundary, then
the corresponding projective representation 6 is equivalent to an ordinary
one. Indeed, let a(o,7) = h(o)h(T)h(o7)~ L. Then with 65(c) = h(c)01(0) we
have a representation s equivalent to 67 (with ¢ the identity), and such that
02(0)02(7) = 02(07), and therefore 65 is ordinary.

Every cocycle a of m in K* determines a projective representation of 7.
Indeed, let V' be a vector space over K of dimension equal to the cardinality of
m, and let {v, },n € 7 be a basis of V. Define, for o € 7, v,p(0) = a(n, 0)vy0;
then

(1, 0)vyep(T) = a(n, o) (o, T)Vgnr = a(n,o7)a(0, T)Vpor

(o, T)voyp(oT),

vyp(0)p(T) = a

and therefore p(c)p(7) = a(o, 7)p(c7). Hence p is a projective representation.

Example 7.6. Let 7 = {1,a,b, ab}, the Klein group, and let o be the nor-
malized cocycle:

a(a,b) = a(b,ab) = a(ab,a) = 1,

az,y) = —1, otherwise.

Then,
vip(a) = a(l,a)vy., = 1-v,,
vep(a) = ala,a)ve, = —1-v1,
vpp(a) = a(b,a)vpe = —=1-vap,’

I
_
o

vapp(a) = aab, a)vapg

and similarly for the other elements of .
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Projective representations naturally arise in the problem of the exten-
sion of an ordinary representation of a normal subgroup N of a group =«
to a representation of 7. Indeed, let p : N — GL(V); then p* defined by
p®(h) = p(h®) = p(x~thz), h € N is also a representation of N. Suppose
that, for all € m, p® is equivalent to p; then there exists ¢, € GL(V) such
that p(h)¢, = ¢p”(h), for all h € N. The mapping ¢ : # — GL(V) given
by z — ¢, is not in general a representation of 7; however, it is a projective
representation of 7. In fact, for x,y € m we have:

Dol p(W)buy = p™ (h) = 6, 05 L p(h)du by

from which it follows, for h € N, ¢y ¢, p(h) = p(h)dedyd5, , i-e. the trans-
formation a(z,y) = (b;qu’)I(by commutes with p. Now if p is irreducible, and
K = C, then by the Schur lemma «a(x,y) is a scalar transformation. Since
1 € N, we may take ¢1 = I. Hence ¢,¢, = a(z,y)Psy, and x — ¢, is a pro-
jective representation of 7. (Note that the above holds for any pair of groups
N and 7 with 7 acting on N by automorphisms.)

Let G be a group containing a central subgroup A and such that G/A ~ 7.
If p is an ordinary irreducible representation of G over C, by the Schur lemma
p(a) is scalar, a € A, so p(a) belongs to C*. Hence p induces a homomorphism
G/A — PGL(V), that is a projective representation of .

We have seen that it is not always possible to lift a projective representa-
tion of a group to an ordinary one. The question arises as to whether there
exists a group such that all projective representations of « lift to it. By a
result of Schur, over the complex numbers and 7 a finite group, at least one
such group exists, it is finite, and is a central extension of an abelian group A
by m. In other words, there exist a group G and an epimorphism 1 : G — 7
such that for any a projective representation 6 of 7, there exists an ordinary
representation p of G such that the following diagram:

p
G ~ GL(V)
n p
A\l A\
m » PGL(V)
0

commutes (p is the natural projection). This will be proved in the next sec-
tion. A group G with the above properties will be called a covering group of
the group 7.

7.4.2 Covering Groups

Before proving the Schur theorem we consider the general case of not neces-
sarily finite groups. With the notation of the preceding subsection, and with
K =C, let us now look for the conditions that a groups G must satisfy in
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order that 6 lifts to G. Since G depends on a class of cocycles [g] of 7 in A,
and 6 on a class [a] cocycles of m in C*, it is clear that these conditions will
involve relations between [g] and [a].

Let us begin with a necessary condition. If 4 lifts to G we have:

p(A(o)a) = (o, a)(o) (7.23)

where \ is a function that chooses the representatives of the cosets of A,
A(o)A — o is a homomorphism, and p(o,a) € C*. Let g be a cocycle relative
to the extension G, a one relative to 6. From (7.23) it follows:

p(A(o)a - A(1T)b) = p(A(o)a)p(A(T)b) = p(o, a)u(r, b)6(c)6(T)
= p(o,a)u(r,b)a(o, 7)0(oT)

and p(A(o)a - A(17)b) = p(A(o)A(7)g(o,T)ab) = p(oT,g(o,7)ab)f(o7); hence
wlo,a)u(r,b)a(o, 7) = p(or, g(o,7)ab). For o = 7 = 1 from this equality one
obtains p(1,a)p(1,b) = p(1, ab), and therefore a homomorphism (a character)
X : A — C* given by x(a) = p(1,a) is determined. For a = b =1,

(o, Dp(, Do, 7) = p(aT, g(o, 7)), (7.24)

and, for 7 =1 and a = 1, p(o, 1)u(1,b) = p(o,b), from which:

w(or,g(o,7)) = plor, Dp(l, g(o,7)).
Hence from (7.24) it follows:

x(g(o,7)) = alo, 7)u(o, )u(r, Dp(or, 1),

that is x(g(o,7)) ~ a(o,7). It is clear that the composition yg defined by
(xg9)(o,7) = x(g(0,7)) is a cocycle of 7 in C*. Moreover, if ¢’ ~ g by means
of h, then xg’ ~ xg by means of xh. Therefore, the relation we seek between
[9] and [a] in order that 6 lifts to G is the existence of a character x of A
such that [xg] = [a]. We have seen that [a] € M (w) determines a projec-
tive representation of 7. We summarize the above discussion in the following
lemma.

Lemma 7.7. Let G be a central extension of A with G/A ~ 7, and let [g]
be the class of cocycles relative to this extension. Then a necessary condi-
tion_that every projective representation of m lifts to G is that the mapping
d:A— M(m) given by x — [xg] be surjective.

Note that since A = H'(A, C*) (trivial action) the above mapping ¢ :
A — M(m) is the transgression § : H*(A,C*) — H?(w,C*) we met in ez. 15.
The condition of this lemma is also sufficient.

Lemma 7.8. Let G and [g] be as in the previous lemma. Then, if 0 is surjec-
tive, every projective representation 6 of m lifts to G.



7.4 The Schur Multiplier 317

Proof. Let [a] be relative to 6, and let Y € A such that [yg] = [a]. We have
x9(o,7) = a(o,7)h(a)h(T)h(oT) L. Thus, let us define:

p(A(o)a) = x(a)h(o)0(o),
and let us check that it is a homomorphism. We have:

p(AMo)a - A7)b) = p(AoT)g(o, T)ab) = x(g(oT)ab)h(oT)0(oT)
= x(g(o7))x(ab)h(oT)0(0T),

and
p(/\(U)a)p(A(T)b) = x(a)h(a)0(c)x(b)h(7)0(7)
x(a)x(b)h(o)h(T)6(0)6(7).
Moreover, x(a)h(oc) € C* and therefore x(a)h(o)I belongs to the center of
GL(n,C). It follows that p(A(0)a)C* = 0(0), i.e. 0 lifts to G. &

We summarize the two previous lemmas in the following theorem.

Theorem 7.15. Let G be a group, A C Z(G), G/A ~ 7, [g] the class of co-
cycles relative to the extension G. Then every projective representation of ™
lifts to G if, and only if, the transgression 6 : A — M () is surjective.

If G is finite, then |A| = |A| > |[M(x)|, and therefore |G| = |A| - |x| >
|M(7)| - |x|. If equality holds, and this happens when |A| = |M ()], then @ is
a covering group* of m (or a representation group of ).

If the transgression ¢ is surjective, the condition \A\| = |M ()| implies that
it is also injective. In the lemma to follow we see that § is always a homo-
morphism; a necessary and sufficient condition for § to be injective is also
given.

Lemma 7.9. Let g be a 2—cocycle of a finite group m in the abelian group A
(not necessarily finite), G the corresponding central extension of A. Then:

i) the transgression § : x — |xg] is a homomorphism of A in M () whose
kernel consists of the characters of A whose value on the elements of ANG’
isl:ker(d)={x € A|lx(a)=1, ae ANG'};

i1) 5(11) ~ ANG', a finite group;

i1i) & is injective if, and only if, A C G'.

Proof. i) Let x € ker(d), i.e. xg € B?(w, C*). Then, for a certain h : 7 — C*,

x9(o,7) = h(a)h(r)h(or)~t. Consider the mapping ¢ : G — C* given by

aX(o) — x(a)h(o). It is a homomorphism; indeed:
¥(aX(o) - bA(7)) = x(ab)x(g(o, 7))h(o7) = x(a)x(b) - h(o)h()h(oT) ™
= x(a)h(o) - x(b)h(7) = ¥(aA(0)) - Y(bA(T)).

4 Schur’s Darstellungsgruppe.
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Moreover, 1 coincides with y on A. Since C* is abelian, the kernel of ¥ con-
tains G’. Now, A(1) represents A; hence A(1) € A, and we have:

1= A1D)7AD) = x(A(1)"HA(1).
It follows, for each a € A,

¥(a) = P(aX(1)7IA(1)) = x(a)x(A1)"H)A(1) = x(a)

and therefore, if a € ANG’, we have 1 = ¢(a) = x(a).

Conversely, let x be such that x(a) =1 for a € ANG’; then we can extend
X to G as follows. First extend y to AG’ by defining 8 : AG’ — C* according
to B8 :ax — x(a), a € A, x € G'. The mapping [ is well defined because if
ar = a1y, then ay'a = yz~' € G', a7 'a € AN G’ and therefore x(a;'a) = 1
e x(a1) = x(a). Moreover, (3 is a homomorphism:

Blaz - ary) = Blaar - 2'y) = x(aa1) = x(a)x(a1) = Blaz) - Blary).
C* being abelian, ker(5) 2 G’, and therefore 3 factorizes through a homo-
morphism 31 of AG’'/G’ in C*. The latter group being divisible, 3; extends to
a homomorphism 7 of G/G’ in C*, and this one, composed with the canonical
homomorphism G — G/G’, to one of v of G in C*. Let us summarize the

homomorphisms that appear in this discussion in the following picture:

L B
A — AG —— C*

a3 K

A/ S e
I ¢
G

where ¢ and 1 denote the canonical homomorphisms and ¢ the inclusion;
moreover, Bt = x and Ny = ~. Thus, for a € A, we have:

v(a) = n¥(a) = n(aG’) = bi(ag’) = f1v(a) = B(a) = x(a),
and therefore y extends x. In particular, this holds for a = g(o, 7). It follows:
YA@))y(A(T)) = (g(o, T)A(07)) = v(g(o, T)v(AoT)) = x(9(0. 7))y (A(oT))

and therefore xg(o,7) = v(A(0))y(A(1))y(A(oT)) 7L, ie. xg € B%(m, C*).
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i1) The restriction of a character x of A to the subgroup A N G’ yields a
character x; of AN G’, and the mapping f : A — A/H\G’, given by x — x1,
is a homomorphism. On the other hand, C* being divisible and AN G’ C A,
every character of A N G’ extends to one of A, so f is surjective. The ker-
nel is given by the x’s such that y; is the identity Tof ANG, ie. by the
X’s whose value on AN G’ is 1. Tt follows ker(f) = ker(d), and therefore
ANG ~ A/ker(8) = Im(). Since ANG' ~ ANG’ the result follows. (G/A
being finite and A C Z(G), by Schur’s theorem (Theorem 2.38) G’ is finite,
and therefore AN G’ is also finite.

iii) Since the identity character 1 of A has value 1 on the whole of A,
ker(6) = {1} if, and only if, ANG' = A, i.e. ACG. &

Example 7.7. Lemma 7.9 can be used to show that the multiplier of certain
groups is not trivial. Let 7 = V be the Klein group and let G be either the
dihedral group D, or the quaternion group. In both cases G is an extension
of A =75 by V, and since A = Z(G) = G’, G is a central extension of A with
A C G'. By iii) of the lemma, ¢ is injective and therefore M (V) contains a
subgroup isomorphic to Z,, and so is nontrivial. (We shall see later (Ez. 7.8)
that M(V) ~ Z5.)

Let us now come to the existence of a covering. As we have seen, we
must have |A| = |M(7)|, or what is the same because of Theorem 7.15 and
Lemma 7.9, A ~ M (x). The group M (r) is a direct product of cyclic groups:

M(m)=C1 x Cy x -+ x Cy,
with |Cy| =e;, i =1,2,...,d. Now take a group A isomorphic to M (7):
A=A; x Ay x --- X Ay,

where A; = (a;), o(a;) = ¢;. In order to have a covering we need a cocycle
g, that we construct as follows. A generator of C; is a class of cocycles; as
representative of this class we can take a cocycle whose values are e;-th roots
of unity (Lemma 7.6). If w; is a primitive e;-th root of unity we have:

gi(o,7) = w7, (7.25)

where n;(c, 7) is an integer depending on ¢ and 7. The property of the cocycles
translates into the following property of the integers n;:

ni(c,1) = 0=n,(1,0) mod e;,
ni(o, ™) + ni(r,n) = ni(or,n) + ni(o,7) mod n;.

Then set g(o,7) = Ha?"(‘”). The ¢ thus defined is a 2-cocycle of 7 in A
under the trivial action of 7 on A:

g(o,mmg(r,n) = [ e @™ D g(or,m)g(o,7) = [[ a7 el

and the two products are equal due to the properties of the n;’s.
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In order that the central extension G of A relative to g be a covering it
is necessary, by Theorem 7.15, that the transgression ¢ be surjective. Let us
then show that if [¢'] € M () there exists x € A such that §(x) = [xg] = [¢']-
We have [¢'] = [[[g:]*?, with the g; given by (7.26) and for certain k;. The
character x defined by x(a;) = wf‘ is such that, composed with g, gives:

xg(o.7) = x([Ta*"7) = [] xas)™ @™ = [T wi*@7* =] gslo. 7)™,

and since [[] gf’] = [Tlg:]* = [¢'], we have xg ~ ¢'.
Theorem 7.16 (Schur). Let 7 be a finite group. Then there exists a covering
group G of 7, i.e. an extension G of an abelian group A such that:
1) ACZ(G)NG';
1) A~ M(nm);
i) GJA ~ .
Every projective representation of w lifts to an ordinary representation of G.

Covering groups need not be unique. With 7 = V, the Klein group, both
the dihedral group of order 8 and the quaternion group are central extensions
of a subgroup A = Z5 satisfying ) and i) of the theorem. In Ez. 7.8 it will be
proved that M (V) ~ Z,, hence 1) will also be satisfied. Thus we have two non
isomorphic groups that are covering groups of V. We will see in Theorem 7.18
a sufficient condition for a covering group to be unique.

7.4.3 M(7) and Presentations of 7

Let F//R ~ m be presentation of m with F free of finite rank. If 7 ~ G/A
we have a surjective homomorphism F' — G/A which, by the property of
free groups, lifts to a homomorphism F — G. In general, the latter is not
surjective any more; it is surjective if A C ®(G), as we now show.

Lemma 7.10. Let F/R ~ 7 ~ G/A, with F free of finite rank, and A C ®(G).
Then the homomorphism p : F — G extending the canonical homomorphism
v: F — 7 is surjective.

Proof. Consider the diagram:

A4

1l - R - F — 1 — 1

Let F = (y1,Y2,---,Yn), and let ¢g1,92,...,9n € G be such that y(g;) =
v(y;). Then G/A is generated by the images ¢; A, so that G is generated by
the g; and A, and since A C ®(G), by the g; alone. Moreover,

Yu(yi) = v(yi) = v(9:)s
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from which u(y;)g;* € ker(y) = A, and pu(y;) = x,9;, v; € A. Thus:
w(F) = (z;g;, 1=1,2,...,n) =G,

where the second equality follows from Lemma 5.5. (Note that it is not nec-
essary that A be abelian.) &

If A C Z(G)N G as in Theorem 7.16, then the condition A C ®(G) is
satisfied because of the following result.
Lemma 7.11 (Gaschiitz). In any group G,

Z(G)NG' C ®(G).

Proof. If ®(G) = G there is nothing to prove. Otherwise, let M be maximal
in G not containing Z(G) N G’. Then G = M(Z(G) N G’) by the maximality
of M and M <G because Z(G) NG’ C Z(G). Then G/M ~ Z,, p a prime, so
that G’ C M, and a fortiori Z(G) N G’ C M, a contradiction. O

Lemma 7.12. Let F/R ~ © ~ G/A, with F free of finite rank and A C
Z(G)NG'. Then we have a surjective homomorphism F/[R,F] — G and an
induced homomorphism RN F'/|R, F| — A.

Proof. Let w € F; then p(w) € A if, and only if, yu(w) = 1 = v(w), and
therefore if, and only if, w € R. It follows u(R) = A and

w([R, F]) = [w(R), u(F)] = [A,G] = 1.

Then we have a surjective homomorphism p : F/[R,F] — G, and in this
homomorphism

RNF’

u( (R, F] )=uR)Npu(F)=AnG" = A

&

Corollary 7.8. Let 7 be finite. With A = M () in the preceding lemma we
have a surjective homomorphism RN F'/[R, F] — M ().

Proof. By Theorem 7.16 there exists a central extension G of M (w) by 7, with

M(7) C G'. By the preceding lemma we have the result. %
Theorem 7.17. Let w be a finite group, m = F/R with F free of rank n. Let
F R
(R, F]’ (R, F]
Then:

i) ITis a f.g. abelian group, a subgroup of Z(H), and (RN F')/[R, F)] is the
torsion subgroup T(I) of I, and therefore finite;

1) 1 is of (torsion free) rank n;

it) [((RNF')/[R, Fl| < M ().
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Proof. i) It is clear that I C Z(H); moreover:
|H/Z(H)| = |(H/1)/(Z(H)/I| < [H/I| = |F/R| = || < oo,

and therefore Z(H) has finite index in H. By Schur’s theorem (Theorem 2.38)
the derived group H' is finite. Now H' = F'/[R, F|,and INH' = RN F'/[R, F]
is finite, and therefore is contained in the torsion subgroup of 1. But

(R/IR, F)/(RN F')/[R, F]) ~ (R/RNF') ~ F'R/F',  (7.26)

and the latter group, being a subgroup of F/F” is free abelian. It follows that
the torsion subgroup of I is contained in RN F'/[R, F] and therefore:

T = z[sz?]

it) RE/F' is free abelian and has finite index in F/F":
[F/F': RF'JF') = |F/RF'| < |F/R| = |r| < oo,

and therefore has the same rank n as F/F’. But I/T(I) is isomorphic to
RF'/F', so that I also has rank n.

ii1) The torsion subgroup of a f.g. abelian group is a direct factor:

R RNF _ S

R.F) " [R,F) " [RF]
for a certain S. Now R/[R, F] is contained in the center of F//[R, F| and there-
fore its subgroups are normal in F/[R, F|; in particular, S/[R, F] < F/[R, F]
and S < F. Hence F/S is a central extension of R/S ~ (RN F')/[R, F] by
w, and since R/S C Z(F/S) N (F/S)’, the transgression § : R/S — M () is
injective (Lemma 7.9, 4i%)). In particular:
R

SSMﬂﬂL

RNF
(R, F]

R
s

as required. O
From this theorem and from the previous corollary it follows:

Corollary 7.9. For a finite group ,
i)

RNF'
M ~
(Hopf’s formula);

1) with the notation of Theorem 7.17 (proof of iii)), F//S is a covering group
of m.
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Example 7.8. Let us show that the Schur multiplier M (V') of the Klein group
V has order 2. We know that |M (V)| > 2 (Ex. 7.7). Consider the presentation
F/R ~ V, with F = (z,y) free of rank 2. V being abelian, F/ C R, and
therefore M (V) ~ F'/[R, F|. Now,

N F’ [R, F]
M(V) = [F’,F}/[F’,F]’

and F'/[F',F| = I5(F)/I3(F) is cyclic, generated by the class [z,y] mod-
ulo I'3(F') (Theorem 5.19). Hence M (V), as a quotient of a cyclic group, is
also cyclic. Let us show that [z,y]? € [R, F|. We have [z,y] € Z(F) (the bar
means modulo [R, F]), since by Theorem 7.17, i), R C Z(F'), and moreover
2? € Z(F) because 72 € R and therefore [22,g] € R, F], for all g € F. It
follows [z, y]?2? = ([z,y]z)? = (yx)~'2?(yx) = 22, and cancelling 2 we have
[z,y]> = 1, ie. [,y]> € [R, F]. In the cyclic group M (V) the square of ev-
ery element is 1, so that either M (V) = {1} or M(V) = Zs. The former is
excluded because |M (V)| > 2, hence the latter holds.

Note that in this example it is proved that the Schur multiplier of a 2-
generated finite abelian group is cyclic (this is also true for 2-generated infinite
abelian groups (cf. Remark 7.5, 2, below).

Corollary 7.10. If F//R e Fi/R;y are finite presentations of a finite group,
then:

RN F' _Rin Fy

R, F] ~ [Ri,Fn]

Remarks 7.5. 1. The previous corollary also holds without the assumption that
the group F/R and the rank of the free groups be finite.

2. If 7 is infinite, one defines M (7) directly as

RNF'
M(m) = (R, F]

But in the infinite case M () and H?(w, C*) are in general different groups. As an
example, consider the infinite group @ = Z x Z. We know that 7 = F/F’, with
F free of rank 2 (see p. 188), and therefore we have a presentation F//R of m with
R = F’; it follows

RnF _ F

(R, F]  [F,F]
and as observed in the previous example this group is infinite cyclic (the quotient
groups of the lower central series of a free group are torsion free):

M(Z xZ) ~Z.

Now Z is not isomorphic to its dual. Indeed, Homz(Z,C*) ~ C*, in the isomor-
phism which associates an element h of Homz(Z, C*) with the value it has at 1:
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h — h(1). However, it can be shown® that H?(w, C*) is isomorphic to the dual of
M(m): H*(r,C*) ~ Homgz (M (r),C*), and therefore

H*(Z x Z,C*) ~ C*.

The Heisenberg group is an example of an extension of M(Z x Z) ~ Z by Z X Z
(Ez. 4.3).

Corollary 7.11. If 7 is a finite group, generated by n elements with r defining
relations, and if d is the minimum number of generators of M(w), then

d<r-n (7.27)

(ifr—m < 0 set M(w) = {1} ). In particular, if r = n then d = 0, and therefore
M(m) ={1}, and if r = n+ 1 then M(x) is cyclic.

Proof. Let m = F/R, with F free. R is generated by the conjugates of the the
r relators, and therefore R/[R, F|, being central in F/[R, F], is generated by
the images of the relators. If 7 is finite, and generated by n elements, then
I/M(7) is of rank n (Theorem 7.17, i3)), and therefore the minimum number
of generators for I is n + d. &

More precisely:

Theorem 7.18. Let w be presented by n generators and r defining relations,
and let p be the (torsion free) rank of w/w'. Then M () is generated by d <r
elements and

n—r<p-—d. (7.28)

Proof. R/RNF' ~ F'R/F' is free abelian (a subgroup of F'/F"), and (7.26)
shows that it is a quotient of R/[R, F] (by M(m)), hence a direct summand
of it (Corollary 4.4):

R/|R,F]~ M(m)® F'R/F".

It follows d(M (7)) + p(F'R/F’) < r, and p(F'R/F’) < r — d(M(w)). Con-
sider now the derived group ' of w. From m = F/R we have 7’ = F'R/R,
sow/n’" = (F/R)/(F'R/R) ~ F/F'R, and therefore their (torsion free) rank
is the same: p(7/7n’) = p(F/F'R). From (F/F')/(F'R/F') ~ F/F'R we have
P(F/F') — p(F'R/F) = p(F/F'R), that is, n — p(x/x) = p(F'R/F’) <
r —d(M(n)), from which the result follows. O

In the case of a finite group the torsion free rank of =/7’ is zero, and we
have (7.27). Inequality (7.28) gives an upper bound for the deficiency of a
finitely presented group.

® By means of a result known as the “universal coefficient theorem”.
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We end this chapter, and the book, by showing that if a group = is perfect,
i.e. it equals its commutator subgroup, then up to isomorphisms a covering
group G of 7 is unique. This will be a consequence of the fact that the derived
group G’ of G is determined by the presentation F/R ~ 7 of 7, as we now
prove.

Theorem 7.19. Let G be a covering group of a finite group m, G/A ~ 7, and
let H be as in Theorem 7.17. Then G’ ~ H'. In particular, if 7 = 7', then all
covering groups of w are isomorphic.

Proof. From A C Z(G) N G’ it follows G'/A ~ G'A/A ~ 7'. Hence |G'| =
|Al|7’| = |M (7)||7'|. By Lemma 7.12 we have a surjective homomorphism I =
F/[R,F] — G. In particular, H maps onto G’, so if we show that |G’| = |H’|
we are done. Indeed, 7’ = H'I/I ~ H'/IN H'. But H = F'[R, F]/|F,R] =
F'/[R,F|,soINH" = R/[R,FINF'/IR,F] = (RNF")/|R, F] ~ M(r). Hence
|H'| = |7'||In H'| = |x'||M(7)| = |G|, as required. O

Corollary 7.12. If w is a finite nonabelian simple group, then a covering
group of T is unique up to isomorphisms.
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Solution to the exercises

8.1 Chapter 1

1. a='b and ba~! solve the two equations. Conversely, if ax = a has a solution,
then there exists e, such that ae, = a; if b € G, then b = ya, some y, and there-
fore be, = (ya)er = y(aer) = ya = b; hence e, is neutral on the right for all
b € G, and similarly there exists e;, neutral on the left. Multiplication of the two
gives ejer = e, ejer = e, and i) follows. As for #i7), solving ax = e and ya = e,
if az = az we have y(az) = y(az) from which (ya)z = (ya)z, i.e. ex = ez and
x = z; hence the right inverse is unique, and so is the left inverse. If ax = e, then
za = exa = yara = y(ax)a = yea = ya = e and ax = e = za.

2. If o(z) is infinite, and o(¢(x)) = n, then p(z)" = p(z") = (1) = 1, so 2™ and
1 have the same image. This implies ™ = 1, contrary to assumption, and o(y(z))
is infinite. If o(xz) = n, then 1 = ¢(1) = (z") = p(z)", so o(p(z))|n. The same
argument with ¢! implies n|o(p(x)).

3. 9) (ab)? = abab, a®b* = aabb: cancelling yields the result. i) (ab)" " = (ab)™ab =
a™b™ab = a" 1" from which b"a = ab™; substituting n+ 1 for n we have b"'a =
ab™t ie b-b"a = ab™t. But b"a = ab™, so b-ab™ = ab™*!, and by cancelling
ba = ab.

4. o(a?) = o(a)/(0(a),d) = o(a)/d,o(b?) = o(b)/d and (o(a)/d,o(b)/d) = 1. It fol-
lows o((ab)?) = 0(a®?) = o(a)/d - o(b)/d = o(a)o(b)/d* = m/d.

5. aiai+1 - - an is the inverse of aiaz---a;_1.

6. If a is unique of its order, since o(a™') = o(a) we have a = ™', a®> = 1 and the
result.

7. If no nonidentity element coincides with its inverse, then by pairing one element
and its inverse we see that the member of nonidentity elements is even. Adding the
identity we have an odd number of elements.

9. We only consider the order 3. Let 1, a, b be the three distinct elements of GG. The
group must contain the product ab: if ab = a, then b = 1, which is excluded, and
if ab = b then a = 1, which is also excluded. Then ab = 1, i.e. b = a~*. Next, a?

Machi A.: Groups. An Introduction to Ideas and Methods of the Theory of Groups.
DOI10.1007/978-88-470-2421-2 8, © Springer-Verlag Italia 2012
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must belong to the group: if a> = a, then a = 1,which is excluded; if a® = 1, then
! = b, which is also excluded. Then a® = a™*, and the group is {1, a,a?},
which is therefore cyclic, generated by a (and by a™').

a=a

10. The operation is not the same.
11. In Cs, o(a) = 6, b = a?, o(b) = 3, o(ab) = o(a®) = 2, whereas lem(o(a), o(b))=6.

12. If the elements all have finite period, then the subgroups they generate are infi-
nite in number, otherwise the group would be finite. If there is an element of infinite
period, then it generates a group isomorphic to the the integers, and this group has
an infinite number of subgroups.

13. If @ € H, then with b = a we have aa = a®> € H, and therefore with b = a® we
have a’a = a® € H, etc. Hence, if 0(a) = n, thena" =1 € H,anda ' =a"* € H.

14. By theorems 1.33 and 1.35 a cyclic group of order n has ¢(d) elements of order
d for all d|n, and these are all the elements of the group.

15.4) Let n = rs, (r,8) = 1L, ur +vs = 1, a = a* = a“"7 = ¢*"a"*. Then
o(a*") = (i) = (rewry = = = 8, and similarly o(a¥?) = r. With z = a”® and

y = a*" we have a = xy, which is of the required type. If a = tz, with ¢t and z of order
r and s, respectively, and commuting, we have a" = z"y" = t"2" = y" = 2", and
being ur = 1 mod s and o(y) = o(z) = s we have y = y*" = zand z = 2”° = t"° = ¢.
The general case follows immediately.

i1) p(n) is the number of generators of a cyclic group of order n, and ga(pf”)
that of the generators of the unique subgroup of order pi” A product z1z2 - T,
o(x;) = p?i, i=1,2,...,r, is an element of order n, and by 7) an element of order
n admits a unique such expression. As to the second equality, observe that the ele-
ments that generate a cyclic group of order p™ are those that do not belong to the

subgroup of order p" 1.

16. If n > 4, a permutation interchanging two consecutive vertices of the polygon
and fixing the other ones is not a symmetry.

. - 0 01
0.5 (10). k= (01).

22. A rational number may be expressed as a product of primes with integer expo-
nents, and a polynomial with integer coefficients may be expressed as a linear com-
bination of the monomials 1, z,z?,... Order the prime numbers, e.g. in increasing
order: pop = 2,p1 = 3,p2 = 5,... An ordered n-tuple of integers mo, m1,...,mpn_1
determines a unique element of Q: /s = pJ*°p** ---p. "7, and a unique poly-
nomial p(z) = mo + miz + -+ + mn_12""". The mapping 7 — p(z) is the re-
quired isomorphism. For example, to 178 = 2713727 there corresponds the polyno-
mial —1 — 2z + 72°.

26. A permutation matrix is obtained from the identity matrix by exchanging rows
and columns. Since the identity matrix has determinant 1, and since an exchange
of two rows or columns changes the sign of the determinant, we have the result.
Moreover, the product of two matrices with determinant 1 has again determinant 1,
and the inverse of a matrix with determinant 1 has again determinant 1. Hence the
matrices with determinant 1 form a subgroup, A say, of the group of permutation
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matrices (Ez. 1.3, 3); the latter is therefore a union A U A’, where A’ is the set of
matrices with determinant —1. Multiplication of the elements of A by a matrix with
determinant —1 yields |A| matrices with determinant —1, so that |A’| > |A|. Simi-
larly, multiplication of the elements of A" by a matrix with determinant —1 yields
|A’| matrices with determinant 1, so that |A| > |A’|. It follows |A| = |A'].

27. The generators are all contained in a subgroup of the chain.

28. If H < Cpe and is infinite, then it contains primitive p®-th roots of unity for
any k (each Cpn may be written as a union of p™-th roots of unity with m < n).
Then H contains all the p™-th roots for all n = 1,2,..., and therefore it coincides
with Cpee. If H is finite, H C C, some k, and therefore H = Cn, some h < k.

29. If not, G = H U (S), contrary to Theorem 1.6.

Yapa™'b, and therefore a~'bpl. Let us show that the the elements

1 and so also z7!pl; if

30. apb = a~
equivalent to 1 form a subgroup. If zpl, then = 'zpz~
a ~ 1,bpl then abpapl.

31. It is the only one containing the identity.

32. Hab~' = K, a subgroup (see the previous ez.).

33.a=ng+7r 0<r<n,a?™ = (ng+r)*™ = Zﬁgg) (‘p(k"))(nq)kr“’(")*k. If
k > 0, then all the summands are multiples of n, and therefore are zero mod n.
There remains the term for k& = 0, i.e. r*". But r < n and (r,n) = 1, and therefore
7 belongs to the group U(n) whose order is ¢(n), so that 7#(™ = 1.

34. ¢(p) = p — 1 (see the previous ez.).

37. 1 =a?""1 = %"z~ 1; with y = 2" we have z = y°.

38.If H ={hi,hs,...,hn}and z ¢ H, Hx = {h1z, hoz, ..., hnz}, then HxNH =
because if h; = h;jz then z = h;lhi € H, which is excluded. If y € H U Hx,
Hy = {hiy, h2y, ..., hny} has empty intersection with Hz (because if h;xz = h;y,
then yz ! = hj_lhi € H, y = hyx, which is excluded) and with H (as above), etc.

Thus, the group is partitioned into a disjoint union of subsets all having the same
cardinality, namely |H|.

40. Let [G:H] < oo and K infinite. If H N K = {1}, the distinct elements of K
belong to distinct cosets of H (Hk = Hk1 = kk;y' € HNK = {1} and k = k1) and
H has at least as many cosets as there are elements of K.

8.2 Chapter 2

4. Let H be another subgroup of order coprime to its index. Then HN < G (N <4G),
|HN| divides |G|, |HN/N| divides |G/N]|, so that (|HN/N|,|N|) = (|(HN/N|, |H|) =
1.If |[HN/N| # 1, let p be a prime dividing |H N/N|; then p||H/(HNN)|(= |HN/N|),
and therefore p||H|, which is absurd.

8. H, K are maximal (index p) and normal, HK < G, HK = G by the maximality
of H (or K); p=|G/K|=|H/(HNK)| = |H|, and similarly |K| = p. G is not cyclic
because it has two subgroups of index p.
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9.If L/H = (A/H)(B/H), AB = L is the sought-for subgroup. Indeed, if g € L,
then gH = aH -bH = abH, g = ab' (H C B) and L C AB; conversely, A/H C L/H
and A C L. Similarly, BC L and AB = L.

12. Since n > 3, there exist i, j, k distinct. If o # 1, let o(¢) = j; then o does not
commute with 7 such that 7(j) = k and 7(3) = 3.

13. If x = ar® is central, then ar®-r = r-ar®, ¥t = =1 ¢+ = 71 excluded. Hence
7 b b b

T = riz a-rt=rtqa,r=r"" o(r') < 2. If nis odd, then = r* = 1; if n is even,
then r* = 7 and the center is {1,72 }.

16. H = (z) is normal, and as in the previous ex., xy?~ " = y? 'z, and y?~' ¢
Cc(z). But (p — 1,0(y)) = 1 since there are no divisors of the order of the group

less than p, and therefore y itself belongs to Cg(x).

17. 2" = (zy -y )" = (y tzy)™ = y 'z"y, and 2" € Z(G). Conversely, ab ~ ba
and therefore also (ab)™ ~ (ba)™; the latter being central, they are equal.

18. If  ~ y, then © = ab and y = ba; hence zy = abba = ab*a = a?b* by the
previous ez.; similarly, yz = a2b?.

23. If H < Z(G), and G/H = (Ha), then G = (H,a) so that G is generated by
commuting elements.

24. G/Z(G) ~ I(G) cyclic implies G abelian (ez. 23), and therefore G admits the
automorphism o : @ — a~! of order 2. In both cases (Aut(G) = Z or Aut(G) of odd
order) 0 = 1 and a = o™ for all a € G, so that G is a vector space over Fs. If it has
more than two elements it has elements of order 2 (for example, those interchanging
two basis vectors and fixing the remaining ones).

25. If 4y = (72)" = 4, for all z, then 7% =z~ *z2® = x for all x.

26. @ € Aut(S®) permutes the three elements of order 2 of S*, and we have a
homomorphism Aut(S*) — S*, which is injective (if o and 8 induce the same per-
mutation, then o3~ ! induces the identity on the three elements, and therefore on the
whole S* which is generated by these). But Z(S®) = {1}, and therefore 1(S?) ~ §3.
It follows, Aut(S®) = I(S®) ~ S°.

27. Z=7Z(G) #{1};if Z & M, then MZ = G. Let m’ € M and = € G; hence x =
mz and we have:
1

1 1

'm/e = (m2) '/ (m2) =z 'm T i mmz =27 tm 2 =m e M,
so that M < G. Moreover |G/M| = p because G/M has no proper subgroups (The-
orem 1.17). If Z C M, then M/Z is maximal in G/Z, and therefore, by induction,

normal and of index p. Now apply Theorem 2.5.

29. |cly(z)| = [H : Cu(z)]= [G : Cu(2)]/|G : H] =[G : Ca(2)][Ca(x) : Cu(x)]/2
=|clg(2)|[Ca(z) : Ca(z) N H]/2 = |clg(2)||Cq(z)H/H]|, and since Ca(z)H/H <
G/H|, we have |Cg(z)H/H| = 1,2, and the result.

30. If x ¢ H, then Cq(z) N H = {1} (if xh = hz, then z € Cg(h) C H) and there-
fore |Cq(x)| = 2, from which o(z) = 2, |cl(z)| = [G : Ca(z)] = Igl, and therefore
cl(z) = G\ H (the elements cl(x) are the h™'zh, h € H).
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31. Following the hint, assume now that (zy)® = (zy)~'; then (zy)* =y 'z~ =

z%y® = 7'y~ so y € Cg(z), against the choice of y. Therefore, for any y €
G\ C¢(z) that maps to its inverse, there is an element (i.e. zy) that does not.
Hence the latter fact happens for at least half of the elements of G \ Cg(z), i.e.
for at least }|G \ Cq(z)| > }|G| elements, while more than } of the elements go
to their inverses. It follows G = Z(G). As to the example, consider the identity

automorphism of Dy.

32. If all the elements of G have order 2, then G is a vector space over F2, which if
it has more than two elements has a non trivial automorphism group. If there exists
x # x 7! and G is abelian, the automorphism g — g~ ! is not the identity because it
does not fix z. If G is not abelian, and zy # yz, the inner automorphism induced
by y is not the identity.

33. We prove more: if @ commutes with all inner automorphism then it is the iden-
tity. Indeed, if o'z = ¥z, then yzo = 7., z 7'z € Z(G) = {1} and 2 = z.

34. i) Setting d, 42 = 1, if a = b* and zero otherwise, we have p(a) = Y, 8, 42, from
which p(a)® = 3, p(a)d, 42 and therefore S, p(a)® = 3, 3=, p(a)d, p2. If a # b
the inner summands are zero; only those for which a = b? remain, and therefore
>, pla)® =3, p(b*); letting b vary as a in G yields the result.

i1) By %), the sum on the right equals

Z p(a’2) = Z Z 61)2,62 = Z Z 6(bc)2,c2 = Z Z 6(bc)2,c21
c a c b b c

a€G

and (bc)? = ¢? if and only if ¢~ 'bc = b~ '. Hence the inner sum equals |I(b)|, and the
total sum Y, |I(b)| (note that this sum is never zero because b = 1 is also counted,
and being 17! = 1, it is inverted by all the elements of G: |I(b)| = |G|).

iii) If @ ~ a™ ", then |I(a)| = |Ca(a)|. If 2 € cl(a), then |Cg(x)| = |Cg(a)|, and
the contribution of a conjugacy class to the sum is [Cg(a)| - |cl(a)| = |G|; if there
are ¢'(G) classes, the contribution is |G| - ¢/(G).

i) In a group of odd order every element is a square.

36. i) If k divides 2n, then k = 2,k or 2k, where k divides n. If k divides n, then
in the cyclic group C,, there exists a subgroup of order k. This being unique, it is
characteristic in C,, and therefore normal in D,,. Multiplication with a subgroup of
order 2 not in C,, yields a subgroup of order 2k.

11) Let {1} # K C H and y € Ng(K). Then {1} # K = KY C HN HY, so that
H = HY and y € Ng(K). Hence Ng(K) C N¢(H). Conversely, if y € Ng(H), then
y € Ng(K) since K is characteristic in H.
37. Let zy~! = hk; then « = hky and H® = H"® = H*Y, and with ¢ = ky we have
H*KY=H'KY=(HK)? =G’ =G.
39. Let G = JH;, H; N H; = {1}. If |H;| = hy, each conjugacy class of the H;
contains ﬁ‘ subgroups, since Ng(H;) = H;. Therefore, being H; N H; = {1}, the
contribution of a class to the number of elements of G is ‘5‘ (hi — 1); adding the
identity, |G| = 1+>2°_, 1¢I(h; —1), where s is the number of classes. But " = > ;

i=1 h, (hi—1)
(since h; > 2), and therefore |G| > 1+ s|G|- 1. If s > 2, |G| > 1+ |G|, which is
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absurd. Thus s = 1, |G| = 1+ |/ (h1 — 1), ha(|G| = 1) = |G|(h1 — 1), |G| = h1 and
G=H.

41.If HN H® = {1}, then |HH®| = |H||H"| = n*> and HH® = G, which is absurd
(ex. 35).

42.0) H°K = (K® )® = (K® ' H)" = KH";

1) HH® = H*H, so that HH”* < G and therefore it commutes with every sub-
group of G. An inclusion H C HH? is against the maximality of H, and HH* = G
is impossible; hence HH* = H, i.e. H* = H and H < G.

43. Let g € Ng(K); then g € (H,g 'Hg) C (K,g 'Kg) = K, and therefore
N¢(K) = K, and i) follows. Let H C K NgKg™'; then g € (H,g ' Hg) C (K,K N
gKg™") = K, so that gKg~' = K, and 4i) follows. Conversely, if K = (H,g ' Hg),
then H,g"'Hg C K, thatis H C gKg™',ie. HC KNgKg™'. By i), K = gKg™*,
and since K D H and g € Ng(K), by i) we have g € K = (H,g" ' Hg).

45. i) If @ # 1 commutes with v, then z7'z* € Z(G) = {1,—1} and 2* =
z,—z,Vr € G. If i =4, then j¢ # j otherwise a = 1; hence j¢ = —j, and similarly
k% = —k. Therefore a coincides with the conjugation induced by ¢ on the generators
j and k, so that a = ~;.

1) Since H is a Klein group, the suggested automorphisms belong to a coset of
H different from H; it follows that G/H has order divisible by 2 and 3, and so by
6, and from G/H < S® it follows G/H ~ S*, and |G| = |V||S?| = 24.

46. If A C Ce(A), and x € Cg(A)\ A, (A, z) is abelian and properly contains A. A
maximal abelian then implies A = C¢(A). Conversely, let A C H, with H abelian;
then H centralizes A, so Cg(A) = A C H C C¢(A), which is absurd.

47. If for all € G we have ™ 'ypa = Ygo = 7z, then %27 € Z(G) = {1}, z® =
rand o = 1.

48. Following the hint, consider a coset of H;, i # 1 not appearing in the union,
and repeat the operation. After a finite number of steps we reach an expression of
G as a union of the cosets of one of the H;, which therefore has finite index. (This
result may be used to prove that a vector space V' over an infinite field K cannot be
a finite set—theoretic union of subspaces, otherwise one of these subspaces W would
be of finite index, being a subgroup of V(+), and the space V/W would contain a
finite number of vectors. But if K is infinite and v ¢ W, there exist infinite multiples
of v+ W.)

49. The mapping (H N K)h — (H* N K®)z~ ha is bijective.

50. If x € H,_1, then HY C G = G, because GG; is normal in G;_1; it follows
H? C G;NH = H;, and similarly for z~1. Moreover, H;_1/H; = H;_1/(GiNH;—1) ~
H; 1Gi/G; < Gi—1/G;.

51. ¢) If {G;} is a normal series of G containing H, then {G; N K} is a normal
series of K containing H N K. i) If {H;} is a normal series of G containing K, then
G=HoDH1D...O0KDOG NKD...D{1} is a normal series of G containing
H N K. iv) Consider the subgroups {1,a} and {1,ar} of Dy; their product is not a
subgroup. v) f G =Gy 2 G1 2 ... D G; = H, H is normal and of order coprime to
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the index in G;—1, it is unique of its order in G;_1 and therefore it is characteristic
in G;—1 and thus normal in G;_2, etc.

54. It is sufficient to consider the case n = 2. i) Let © = hihs € K, o(h1) =
mi,0(h2) = ma. Then ™2 = b € KN Hy, 2™ = Ay~ ' € (K N H>), and if
mar +maos = 1 then x = ™ "2™2® € (K N H1)(K N Hz) and the product is direct.
1) the two factors are characteristic (normal and of order coprime to the index)
and therefore a € Aut(G) induces an automorphism «; on H;, and the mapping
a — (a1, a2) is an isomorphism Aut(G) — Aut(H:) x Aut(Hz). The example of
the group V = C> x C> shows that the hypothesis (|H1|, |Hz2|) = 1 is necessary.

59. We show something more, that is, that if H is complete, and H < G, then
G = H x Cg(H). If g € G, the mapping h — g~ 'hg is an automorphism of H, and
therefore is inner: g~'hg = h'hh1,Vh € H. Tt follows gh;* € Ca(H), g € Ce(H)H
and G =C¢(H)H. But C¢(H)NH =Z(H) = {1} and C¢(H) <G because H <G.

61. If H is maximal, then {1} # A1 < A, A1 C A. Hence H C HA;, from which
G = HAl But ‘A| = |G/H‘ = ‘HAl/H| = |A1/A1 ﬂHl = ‘141|7 and A= Al.
Conversely, let A be minimal normal, and let H D M. Then G = MA, G/A =
MAJA ~ M/(M N A). But M N A is normal in A, because A is abelian, and also
in M (because A <1 G), and therefore M N A << G. By minimality, M N A = {1}, so
G/A ~ M; but we also have G/A ~ H,so |M| = |H| and M = H.

62. (1,2)®% = (1,3), (1,3)3% = (1,4), etc. In this way one obtains the transposi-
tions (1,4),i = 2,3, ...,n, that generate S™.

63. i) Conjugation of (1,2) with the powers of (1,2,...,n) yields the transpositions
(4,7 + 1) that generate S™ (cf. the previous ez.).

67. i) 3 divides 12, and an element of order 3 of S* is a 3-cycle; hence a subgroup of
order 12 contains a 3-cycle, and being normal (index 2) it contains all the 3-cycles
(they are all conjugate). It follows that this subgroup is A*. By Ez. 1.7, 6, there are
three D4 that meet in the Klein group V = {I,(1,2)(3,4),(1,3)(2,4), (1,4)(2,3)},
which is also the Klein group of A*. The subgroups D, contain altogether three
C4 and four Klein groups. In S an element of order 4 is a 4-cycle, and there are
(4 — 1)! = 6 of them, divided into three pairs each containing an element and its
inverse. Therefore there are at most three groups Cu, and since each D4 contains
one of these, exactly three. There are nine elements of order 2 (the six transposi-
tions and the three products of two transpositions) and they are contained in the
four Klein groups of the Dy. If H is a subgroup of order 4, and H ¢ A*, then
2 =|S*/A* = |HA*/|H N A*| = 4/|H N A*|, from which |H N A*| = 2. An element
of order 2 of A* belongs to the Klein group of A*, and therefore to all the groups
D4. An element of order 2 of H belongs to some Dy, and therefore H is contained in
this D4, and hence it has already been counted. This proves iv) and vi). If |H| = 8,
then HA* = S* and |H N A*| = 4, so that H contains the Klein group of A*. The
elements of H cannot all be of order 2, otherwise it will have seven subgroups of
order 4, whereas in the whole group S* there are only four such subgroups. Hence H
contains an element of order 4, and so a subgroup of order 4, and this is contained
in a D4. Since H N Dy is also contained in this D4, we have |H N D4| > 4, and
H = D4, and we have ii). There are eight elements of order 3 divided into four
pairs contained into four subgroups of order 3, and we have v). There are four S*
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obtained by fixing one of the digits. If |[H| = 6, a 3-element of it is a 3-cycle; an
element of order 2 is not an even permutation because | N A*| = 3, and therefore is
a transposition; this must only involve digits already present in a 3-cycle of H, oth-
erwise the product with such a 3-cycle would yield an element of order 4 (example:
(1,2,3)(1,4)=(1,2,3,4)); but 4 does not divide 6. On the other hand, H has only one
subgroup of order 3 (as we already know, but this also follows from |H N A*| = 3),
and therefore the elements of H are a 3-cycle, its inverse, and transpositions in which
the digit missing in the 3-cycle does not appear. Hence this digit is fixed by all the
elements of H, and H is one of the S* already considered. 4i) follows.

68. There are seven partitions of 5, and therefore there are seven conjugacy classes
in S®; the elements are shown in the following table:

classes cycle structure # elements order parity
1 (DE)B)()(5) 1 1 even
Co (1,2)(3)(4)(5) 10 2 odd
Cs (1,2,3)(4)(5) 20 3 even
Cy (1,2,3,4)(5) 30 4 odd
Cs (1,2,3,4,5) 24 5 even
Cs (1,2)(3,4)(5) 15 2 even
07 (15273) (475) 20 6 odd

The number of k-cycles can be determined using ex. 4. For the other elements, con-
sider for instance those of type (1,2)(3,4). There are five ways of choosing the first
digit, four ways for the second, three for the third and two for the fourth; a trans-
position can be written in two ways, and so can the product of two transpositions:
2-2-2 = 8 ways, for a total of 5-4-3-2/8 = 15. The 5-cycles cannot be all conjugate
in A® because 24 { 60 = |A®|, and therefore (ex. 29) A® has two conjugacy classes
of 5-cycles, each containing 12 elements. A 5-cycle is not conjugate to its square in
AP: an element that conjugates them is necessarily odd. Two 3-cycles are conjugate
in A®: if they have only one digit in common, then (3, 5, k)“’h)(k’l) = (4, h,1); if they
have two, then (i, 7, k)(i‘j>(k’l) = (4,4,1). The 15 elements of Cs cannot be divided
into two equal parts, so they are all conjugate in A® (again by ez. 29). Summing up,
A® has five conjugacy classes with 1,20,12,12 and 15 elements. That A® is simple
can be seen by observing that a non trivial normal subgroup ia a union of conjugacy
classes, and so its order is obtained as a sum of integers among the ones listed above.
However no sum of these equals a proper divisor of 60.

69. i) We have, for the subgroup of homotheties, the two affinities ¢1,0 = I and
ws,0 = (1,5)(2,4)(0)(3), the cyclic group of order 2. As for the translations, we
have the subgroup of order 6 generated by 1,1, i.e. by the cycle (0,1,2,3,4,5). @50
inverts 1,1, and we have Dg.

1) with a = 1, p10 = I, p11 = (0,1)(z,z + 1), ¢1, = (0,2)(1,z + 1) and
©1,041 = (0,z + 1)(1, z). These four affinities form a group isomorphic to the addi-
tive group of the field (the Klein group V'); these are the translations. With b = 0 we
have the three homotheties: p1,0 = I, o0 = (1,2,2+1)(0), pzt1,0 = (1,z+1,2)(0),
that make up a cyclic group of order 3, isomorphic to the multiplicative group of
the field Cs. The semidirect product of C3 by V by is the group A®.
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70. If D,, = (a,r), then (r?) is characteristic in (r) and therefore normal in D,,. But
o(r®) =mn or 2, so Dn/(r®) has order 2 or 4 and is abelian. Moreover, 7> = [a, ],
ete.

1 1

72. a" =y lay implies a" ! = "ty tay.

74. If 1, ..., x, are the elements of G, then z122 -+ ,G’ = G'21G'22G" - - - ,G’.
The z;G’ commute, so we can move xi_lG’ close to z;G’ so that the latter product
equals 1; the result follows.

76. From |G|r + ns = 1 we have abG’ = (abG')I¢I"*"* = (abG')™* = (a"b"G')* =
(G = (cG')~IGI" Y = ¢’ because o(cG’) divides |G].

77 [xyl = ((y 1)) (@) (wy)”

78. If the center has index p, the center and an element not belonging to it generate
the whole group, so the group is abelian. The quotient w.r.t. a normal subgroup of
order p? (which exists, cf. Ez. 2.3, 2) has order p?, is abelian (Theorem 2.15), and
therefore contains G'.

79. i) A conjugate of z® is the image under « of a conjugate of x:

and therefore |cl(z®)| < |cl(z)|. #) If x1,22,...,2n generate H, [H : Cg(z;)] is
finite for all ¢, and therefore Z(G) = (| C¢(x;) also has finite index. By Schur’s the-
orem (Theorem 2.38) H' is finite. i) If such a subgroup H exists, an element h € H
of prime order p has all its conjugates in H, and therefore h € A(G). Conversely,
let h € A(G), and let H be generated by the conjugates of h, also of order p. Since
the conjugate of a product is the product of the conjugates of the factors, we have
H C A(G) and H <G. By 4i), H' is finite, and so is H/H' (it is abelian and finitely
generated by elements of finite order). Therefore, H is finite, and since it contains
an element of order p, its order is divisible by p.

80. By ez. 18, b~ 'ab commutes with a and therefore with a™'. It follows [a, b]* =
[a,b][b,a™] = a7 b a%ba™t = 1 because a® € Z(G) (ex. 17). But a commutator is
a product of squares (ez. 77), and therefore G’ C Z(G). The commutators being in
the center and having order 2, G’ is elementary abelian.

82. G' C Z(G) because it is normal and of order 2. If z1x2 = z2x1 or T2z3 = 372
there is nothing to prove. Then x1z2x3 = x1x3720. If 173 = 371, then x1x3T20 =
T3X1x2C = 2731?237102 = I3x2%1, and if X1x3 # 3%y, then L1Xx3Tx2C = T3X1CTr2C =
zsx1z2. If the given property holds, let us consider y~'zy, whose value under the
six permutations equals either z or yzy ', i.e. y %zy® = x. Hence, either y € Z(G),
and a fortiori y? € Z(G), or y* € Z(G).

8.3 Chapter 3

3. i) Under the action of K, the stabilizer of H is Kz = H N K, and the orbit is
{Hk,k € K}, that is, the set of the cosets of H contained in HK has cardinality
[K:HNK].4) [(HUK): H >[HK : H|=[K: HNK].
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5. Under the action of G on the cosets of a subgroup H of index 3 we have a homo-
morphism G — S*, whose kernel is contained in H. If the kernel is {1}, G ~ §%; if
it equals H, which has order 2, it commutes elementwise with the subgroup of order
3, which is normal because it has index 2, and then G is cyclic.

6. Let [G : H] = n; then the action of G on the cosets of H yields a homomorphism
G — S™ with kernel K. Then G/K is isomorphic to a subgroup of S”, and K is the
normal subgroup we seek.

7. 1) They are the orbits of the action of K on the right cosets of H. 1) The sought-
for number is the index of the stabilizer of Ha in K; but Hak = Ha if and only if
k € H*, and therefore the index is [K : H* N K]. Each coset contains |H| elements.
w) |[H* N K| = |(H* N K)*'| = |H* N K|. v) Following the hint, assume that Hy
is not one of the latter cosets, and [K : HY N K| = t, then Hy, Hyks, ..., Hyk: are
t more distinct cosets. Thus the representatives x; divide up into blocks containing
t1,t2,...,ts elements, where [K : H" N K] = t;. (This generalizes the case K = G,
[K : H" N K] =[G : H"] =t for all 4, in which there is only one block). vi) In
3 with H = {I,(1,2)}, K = {I,(1,3)}, we have two double cosets, of cardinality
2 and 4: {(2,3),(1,2,3)} {I,(1,2),(1,3),(1,3,2)}. vit) The number we seek is the
index of the stabilizer of aX in H. But haK = aK < a tha € K < h € aKa ™},
and therefore the number is [H : aKa™ '] = [a™'Ha: a ' Ha N K].

9. {I,(1,2)(3,4),(1,3)(2,4),(1,4)(2,3)} and {7, (1,2)(3)(4), (1)(2)(34), (1,2)(3,4)}:
the first one is transitive, the second is not.

10. With ¢ : Ha — a~'H and 6 the identity.
11. ¢ : (H®)? - Ng(H)zg and 0 = 1.

12. i) Ifa € T"and a € a,then 1 =aa > € aa™* = B € I', and if z € G then
x=1-x € Bz = € I'. ii) The subset a; containing 1 is the desired subgroup.
Let 1 € a; if z,5 € a, then 1 = yy~' € ay™ !, and therefore ay ' = o, and 1 € a.
Moreover, zy ' € ay~! = a.

1

13. Let a € A, g € NGg(H). Let h € H fix o; then (a9) " = (") = o and
a¥ € Asince g 'hg € H.

19. i) Let K = HNZ(G). We have K # {1} (Corollary 3.5), and H/K < G/K; by
induction, G/K contains a subgroup H;/K of index p in H/K and normal in G/K.
Hence [H : Hi] =p and H1 4 G.

1) If A is the unique abelian subgroup of index p of H, then it is characteristic
in H and therefore normal in G. Let A; be another such subgroup; the elements
of AN A; commute with the elements of A and A; and therefore with H = AA;;
it follows, setting Z = Z(H), AN A; C Z. There are two cases: a) AN A1 C Z.
Since [H : AN A1] = p?, we have [H : Z] < p and H abelian. Let K = H N Z(G);
K is contained in a maximal subgroup A’ of H, so A’/K is maximal in H/K. By
induction, there exists B/K C H/K of index p in H/K and normal in G/K, from
which B < G, and is abelian because is contained in H. b) AN Ay = Z which is
normal in G. Then A/Z has index p in H/Z, and by induction there exists B/Z of
index p in H/Z and normal in G/Z. Hence B<G and [H : Bl =p. ANA1 =27
has order p™ 2, and as Z C B we have Z C Z(B), so that [B : Z(B)] < p and B is
abelian.
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20. If SNG' < S, then {1} # S/(SNG') ~ SG'/G' < G/G’, and p divides the
order of the abelian group G/G’, which therefore has a subgroup K/G’ of index p.
Then K is normal in G and has index p.

23. 2\ I either is empty, or it is a union of orbits of cardinality divisible by p.

24. Following the hint, (z) acts on A; and As, that are orbits, and by the previous
ez. |A1| =1 mod p, |Az| = 0 mod p. Similarly, |A;| = 0 mod p and |Az| = 1 mod p,
a contradiction. Hence there is only one orbit.

25. As in the proof of Sylow’s theorem (part iii), a), So fixes no point in the set 2
of the other Sylow p-subgroups. Therefore for the sets I" and {2 of ex. 23, we have
[l =0 and |£2| = kp. It follows n, = 1+ kp. G acts by conjugation on the set 2
of the p-Sylows; in the previous ez., taking as H a p-Sylow S, S is the unique point
of (2 fixed by S. Hence the action of G is transitive, that is, the Sylow p-subgroups
are all conjugate.

27. If 9 = y, x and y have the same order, and © = 122 Tm, Y = Y1Y2 - Ym,
o(z:) = o(y:) = pi*, wiwy = x;i, Yiy; = Yy I 50 = o([],; ;) = o(] ., y;) there
exists r; such that r;s; = 1 mod o(z;), and therefore also r;s; = 1 mod o(y;); hence
yi = yf’is" — yrisi — ((xle.”xm)g)risi — ((x1$2--'$m)msi)g — (x:‘z%)g — xf
Ifx; € P,y € Q, let t € G be such that P = Q. Then 3! = xft € P, and the
conjugation of x and y reduces to that of x; and scft, both belonging to P.

30. There are (p — 1)! p-cycles, and they divide up p — 1 by p — 1 in subgroups of
order p. The number we seek is therefore (p — 1)!/(p — 1) = (p — 2)! The number of
Sylow p-subgroups of S? is congruent to 1 mod p, so (p—2)! = 1 mod p; multiplying
by p—1 we have (p —1)!=p—1=—1mod p.

31. i7) The action of G on the cosets of H yields a homomorphism G — S? with
kernel K. |G/K| divides p! and therefore p? { |G/K|; from [G : H][H : K] = [G : K]
we have that p t [H : K]. Hence every p-subgroup of H is contained in K, and in
particular so does O, (H ), which therefore is contained in O, (K). But K <H, Op(K)
is characteristic in K and hence normal in H, from which it follows O, (K) C O,(H),
Op(K) = Op(H) 2 G.

32. Let H = OP(QG); if p divides |H/H'|, let o(H'z) = p, = 122 Tr, With
p to(z;), Hx = [[H'z;, and o(H'z)| lem o(H'z;) (the H'x; commute because
H/H' is abelian). But o(Hz;)|o(z;), hence p { o( H'x;) for any i.

33. S is either cyclic or elementary abelian, and therefore Aut(S) has order either
p(p—1) or (p®> —1)(p*> —p) = (p—1)*p(p+1); if C = Cg(S), |G/C| divides |Aut(S)|
but pt|G/C|. If q, a prime, divides |G/C|, ¢ >pandpt(p—1);if gt (p+ 1), then
g =p+1, excluded. It follows G/C = {1} i.e. S C Z(G).

34. [a°| =[S : S.] = [S: SNG,] =p", and since [G : SNGa] = [G: S][S : SNG4,
p" is the largest power of p that divides [G : SN Ga] = [G : Go][Ga : SN Gal. If p*
divides |a®| = [G : G4], then p* divides p" = |a®].

35.0(z) =o(y) =2,y € Sz =>y=sz,szsx =1, zsx =5 "€ SNS" ={1), y ==

36. If z,y € S1, 2y~ € Si so also a p-element; but zy~' € N¢(S) and therefore
zy™t € S, zy™t € SNS = {1} and 2 = y. Thus, two p-elements of a coset of
N¢/(S) belong to two distinct Sylow p-subgroups, and so the number of p-elements
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of N¢(S) is at most equal to that of the p-Sylow subgroups, and since none of these
p-elements belongs to S, their number is at most n, — 1.

37.1) |2 =[G : M], so |2] =2[G : S] =2m, m odd; ) If Mgz = Mg then
grg~' € M; #i1) the permutation induced by x on 2 consists of m transpositions,
so is odd; 4v) the image of G in S has a subgroup of index 2 (i.e. its intersection
with A®); so G has a subgroup od index 2, H say, not containing z. But H D G,
sox &G’

38.n, = 1,p,p°. If n, = p = 1 mod ¢, then ¢|(p — 1), whereas ¢ > p. If n, = p* =
1 mod ¢, then ¢|(p®> —1) = (p— 1)(p+ 1) and ¢|(p + 1); but ¢ > p + 1 and therefore
q=p+ 1, from which p =2 and ¢ = 3.

39. Let x € S and y € S8’ # S be involutions. If 2 % y, x and y centralize the
involution z = (zy)". But either (zz)? = zzzz2 =1 = zzz =z =z € SNS* =
z = 1, which is excluded, or S = S* and z € S; similarly, z € S’, and therefore
z =1, excluded. If z,y € S, and x € S?,Vg € G, then z € SN SY = {1}, and either
z = 1, excluded, or §Y = S, Vg, and S < G, excluded. Then there exists g € G such
that g 'zg & S; by the above, g 'zg ~ y and therefore x ~ y.

40. If y~lay = 271, then y 2ay® = x, i.e. y° € Cqg(x); if o(y) is odd, then y €
Ce(z), z = 7", excluded. If o(y) is even, o(y) = 2Fr, 24 r, y = tu with t = y",
o(t) = 2%, o(u) = r. Now, y € Ng({z)), so t = y" € Ng({(z)), and therefore t
belongs to a Sylow 2-subgroup of N¢({z)), which like (z) is normal there. The in-
tersection of the two subgroups is {1} (o(x) is odd), and therefore t centralizes z. It
follows ! = y 'y = (tu) 'a(tu) = vt oty = u 'zu, with o(u) odd, already
excluded.

43.1fp > 11, np, = 1, and if p = 11 then n, = 1,12. If n, = 12, there are 10-12 = 120
elements of order 11, and in this case it cannot be ng = 22 (too many elements),
but if ng = 1,4, G is not simple. If p < 11, then p = 7, and a 7-Sylow is normal.

44. 180 =2%-3%2.5. If ns = 6 and G is simple, then G embeds in A% with index 2,
which is absurd. Let ns = 36; then we have (5 — 1)36 = 144 5-elements. If ny = 5,
and G is simple, then G embeds in A°, which is also absurd. ns = 10. If the max-
imal intersection is {1}, then there are (9 — 1)10 = 80 3-elements which, added to
the previous ones, give 220 elements: too many. Then the maximal intersection has
order 3, its normalizer has order at least 9 -4 = 36 and therefore index at most 5,
and if G is simple it embeds in A®, which is absurd.

288 = 2°.32. ny = 9, n3 = 16. Since 16 # 1 mod 3%, we have two 3-Sylows whose
intersection is not {1}, and so is a C5. N = N¢(C3) contains at least four 3-Sylows,
so [N| > 4-9 = 36. If [N| = 36, the 3-Sylow being not normal, the 2-Sylow P is
normal (Ez. 3.4, 9), and has order 4. But a group of order 4 is normalized by a
2-subgroup of order at least 8, and therefore |Ng(P)| has order at least 9-8 = 72
and therefore index at most 4.

315=3%-5-7.n3=7#1mod 9, PNQ = C;3, N = Ng(C5), 9||N|, and since
N has more than one 3-Sylow, it has seven of them. Hence 7||N|, so 7-9 = 63||N|
and [G : N] < 5. If it equals 5 and G is simple, G embeds in A®, which is absurd.

400 = 2* . 52, ns = 16 Z 1 mod 527 Ss N S; = (5, and the normalizer N of Cs
has 16 Sylow 5-subgroups, it has order divisible by 16 and 25, and therefore by 400.
It follows that C5 is normal.
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900 = 2% -3 -5 n5 = 1,6,36. If n5 = 6, and G is simple, G embeds in A°,
which is absurd. Hence ns = 36 # 1 mod 52, Ss N S5 = Cs, the normalizer Cs has
at least six 5-Sylows and therefore order at least 6 - 52 = 150 and so index 2,3 or 6.

46. An element of order 7 has a cycle of length 7 and a fixed point, and there are
8!1/7 of them, giving rise to (8!/7)/6 = 8 - 5! subgroups of order 7, all conjugate. It
follows |N(S7)| = |A%/8 - 5! = 21. Now, in a group of order 336 = 2*-3-7, n; =1
or 8, and if ny = 8 then |N(S7)| = 42 and G cannot be embedded in A®.

Similarly, the elements of order 11 in A'? are given by an 11-cycle and a fixed
point, so they are 12!/11 = 12 - 10! in number, and divide up 10 by 10 in subgroups
of order 11, all conjugate. Hence, the index of N(S11) is (12!/11)/10 = 12 - 9! so its
order is |A*?|/12-9! = (12!/2)/12-9! = 55. Now 264 = 2%.3.11, and if [N(S11)| = 22
the group cannot be embedded in A'2.

51. If « fixes the four 3-Sylows, let ' P,z = Pj; then (z7")*Pa® = P = P; =
z7 Pz, and 2%z~ € Cg(P;) = {1}, i.e., ™ = x, and this holds for all z € G.
Hence, if o fixes the four 3-Sylows, it also fixes all the elements of S*. Therefore, if
two automorphisms induce the same permutation of the 3-Sylows, they are equal;
it follows that Aut(S*) has at most 24 automorphisms, and the center being the
identity S* has at least 24 inner automorphisms. It follows Aut(S*) = I(S*).

53. a? commutes with s, V¢, and a's® = s7%a', t = +£1. Moreover, s*a™! =

sFmsma Tt = ¢ 7a2a7! = s 7"a. A product of powers of s and of a may then be
reduced to the form s*at, 0 <k <2n,t=0,1.Tt follows |G| = 4n The factor group
w.r.t. (a?) is generated by 5 and @ such that 3" = @*> = 1 and @~ '5a = 5 ', and this

is the group D,,.

54. If H < S™ has index k, we have G — S* whose kernel is different from {1}
(because k < n) and is contained in S*, and therefore is A™, the unique normal
subgroup of S™. It follows k = 2. The S™ ! obtained by fixing a digit has index n.

—1
55. A conjugate G¥ is the G; to which belongs ¢ ¥, so conjugating by an element
x amounts to a permutation of the G;; hence K* = K, all z, and K is normal.

57. S is the kernel of the homomorphism sending a matrix A of B to the diagonal
matrix given by the diagonal of A.

58. There are ten Sylow 3-subgroups in the group A®, and four in A% < A®.

59. p"m = >7" p"p"/d;, hence m = 37" p"/d;. But K Na; 'Ha; C K, so di|p",
d; is a power of p, and the previous sum is a sum of powers of p that cannot all be
different from 1 because p { m. It follows that p"/d; = 1 for at least one i, d; = p”
ie. |[KNa; 'Ha;| =p" = |K|,and K = a;lHai.

60.p"'m =>", pd” from which m = 3>"7" | b, - But KNa; 'Ha; C K, hence d;|p",
d; is a power of p, and the previous sum is a sum of powers of p that cannot all be
different from 1 because p { m. Then, for at least one ¢ we have pv =1,d; =p", ie.

dl
|[KNa;'Ha;| = p" = |K|, and K = a; 'Ha,.
62. i) There are ¢(7) elements of order n/d and these are the generators of (g%);

by Theorem 3.19, m) these elements fix the same number of points. Any element of
G has order 7} for a suitable divisor d of n.
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i) The relevant group is C,, = (g). If d|n, the element z¢ partitions the pearls
into d groups of ’} pearls each (those that go onto one another under the rotation
g%). In order that a necklace be fixed by g¢, the pearls of each group must have the
same color, and there being a choices for each group, ¢¢ fixes a? necklaces. By ez.
61, the desired number is | 3=, a%p(n/d).

64. Following the hint, if g ¢ H then Cu(g) < Ca(g), from which

c(H) < (1/|H) Y |Ca(9)l = [G : H(1/IG]) Y |Ccl(g)| = [G : H]e(G).

geEG geG

By ez. 4, |Cq(z)| < [G : H]|Cu(z)|; consequently

Ge(G) Y |Ca(2)| < [G: H] Y |Cu(x)

zeG zeG

But the last expression equals

[G:H]Y |Ca(y)| <[G:H Y |Cu(z)| = |H|c(H),

yeH z€G

and therefore [G : H|[G : H||H|c(H) = |G||G : H]c(H), from which ¢(G) < [G :
H]c(H). If equality holds, two conjugate elements of G are conjugate by an element
of H, and this implies H < G (if h € H, then g~ 'hg = hy'hh1 € H). As to the
counterexample, in D4 we have ¢(G) =5,¢(V) =4,[G:V]=2and 5 < 2-4.

65. If x(g) > N, then Vg, > x(g9) > |G|N. But x(1) = |£2] implies >_, , . x(9)
> (|G| —1)N + (2] = |G|N + (|2]| — N). |2] > N is against (3.6), and if [£2] = N
the action is trivial.

66. The elements of G fixing some point of 2 belong to J,c Ga, and therefore
they are at most » . ,(|Ga| — 1) + 1. Now |Ga| = |G|/|£2], so that the above sum
equals |2|(|G|/]2] — 1)+ 1 = |G| — |£2| + 1, and the difference between |G| and this
number is |£2| — 1.

67. i) The sum on the left hand side of (3.8) equals a1 + n, since a, = 1 and
az = a3 =...= an—1 = 0. On the right hand side, with N = 1, the sum then equals
ao + a1 + 1, from which ap = n — 1. Conversely, if ap = n — 1, then n — 1+ a1 +
tapn-1+l=mn+a+--an-1 =a1+2a2+ -+ (n—1)an—1 + n, from which
az +2a3+ -+ (n—2)an—1 = 0; but a; > 0 implies a2 = a3 =... = an—1 = 0.
1) By transitivity, p||G|, and therefore there exists a subgroup of order p that in
S? is generated by a p-cycle whose elements fix no point, they are p — 1 in number,
and therefore they are the only ones.

69. « fixes cl(g) but none of its points; hence cl(g) splits into orbits of cardinality
dividing o(a) and hence of cardinality p. It follows |cl(g)| = kp, and so pl||G|.

76. i) If G contains (1, 2), being 2-transitive it contains o such that o(1) = 1,0(2) =
1,1 =3,...,n;then (1,2)7 = (1,7) € G, and these transpositions generate S™ (Corol-
lary 2. 7)

i1) If (1,2,3) € G, there exists o € G such that 0(3) =3,0(1) =4,i=4,...,n
Then, if 0(2) # 2, 7= (1,2,3)° = (4,27,3) and (1,2,3)" = (1,2,1), and if 0(2) = 2,
(172,3) = (1,3,4), and the product (1,2,3)(1,3,4) = (1,2,4) € G. These 3-cycles
generate A™ (Theorem 2.33).
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78. In S™, the nonidentity elements of the two subgroups consist of p® cycles of
length p. If 0 € S™ has this form, then among its conjugates we find the elements
of the two subgroups, so that the intersections of the two subgroups with cl(c) has
p> — 1 elements. If ¢ = 1, then these intersections equal 1, and in all other cases
they equal zero.

79. If G = {1,a,b,c} let, in the first action,

a=(1,2)(3,4)(5,6)(7,8), b= (1,3)(2,4)(5,7)(6,8), ¢ = (1,4)(2,3)(5,8)(6,7),
and, in the second,
a=(5,6)(7,8)(9,10)(11,12), b= (1,2)(3,4)(9,10)(11,12), ¢ = (1,2)(3,4)(5,6)(7,8).

In both cases x(1) = 12,x(a) = x(b) = x(c) = 4, but the two actions are not
equivalent because in the first one there are four points fixed by every element of G,
whereas in the second this is not the case.

81. 1) If 7 and o contain ¢, then 70~ ' € H;

#1) if o fixes ¢, 0 must contain ¢ or one of its powers, and conversely. Then G. has
the stated form because o* € H;

1) follows from 7i);

i) the contribution of each orbit to the sum is |G|/k|H| - k|H| = |G|;

vi) the required number is the sum

STP=Y((1/I1G) Y kz(e) = (1/1G]) D ( Zkzk = (1/IG)|GIn = n.
k=1

k=1 oeG oceG k=1

(Remark. the sum Y kz, (o) over k is n, whereas over o € G is P;|G|.)

82.y € K = x(zyz~ ') = |2 It follows x°(y) = (1/|H|)|G| - |£2|, which is the
degree of G. In the action induced to G, y then fixes all the elements of {2 X T, so
it belongs to the kernel K; of this action.

83. Let I" be the set on which H acts, 2 that on which G does. Then g € G acts on
2 x(I'xT) as (a, (7, 2:))? = (a9, (v", x;)), where z;g = haj, and on (2 x I') x T
as (o, ), x:)? = ((a",4"), x;). If in the first action g fixes (a, (v, z:)), then a" = a,
4" = ~v and z; = x;, and therefore g = 2, *ha;. It follows that g fixes ((a®,7),z;)

in the second one, and conversely.

84. The degrees of the two actions are the same: [G : H] = [K : H N K], and
as representatives of the cosets of H in G one may take the representatives k; of
the cosets of H N K in K. It follows ki;k = hjk; and (a,k:)* = (a9, k;), with
hj = kikk;' € HNK.

85. The cosets of H contained in HaK have the form ak;. Then the k; are represen-
tatives of the cosets of a *Ha N K in K, since ak;(ak;)™' = akikjflcfl € H if and
only if kﬂc;l € a 'Han K. With akik = h; jak;, (o, ak;)® = (a3, ak;) one has
i), and i) follows from kik = a~hi jak;, (o, ki) = (@® "% ak;) = (a9, ak;).

86. (Cf. (3.11)) From the hint, x(z;) is repeated [H : Cp(x;)] times, so x(zgz™")
equals x(z;) a number of times equal to |Cg(z;)|[H : Cu(x:)].
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88. i) = i) Let |H| = p. If the kernel of the action of G on the cosets of H is
not H itself, then it equals 1, and the action, which is faithful and transitive, is not
regular. (|G| > |£2| = [G : H]). ii) = i) The action is similar to that on the cosets
of a subgroup H, and the kernel contains a subgroup of order p (Cauchy) which is
therefore normal, and the action is not faithful.

91. Let o = a, B € 2, o® = 3 where € Cg(H) (transitivity). Then 3 = o® =
a"® =™ = (a®)" = g", and h = 1.

93. C¢(Cqg(H)) 2 H, which is transitive, so C¢(H)) is semiregular (ez. 91), and
therefore regular. But if Cq(H) is transitive, H is semiregular, and so regular. Con-
sequently, |H| = |2| = |Cq(H)|; but H O Cg(H) implies Ca(Cg(H)) = H.

95. If z is regular, x = (a1,a2,...,0k)(B1,82,--,Bk) - (Y1,72,-- -, V&), With d
cycles, then z = (a1,81,...,71,a2,02,...,%2,.- -, Qk, Bk, ..., vk). Conversely, z =
(1,2,...,n)" is a product of (n, h) cycles of length (n”h).

96. 0 #£ (ANA)N(ANAN" = 0 £ (ANA™) N (AL N AT) = A= A® and A, =
AZ.

98. If A is a block, a, 8 € A and v € A. By 2-transitivity, there exists g € G such

that o = a, 39 = . It follows a € AN AY # (), so it must be A = A, But y € A

and v € AY, and A # AY. Hence A # AY.

99.49) 0 # o N (@) = " = a™* = hizh™' € Go € H = 2 € H, from which
a = ()=,

it) If o = o, for all k € K there exists h € H such that o = o* hk™' € G, C
H and k€ H. . . .

iii) 2,y € 0(A) = a" € A= a™  cAY ;atcA=ac AV Tt follows AN
AP A=AY o™ cA? ' = A

iv) 0'0(h) = {x € G| a” € o} and o® € o & there exists h € H such that
o®=a" e =aht ' €Ga CH=x¢€H,and 00 = 1. 00'(A) C A.
Let 8 € A; there exists ¢ € G such that 8 = o = z € 6'(A); then o € 66'(A)
and 00’ = I.

103. If Z = Z(G) C Ga, then Z C (¢, Ga = {1}; if ZGo = G (G4 is maximal),
Ga <G and G4 = {1}. Then {1} is maximal, and |G| = p.

105. N normal and nontrivial is transitive (exz. 102), and if it is not regular then
{1} # No = NN Gq 4G, and N N Go = G, because of the simplicity of Gq. If
N = Gq, then G, = {1} and N = {1}, which is excluded because of the transitivity
of N. The maximality of G, then implies N = G, and G is simple.

106. i) Go N Hi = {1} (H; is regular) and G = GoH: (H: is transitive); then
Go ~ Go/(GaNHy) =GoH1/H, = G/H, ~ H; (and similarly G, ~ Hy).

i7) Let us show that G4 is maximal. Let K O Go; we have G/H, = KH,/H, ~
K/(K N Hy), and therefore if K N H; = {1}, Go ~ K and K = G,. Let L =
KNH, # {1}; we have L <G because from G = GoHz = KH> and g € G it follows
g=kh,k€ K,h € Hyand L9 = L*" = " = I (L< K and L C H; commutes with
the elements of Hy). Then L = KN Hy JHi, KNHy = Hi, and Hi C K. Similarly,
H>; C K, K =G, and G, is maximal.

2
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107. Let n > 5; the stabilizer of a digit is A" ™', which is simple by induction,
and A™ is 2-transitive and therefore primitive. By ez. 105, if A™ is not simple it
contains a normal regular subgroup N. Let z € N, i = j, h® = k, all distinct. If
y = (4,7)(h,k,I,m) (plus possible 1-cycles), 1 # xzz¥ € N fixes 4, contrary to the
regularity of N.

108. i) The kernel of the given action is {1} (it cannot be A®). By identifying the
six Sylow 5-subgroups with the digits from 1 to 6, S® contains a transitive group
isomorphic to S®, and indeed it contains six such subgroups since the normalizer of
this S° in S° has index at most 6, and hence exactly 6.

i) Let (1,2,3,4,5) be a 5-cycle; if (¢, 7) is a transposition, by transitivity there
exists a permutation o taking j to 6, j° = 6, so that (i,5)7 = (¢7,6), with 7 =
k # 6. Conjugation of (k,6) by the powers of the 5-cycle yields the transpositions
(1,6),(2,6),(3,6), (4,6), (5,6) that generate S°.

41) The kernel of ¢ is {1}, so ¢ is injective, hence surjective, and therefore an
automorphism.

iv) If (H?)™ = H°, then o760~ ' € Ng(H) = H, and H contains the transposi-
tion o7 !, against 7).

v) @ 1 € I(S®), so the factor group only contains two cosets. If ¢ and ¢ are
not inner, ¢~ !4 fixes the class of transpositions. Apply Lemma 3.6.

vi) 1(S8%) ~ S° so Aut(S®) has order 1440.

109. If i < j, since in the sequence 12...j...7...n the digits k, i < k < j, are
each inverted once and there are (j — i) — 1 of them, we have at least this number of
inversions. Since digit ¢ is less than the above digits k, it is inverted at least (j—i)—1
times, but since it is also inverted w.r.t.j the number of inversions of k is j —i. The
other digits are not inverted. It follows that (¢, 7) has (j—i)—14+(j—1) =2(j—4)—1
inversions.

110. i) If o is a product of k transpositions of type (4,7 + 1), the same happens for
o~ !, Thus the number is the same.

13) If a digit is not inverted in one of the two permutations, then it is inverted
in the other. If i is inverted ¢; times in the first permutation and t; in the second,
then the sum ¢; + t; is the total number of possible inversions of digit 4, i.e. n — 1.
It follows Y, (t: + t;) = > ,(n — i) = n(";l% so that if the first permutation has
>, ti =t inversions, the second has >, ¢; = ”<”271> —t.

n(n—1) .
2 mver-

111. By the previous exercise, a permutation and its transpose have
sions between them, so the average number of inversions in the permutation and in
its transpose is half this number, i.e. ”(”4_1) . If all permutations are equally probable,

this is also the average number of inversions in a random permutation.

112. ) The k — 1 digits may be ordered in (k — 1)! ways, and the remaining n — k
in (n — k)! ways, for a total of (}})(k — 1)!(n — k)! = (n — 1)! ways. Hence the
required probability is <";!1>! = 711, which is independent of k. Other solution': write
a permutation o as a product of cycles (including the fixed points) in such a way
that each cycle ends with the smallest digit, and these last elements are in increasing
order. Hence the first cycle ends with 1. By removing the parenthesis of the cycles

we have another permutation o', from which one can recover o uniquely: the first

! Lovész L.: Combinatorial Problems and Exercises. North-Holland (1979), p. 197.
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cycle ends with 1, the second with the smallest digit not belonging to the first cycle,
and so on. The length of the cycle of o containing 1 is determined by the position
of 1 in ¢/, and it is clear that this can be any of the n positions with the same
probability. Hence the probability is 1/n.

11) Besides counting as above one may consider here too the two permutations o
and ¢’; then 1 and 2 belong to the same cycle of o if and only if 2 appears before 1
in o’. Since 2 can appear before or after 1 with the same probability, the required
probability is ; A different proof: let A be the set of permutations in which 1 and
2 belong to the same cycle, and let 7 = (1,2). By multiplying the elements of A
by T we obtain the set of permutations in which 1 and 2 belong to different cycles
(Serret’s lemma). Obviously, S = AUAT, ANA7r = () and |A| = |A7| = %, so that
a permutation belongs to A with probability 1/2.

113. Let 0 € S™. If o is even, then o(n + 1)(n + 2) is again even; if it is odd, then
o(n+1,n+ 2) is even. In both cases we have an even permutation.

114. If a =y Yoy, v € A™, let 7 = (i, ), where i and j are fixed by o. Then 7 €

A" and (1) tory =y rory =y oy = .

117. Write down 6. Since 5 is not inverted, write 5 to the left of 6. Since 4 has one
inversion, write 4 in between 5 and 6, etc.

119. 4) If all the transpositions disconnecting « also disconnect o, then the cycles
of a are contained in those of o, contrary to transitivity.

i4) Let 7 = (i,7) as in ). Then « has the form (h,k,...,%,...,5,...) - If
k # i,j, then take v = (a7)™'. If K = i, then o = (Rh,4,...,4,...) -, so that
ar = (h,j,...)(%,...) - -. Therefore h and j belong to the same cycle of a7, and since
i and j belong to the same cycle of o7 (7 connects ¢) we may take v = (o7)(a1)?,
some a and b.

i4t) If z(0) = 1, the result is obvious. Let z(c) > 1 and let 7 be as in ). Then by
11) the group (o, aT) is transitive, and since z(o7) = z(c) — 1 we have, by induction,
z(o7) + z(at) < n+1; with z(ar) = z(a) + 1 the result follows.

iv) The group (o, ac) is the same as (o, ), so it is transitive. Let 7 connect
o and disconnect ao. The group (o, ) is transitive, and z(o7) = 2(¢) — 1. By
induction, z(o7) 4+ z(a) + z(ao7) < n+ 2, and since z(aoT) = z(ao) + 1 we have
the result.

v) Write the nonnegative difference between the right and left sides of iv) as
(n—2(0))+ (n—z(a)) + (n — 2(ao)) — 2n + 2. Of the three permutations either one
or all three are even, and therefore so is the sum of the first three summands.

vi) Following the hint, if all pairs 7, s belonging to the same cycle of o1
also belong to the same cycle of the product oi02---0orok+1, then the cycles
of this product are contained in those of oi. The group (01,02, ", 0k, Okt1) =
(o102 Ok, 0102 - - OKOK+1) being transitive, the group (01,02, -, 0%) would also
be transitive, contrary to the choice of k. Hence there exist r and s belonging to the
same cycle of o102 - - - 0ok+1 and to two different cycles of o1. Let 7 = (7, s); then
z(to1) = z(01)—1, so by induction z(7to1)+z(02)+- - -+2(0k+1) = kn+2. Hence from
z2(To102 - 0ky1) = z(0102 - - - op41) + 1 it follows Zfill z(03) + z(o102 -+ - Opt1) <
kn+2. Now z(0102 - 0m) =2(0102+* + Ok410k+2 - Om) < z(0102 -+ - Okt1) + (M —
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k—1n—37", 1 2(0:), and finally

m k+1 m
2(03) + 2(0109 -+ ) < Z 2(0:) + z(o109 - opy1) + Z z(o3) +
i—=1 i=1 =kt2
kt1

+(mfk71)anz(ai)Skn+2+(mfk71)n:(mfl)n+2,

=1

as required. Here too the difference of the two sides of the inequality is even. Since
the parity of a permutation + is the same as that of n — z(vy), if an even number of
the o; are odd permutations, the product is even, and so the difference is even; if
an odd number are odd, the first two summands are odd, and again the difference
is even.

120. If I} is an orbit of G, and y € G1, then Il is an orbit of G because (IV)* =
(IT)Y =17, for all x € G. Thus G1 acts on the orbits of G, and similarly G acts on
those of G;. If I' is an orbit of Gy on those of G, I' = {I, I>,..., I}, then G, acts
on 2 = I3, and the set A = {Aq, Az, ..., As} of orbits of this action is an orbit
of G. G acts on A: let z € GG, and let A7 be defined as follows. Pick k € A;; then
k € 2, k € Ij, some j, and so k® € I; because [ is an orbit of G. If k* € A;, define
AY = A;. This does not depend on the choice of k, because if h € A;, then h¥Y = k,
some y € G1, and h® also belongs to A; since (h*)Y = (k¥)® = k* € A;. A; being
an orbit of G, h” also belongs to A;. This action is transitive: let u € A;,v € Ay;
then u,v € (2. If they belong to different I';, then u¥ = v, some y € G1, since I" is
an orbit of G1; thus A; = A;. If A; # A;, then v and v belong to the same orbit
of G, so that u® = v, some x € G, and as seen above this implies Ay = A;. The
mapping I' — A provides the required bijection.

121.If 4,5 € It € I', then o(i) and o(j) belong to the same orbit because if y € G,
such that y(¢) = j, then yo(i) = oy(i) = o(j). Hence o acts on I', and the same
holds for a.

123. From (3.14) we have, if v > 0, that 2g — 2 > |G|(2y — 2), hence g > 7. If v =
0, then G being non negative, g > .

125. g = 0 implies v = 0. For G = (¢), (3.15) reads 2(o(¢) — 1) = Zfi"?*l x(#Y),
and since x(¢*) > x(¢), all 4, we have 2(o(¢) —1) > (o(¢) —1)x(¢), so that x(¢) < 2.
Similarly, x(¢%) < 2. If x(¢") < 2 for some 4, then the above sum cannot be equal
to 2(o(4) — 1), so that x(¢°) = 2 all 4.

126. ¢ is a power of ¢, since c is a cycle and ¢ commutes with c. Thus S={¢,¢c
S} C {c), and the mapping S — S is a homomorphism. If ¢ = 1, then ¢ being
regular we have ¢ = 1, and the mapping is injective. Thus S is cyclic.

127. From (3.14) we have x(¢) < 2+ 0(5)9_1 - 02(“/;)((_1’)1

128. Let ¢ # ¢ be an involution fixing 2g 4+ 2 points, and let o(¢p) = n. If n is
even, there are two conjugacy classes of involutions, each one containing n/2 ele-
ments, and one class with a central involution; if n is odd, there is only one class
of n elements. Since conjugate elements fix the same number of points, in both
cases there are at least (2g + 2)n points fixed by involutions. From (3.14) we have
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29 — 2 > 2n(2y — 2) + (29 — 2)n. It follows v = 0, 29 — 2 > (29 — 2)n, and since
g > 2 this implies n = 1 and ¢ = ¢.

130. For G acting on the set of cycles of o we have 37, ;.o x(¢) = > (|G| — 1),
where G. is the stabilizer of the cycle c. If ¢ and ¢’ belong to the same orbit of G,
then |G| = |G|, and the sum becomes 3 |(‘,;GCL| (|IGe;]—1), where the ¢; constitute
a set of representatives of the orbits of G. Do the same for o and ao. The result
follows.

131. If r = 4, then 9.2 =2 — 3" | 1/n;, and we have the following table:

|G
ny na ns N4 230 (1/ng) > |G| <
> 2 >2 > 2 > 2 2/3 3(g—1)
=2 > 2 > 2 > 2 1/2 4(g — 1)
=2 =2 > 2 > 2 1/3 6(g—1)
=2 =2 =2 > 2 1/6 12(g — 1)

If r = 3 (we can assume n1 < n2 < ng) the corresponding table is:

n1 N2 n3 1-30 (1/ni) > |G| <

>3 >3 >3 1/4 8(g—1)
=3 >3 >3 1/6 12(g — 1)
=3 =3 >3 1/12 24(g — 1)
=2 >4 >4 1/10 20(g — 1)
=2 =4 >4 1/20 40(g — 1)
=2 =3 > 6 1/42 84(g—1)

The result follows.

132. A conjugate xgx~" of g fixes u if and only if g fixes u”, so |cl(g) N H| equals the
number of fixed points of g. But this number is the same for g and its transpose g°,
so [cl(g) N K| = |el(¢") N H?| = |cl(¢") N H| = |cl(g) N H|. This holds more generally
for the group SL(n,q), with H the subgroup stabilizing the line (¢,0,0,...,0), and
K that stabilizing the hyperplane (0, z2,...,Zx).

137. Since n > 3, there exist distinct 4, j, k. Then

E; j(a) = Eik(a) Bk, (1) Ei i (—a) Eg j (—1).

8.4 Chapter 4

1. The mapping G — nG given by x — nzx is a surjective homomorphism with
kernel G|n].

2. o(a)b+nc=1= o(a)ba + nca = a = a = n(ca).

3. i) If G is finite, |Gy = 0 for all y, and therefore no = # 0 is divisible by |G|.
Moreover, given n and the coset x+H, z ¢ H, we have x = ny and z+ H = n(y+H).
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1) If o(x) = m is finite, and = = ny, then 0 = mx = mny, and so the order of y
is also finite.

v) One direction is obvious. As to the other direction, if pG' = G then p*G =
p(pG) = pG = G, and so for all powers of p. If n = ¢gp, nG = ¢pG = q(pG) = ¢G =
G, etc.

vi) If G has a maximal subgroup M, the quotient G/M is finite (of prime or-
der), and therefore not divisible, and so G is not divisible either. Conversely, if G
is not divisible, then, for some p, pG < G. In G/pG all the elements have order
p, so that G/pG is a direct sum Y, G»/pG, where the summands are all isomor-
phic to Z, (a vector space over the field Zy). Let H/pG = 37, K GA/pG; then
G/H ~ (G/pG)/(H/pG) =~ G,./pG ~ Z,, and H is maximal.

viii) If n is an integer, a and b are divisible by n, a = na’ and b = nb’, and so is
a+ba+b=n(ad+V).

4. Cpe has no maximal subgroups. A direct proof is the following (additive notation;
see Bz. 1.6, 3). Let g = swy, n = p"m, (p,m) = 1. We have p"d + mf = 1, p*dg +
mfg = g,and g = mfg because pkg = p¥sar = 0, and if h is such that phwk+h = Wk,
then g = mfg = mfswr = mfspwpyn = phm(fswarh) = n(fswi+n), and fswk+n
is the sought-for element.

5. By ez. 1, with A = Cpec, we have p" A ~ A/A[p"], and A being divisible, p" A = A.
6. Since Q = U, (), every finite set of elements is contained in some ().

9. An element of G determines a finite subset of the integers (the exponents of the
generators needed to write it). It follows that the cardinality of G equals that of the
set of finite subsets of a countable set, and therefore is countable.

10. We have z;x; = n; jTk, TiT;T1 = N4, jTKTI = Ny, jNk,1, €tC.; the n; ; € N generate
a finite group and therefore so do the x;.

13. Let M be the maximal subgroup, and let x ¢ M. If (z) # G, then (z) is con-
tained in a maximal subgroup (Theorem 4.3), and this must be M, excluded. Then
(x) = G, and G is cyclic. If G is infinite, then it has an infinite number of maximal
subgroups. Hence G is finite, and if its order is divisible by more than one prime
then it has more than one subgroup of prime index, and therefore maximal.

14. Cpe has no maximal subgroups.

15. An integer belonging to the Frattini subgroup is divisible by all primes, so is
Z€ro.

16. M maximal has index p, a prime, and therefore order n/p. Hence it is generated
by zP. Moreover, (z”) N (z?) = (2P?), etc.

22. Z and Z3, respectively.

23. If C2 = {(a) and Cs = (b), then H = (ab®) has order 4 and only admits the
trivial decomposition H x {1} as a direct product. However, it is not contained in

any cyclic subgroup of order 8 (the only possible decomposition of G is that with a
cyclic group of order 8 and one of order 2).

24. If G is a p-group, let p"* >p"2> .. > p"* be the elementary divisors of G. Hence,
if pf1>pk2> > p* are the elementary divisors of G/H then h;>k;, so that G
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contains a subgroup with elementary divisors p*, i = 1,2, ...,t. Proceeding in this
way for all Sylow p-subgroups of G/H we have the result.

26. Since x # 0, there exists a system of generators x; such that x = hix1 + haxa +
-« ++hpxy, where the h; are not all zero. But the —z; are also a system of generators,
hence in some system of generators one of the h; is positive; the smallest of these is
the h(z) we seek. As for the second part, if {z;} is a system of generators for which
x = h(x)x1 + -+ -hawa + - -+ + hnkn, then setting h; = qih(z) + 7, 0 < r; < h(z),
we have ¢ = h(z)y + riz;, where y = 1 + @222 + - -+ + gnZn, and y, x2,..., Ty are
a system of generators of the required type. It follows r; = 0 and y = h(z)y. If
S ={z;} and y = hiz1 + hoza+ - - hnZn, then z = h(x)y = hih(x)z1 + hoh(x)z2 +
-+ hph(z)xn, so that h(x) divides all the coefficients and therefore their gcd. Con-
versely, if x = kix1 + kexa + - -+ + knz,, and h divides all the k;, then k; = hs; and
x = h(s1x1 + s222 + -+ + $n¥n) = hz, and if 2 = miy + may2 + - - - + Mpyn, then
z = hz = mihy + mahy2 + - - - + mphyn, so mih = h(z), and h(x) divides h.

28. Let z1,z2 € X, o(z1) = o(x2), G any group, and g1 # g2 two elements of G.
With f(xz1) = g1, and f(x2) = g2 we have ¢o(z1) = ¢o(x2), so f(z1) = f(z2) and
g1 = g2.

30. Let G = A/R with A free, A = Y. Zy, and embed each copy Zy in a copy
Q» of Q. Then G = A/R = (3% Z)\)/R € (329 Q.))/R, and the latter group is
divisible.

33. If G is cyclic, apply Ex. 1.9, 1, i), and ez. 15 of the same chapter. If G is ele-
mentary abelian G is a vector space over Fp,, and Ez. 1.3, 2 applies; otherwise, G
is a direct product of cyclic groups S1 X S2 X --- x S, and an automorphism « of
order p of S; extends to the whole group through o/ (z172 - 2¢) = a(x1)z2 - - - 4,
and o(a’) = p.

35. Following the hint, by Schur’s theorem G’ is finite, and having finite index and
G being infinite it equals {1}; hence G is abelian. G is torsion free (the torsion sub-
group would be f.g and therefore finite, and having finite index G would be finite).
By Corollary 4.1, G is a direct sum of copies of Z; but if there is more than one
summand one of them has infinite index. Hence there is only one summand, and
G~7.

36. ii) any mapping f from 1 to a group G extends to a homomorphism ¢ : Z — G
given by ¢(n) = f(1)". iii) Let X be a free basis of F, |X| > 2, let z,y € X, and
consider the mapping f : F — Q of F in the quaternion group (or any nonabelian
group) given by f(x) = 4, f(y) = j. Then f extends to a homomorphism ¢, and
bzy) = 6(2)6(y) = ij = k and ¢{yz) = B(y)é(x) = ji = —k. However, zy = yz
implies ¢(xy) = ¢(yx), which is absurd. Hence | X| = 1, and F is cyclic. iv) If X is
a basis of the group G, and f : X — Z a function not sending all the elements of
X to 0, then f cannot be extended to a homomorphism G — Z because the unique
homomorphism of a finite group to Z (or to any torsion free group) is the trivial
one.

38. If F/N ~ Z,, then a homomorphism F' — Z; is determined once the images of
the two generators u and v are known. There are three possibilities: f(u) =1, f(v) =
0. In this case u vt w20k . Mtk — (S0 h) f(u) + (3, ki) f(v) = 3, hi, and
the kernel N consists of the elements of F' in which the sum of the exponents of u is
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zero. If f(u) =0, f(v) = 1 then the kernel N consists of the elements of F' in which
the sum of the exponents of v is zero, and if f(u) = 1, f(v) = 1 then the kernel N

consists of the elements of F' in which the sum of the exponents of u and v is zero.
(If f(u) =0, f(v) = 0 then the kernel is F'.)

39. Let F'be freeon X, ¢t: X — F and f: X — G the inclusions. Let ¢ extend f.
Then ¢ is surjective because X generates G, and is injective because if the images
of two words of F' were equal to the same element g € GG, then these images would
be two different spellings of g.

40. Let w = z7'z5? ... x5 be reduced, and let w™ = 1, n > 0. If w is cyclically
reduced, the reduced form of w" is

n __ .€1,.€2 €m €1 €2 €m €1 .€2 €m
w' =iy’ ey e ey ox e Ty

whose length is mn. But this length is zero because w™ = 1, so either n = 0, which
is excluded, or m = 0, i.e. w = 1. If w is not cyclically reduced, let
Ny, MTr—1 71 ,.€1 ,.€2

n2 —MNr

— €m,,—M1, —
W=Yr Yp_1 ---Y1 Ty T - Tm Y1 " Y2 < Yr
where n = £1. Then
no__ ,Nr, Mr—1 M1 (€1 €2 €Em\N, —N1, —"N2 —Nr
w' =y Y, 1y (@t e oy ) Yy My Py, T

so the reduced form of w™ has length 2r 4+ mn, and as above r = 0 and m = 0.

43. The cases n = 1,2 are obvious. Denote the generators by a, b, c,d. For n = 3,
ba = c implies ¢ = ba™ "', and from ab = c it follows ab = b~ 'a; from b = a~ ‘¢,
multiplication by a yields ba = o~ b (a, b, c behave like the units 4, j, k, and we have
the quaternion group). As to n = 4, multiplying by ab = ¢ and bc = d we have
ab’c=cd=aandc=b"2,ab=b"2a=b"3d=bc=0bb"2=0b""; ad = b implies
b3b~! = b and b® = 1. Hence, the group has at most five elements. The mapping
G — Cs = {(x) given by a — 22,b — x,c — 2°,d — z* is onto, so G ~ Cs.

1 1

45. From = 'yz = y? it follows y = (y~ mfly)x =z 2z = z~!; substituting z~
for y in the previous equality we have x = 1, and so also y = 1 (more generally, the

identity group is obtained with the relations z~'y"z = y"*! and y~lz"y = 2",
for all n).

46. If N is generated by y; and G/N by Nz;, then x;lyixj € N, so the latter is
a word in the y;: l’;lyil’j = u;,;. A relation r, of G/N is a product of cosets Nx;
equal to N, so the inverse image 7, of ry is a word in the y;: 7, = wi. Hence, G is
generated by y; and z;; the relations are those of N to which x;lyil'jui_’jl =1 and
rewy ' =1 must be added.

47. i) The subgroup generated by u and v is free, and being abelian it is cyclic
H = (w) (ex. 36, i)). Hence, u = w" and v = w". If two powers of u and v com-
mute, then the subgroup generated by u and v, which is of rank at most 2, cannot
be of rank 2. As above, it is cyclic.
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48. By ex. 47, xpy implies z = u",y = u’, and ypz that y = v?,z = v?. Then
u® = vP (they are both equal to y) implies, by the previous exercise, that v and v

are powers of the same element w: u = w", v = w®. It follows & = w"" and z = W9,
S0 Tpz.

50. If y tuy = u™', then y? centralizes u (this holds in any group, cf. Chapter 2,
ex. 14), and since y* and u commute, y and u also commute (ez. 47).

51. Subgroups: let H < G the restriction to H of the mapping ¢ defined on G with
values in a finite group and such that ¢(h) = 1 does the job. Cartesian products:
consider € G = [[ G, and its projection 1 # xx € G; then x has a nonidentity
image in a finite group under a mapping ¢, and so does x by composing ¢ with
the projection onto G5. Direct products: a direct product of groups is a subgroup
of a cartesian product (of course this can be proved directly as for the cartesian
product).

52. ) Such a group is a direct sum of copies of the integers and of finite groups.
1) Theorem 4.40.

53. Every homomorphism of the group to a finite group is trivial.

55. Map GL(n,Z) to GL(n,Z,,) by reducing the entries a; ; mod m; the image of
A is not the identity matrix.

56. Consider the free group (A, B) of Ex. 4.5. As a subgroup of GL(2, Z) it is resid-
ually finite, and so are all its subgroups (see Corollary 4.7). (This result also holds
for free groups of uncountable rank.)

57. Let {x1,x2,...,x,} be a free basis of F'; the mapping z; — a; extends to a homo-
morphism ¢ : F — F, which is onto because the a; generate F'. Hence F' ~ F/ker(¢),
and F' being hopfian it follows ker(¢) = {1}, and ¢ is an isomorphism.

58. ii) The homomorphisms ¢ : Q — Q are linear transformations over Q (cf.
Ez. 1.9, 3), therefore if ¢ is surjective, dim(Q)=dim(Q)-dim(ker(¢)), i.e. 1 =1 —
dim(ker (o)), ker(¢) = {0} and ¢ is injective. With the same proof Q is cohopfian.
Similarly, Q & Q is hopfian.

vi) The proper subgroups of Cpee are finite, so the group is cohopfian. By ez. 5,
it is not hopfian.

59. Let G be the group. Since the root of the tree must remain fixed, G permutes the
vertices at each level n. Let P be the finite group obtained by restricting G to the
vertices at level n. If g is not the identity on this level, then under the homomorphism
G — P, obtained by restriction, the image of g is not the identity.

60. With C2 = {(a) and Cy = (b), the subgroup {(1,1), (a,b), (a,b?), (a,b?)} is a sub-
direct product; the subgroup {(1, 1), (a, 1), (1,b%), (a, b*)} is not a subdirect product.
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4. i) The congruence is true for m = 1. Assume it is true for m > 1; then:

T+p)"" = (+p" P =+k™) =) (f?)(kpmv

‘ 2
=0
p—1 D
=1 my1 P mp.
+;(i>(kp )"+ k’p

mi+1 m—+1

The terms of the sum are multiple of p and therefore also of p . Moreover,
mp > m + 1, and therefore the last term is a multiple of p™**. The result follows.

5. i) Were G nilpotent, it would have class c, say, and every subgroup would have
class at most ¢. But in G there are subgroups of arbitrarily high class.

7.1f x € Zo, then [z,g] = 27 g xg € Z(G), for all g € G. But if the product of two
elements belongs to the center, the two elements commute (Chapter 2, ex. 19 i)).

9. Let N be the subgroup. If m = 1, then N C Z = Z; (Theorem 5.5). Induct
on m; since NN Z # {1}, NZ/Z| = IN/NN Z| < |N|, so [NZ/Z| = p*, k < m,
and by induction NZ/Z C Z,(G/Z) C Zm-1(G/Z) = Zmm/Z. Hence NZ C Z,,, so
N C Znn.

12. AC Cg(A) =C. If A # C, then C/A # 1 is normal in G/A (it is C < G)
and therefore (Theorem 5.5) C/ANZ(G/A) # 1. Let « ¢ A; K/A = (Az) C
C/ANZ(G/A). Since K C C, we have A C Z(K), and K/A being cyclic, K is
abelian. But K/A < G/A, as a subgroup of the center, implies K <G, and K prop-
erly contains A, contrary to the maximality of A.

14. i) Otherwise in G/G’, which is abelian, there exists at most one subgroup for
each possible order, and G/G’ would be cyclic (Theorem 2.4), and therefore G/®(G)
would also be cyclic. But then G = (®(G)z) = (z).

i) If (x) # G, then (x) C M, M maximal and therefore normal. Then all the
conjugates of x belong to M.

15. If p divides |M| and [G : M], let P € Syl,(M), P C S € Syl,(G). But Ng(P) D
P,and M C Ng(P) (it is P<IM). It follows that both M and N¢(P) are contained
in N¢(P), and by the maximality of M, Ng(P) =G and P JG.

17. H exists because there is at least H = G. If NN H ¢ ®(H), let M < H
be maximal and NN H ¢ M. Since N < G, we have N N H < H, and therefore
(N N H)M is a subgroup of H, it properly contains M and therefore is the whole
H. Then G=NH =N(NNH)M = NM, with N < H, against the minimality of
H.

18. Let H be minimal such that G = NH. Let G/N € C. Since G = NH we have
G/N = HN/N ~ H/(HNN) € C. Now H/®(H) ~ (H/(NNH))/(®(H)/(NNH)),
a quotient of a group of C, and so H € C (N N H C ®(H) by the previous ez.

19.c€cCCAB=c=ab=b=a"'c€ BNC and C C A(BNC), and since both
A and BN C are contained in C, we have the other inclusion.



352 Solution to the exercises

20. i) If ®(N) Z ®(G), there exists M maximal in G and ®(N) € M, and being
®(N) < G because it is characteristic in N < G, we have ®(N)M = G. But with
A =®(N),B =M and C = N we have, from Dedekind’s identity, N = NN G =
NN®N)M = &(N)(MNN), ie. N = (®(N), MO N), N=MnN, NC M,
$(N) C M, contrary to the choice of M.

1) Cy is not normal in G, ®(Cy) = C2 and ®(G) = {1}.

i#4) N nilpotent implies N’ C ®(N) and N normal in G implies ®(N) C ®(G)
(this follows from 4)). Hence G/®(G) ~ (G/N’)/(®(G)/N’), a factor group of a
nilpotent group, and therefore nilpotent; now apply Theorem 5.9, 7).

22. G is nilpotent because SZ/Z A G/Z, SZ 4G, S <IG. If p and g are primes
that divide |G|, P and @ the corresponding Sylow subgroups, then PQ/Q < G/Q
is abelian; but PQ/Q ~ P/(P N Q) ~ P, so all Sylow subgroups are abelian, and
being normal G is abelian. It follows that there is only one prime dividing |G|, and
G is a p-group.

23. If o, B € A, then (2 '2%)% = (%) *2%#. But £ 'z € H implies (z '2z%)? =
x 'z Tt follows zx ™" = 227", But z2” € H (with x = y'), and therefore
(xz™?) = 2277, ie. 227 P = 2P 7P = =8 for all z € G, so a3 = Ba.

25. For g € G we have NY <0 H,, because if h € H, then (N{)" = (Nlhl)g = NY.
Moreover, Ny is minimal in H, (if No C N{ and normal in H,, then Ngflan
and N29_1 < Ni). By induction, NY C Ng(H), and this holds for all ¢ € G. But
K = (N{,g € G) # {1} is normal in G and contained in N, and therefore K = N
and N C N¢(H).

27. If G is nilpotent, take K = G. Otherwise there exists a maximal subgroup M
which is not normal. By induction, M = (K9, g € M), and therefore (K7, g € G) D
M, but (K7, g € G) being normal it cannot equal M; hence it properly contains
M, and by the maximality of M it equals G.

28. 1) G is residually nilpotent if and only if (| K = {1} for all K such that G/Kx
is nilpotent, and K contains some I;. It follows (I3 = [ Kx = and the result.

i) Do contains a sequence of normal subgroups (2F), k = 1,2,... such that the
quotient groups are dihedral of order 2*¥*!, hence nilpotent. Since ﬂk<2k) = {1},
D« is residually nilpotent.

29. ii) Let G = SK, H < G. Then H N K is normal in H and of order is not
divisible by p. Now H/HN K ~ HK/K < G/K, whose order is a power of p.
Hence H N K is the required normal p-complement of H. As to a factor group
G/N, KN/N ~ K/K N N; therefore |KN/N| is not divisible by p and its index
[G/N : KN/N], being equal to |G/KN|, is a power of p. KN/N is the required
normal p-complement of G/N.

30. If {y;} is another transversal, let y; = a;x;, 4 = 1,2,...,n. Then y;g = a;z:9 =
aihiZq(y = aihia;<1i>yi, so that, in the first case, V(g) = [, hi, and in the second
Vig) =11 aihia;(li) =[LalLhll; a;(li) =[la ia;(li) I1; hi =11, P

31. G = SK, p|I[N| = N € K = NN K = {1} (minimality of N), NK/K ~

N/(NNK)~ N, so that N is isomorphic to a subgroup of G/K = SK/K ~ S, a
Sylow p-subgroup, and therefore is a p-group. Being normal, it is contained in all the
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Sylow p-subgroup, and if N C S we have N NZ(S) # {1} and normal in SK = G.
By the minimality of N, we have N C Z(S) and therefore N C Z(G).

32. Z(S)K/K is the center of SK/K = G/K.

34. iii) By ex. 32, Z(S)K 4 G, and if x € G then (Z(S)K)® = Z(S)"K. Let
Z(S)® C S; then Z(S)* = KZ(S)* NS = KZ(S)N S = Z(S).

i) Each of the three involutions of the Klein group that the three 2-Sylows have
in common constitutes, together with the identity, the center of one of the 2-Sylows.

35. Let A be maximal abelian in the p-Sylow S. If A < S, then A < Ng(A) =
Ng(A)NS = Cg(A)N S, so there exists © € Ca(A)N S and © ¢ A. Then (A, z)
is abelian, it contains A and therefore (A,z) = S and S is abelian. Since N¢(S) =
Cc(S), G is p-nilpotent for every p, and therefore is nilpotent. The Sylow subgroups
being abelian, G is abelian.

36. i) The only fixed point is S (if ST = Sy, then (S1)° = S1, S C Ng(S1) and
S = S1); the other orbits have cardinality p.

i1) Let N = Ng(S5),C = Cq(S),y € N\C, PY = P, P} = P;, with P and P; in
the same orbit as S. There exists z € S such that P* = Py; it follows P*¥ = Py =
Py = P? = (PY)* = PY?, [y, 2] fixes P and belongs to S ([y,z] = (y ‘2" 'y)x € S
because y € N). It follows [y, 2] = 1 and y € C, contrary to assumption; it cannot
be that P be the fixed point of S because P; is also in its orbit.

37. |G| = 264 = 2% -3 - 11, [Ng(S11)| = 22. € S11 acts on the 11-Sylows with
two orbits, of length 1 and 11, respectively. If 1 #y € N\ C, o(y) = 2, y fixes Si1
and a p-Sylow in the other orbit. On the latter orbit, y acts as transpositions on the
remaining 10 elements, so its representation in S'? is an odd permutation. Hence
N = C (but one may proceed as in the next proof; cf. also ex. 46 of Chapter 3).
|G| =420 = 22-3-5-7, ny = 15, |[Ng(S7)| = 28. An element z of order 7 acts on
the 15 7-Sylows with orbits of length 1,7 and 7. If an element y of order 2 centralizes
(z) then z = xy has order 14, so 22 has the same representation as x. Hence z is
represented as one fixed point and a 14-cycle, so is odd. Now N ({z))/C({z)) divides
6 (= |Aut((z))|), so [IN/C| =1,2; hence |C| = 28 or |C| = 14, and in any case there
is an element of order 2 centralizing (z). It follows that G does not embed in A'®.
As to |G| = 720, let an element of order 19 act on the Sylow 19-subgroups.

38. |G| = 1008 = 2*-3%2.7, n; = 36, |[Ng(S)| = 28,|Cc(S)| = 14, x € Cg(S),
o(xz) = 14. z* acts with one fixed point and five orbits of length 7, and therefore
x acts with one orbit of length 1, one of length 7 and two of length 14. It follows
x(2") =8.Ify € N\ C, x(y) <6, and therefore 2" is not conjugate to y. But there
is only one element of order 2 in Cg(S) (which is cyclic), so |cl(z”) N Ng(S)| = 1.
Then (3.9) implies

_ lel(z") N NG ()] |G : Na(S)| _ 1-36

7
1) s Y

which is not an integer.

2016 = 2°3%7, and if ny = 8 and G is simple then G embeds in A%; but |[N/C| =
1,2,3,6 (N is the normalizer and C' the centralizer of C7), 2 divides |N|, and there-
fore there exists an element of order 14 that cannot belong to A%. With n; = 36,
1#xz € S € Syl7(G) is represented on the set of the 7-Sylows with one fixed point
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and five orbits of length 7. y € N \ C of order 3 has seven conjugates in N, it acts
on the orbits of (x) and therefore fixes two orbits plus the fixed point, and hence a
point in each orbit (it cannot fix more than one point), and we have x(y) = 3, or
else all the orbits, and x(y) = 6. From

_ lel@) N N|-[G : N]

cl(z) (@)

it then follows cl(x) = 7-36/3 = 7 - 12, and the centralizer of z, which has index
7 - 12 would be of order 24. But the order of this centralizer must be divisible by 9
since it contains the 3-Sylow. Or else cl(z) = 7-36/6 = 7-6 = 42, and the centralizer
of x would be of order 48, again not divisible by 9.

39. Let G be a counterexample. p { |Aut(G)|, so p 1 |I(G)| = |G/Z(G)|. Then the
center of G contains a p-Sylow S; by Burnside (Theorem 5.30) we have G = NS,
NG, NNS = {1} and G = S x N. p?||9], so S admits an automorphism « of
order p (ez. 33 of Chapter 4). If z = st,s € S,t € N, then o'(z) = «a(s)t is an
automorphism of order p of |G|, and p||Aut(G)].

42. y =127 € Cg(H?) = H?,H C Cq(y); if P is a p-Sylow of Cg(y) containing H,
z € Cga(y) is such that (H?)* C P, and u € G is such that P* C S, then H?** C S.
By assumption, H9** = H = H", from which gzu,u € Ng(H), and so gz € Ng(H);
moreover, x9° = y* = y.

43. 1£y=29€ 59 =y SNSI. If S #£S,ye SNSY={1}, impossible. Then
S9 =5 and g € Ng(95).

44. i) Let G = SK, 89 = S1, g =sz, s € S,z € K and S® = 5. Let y € SN Sy;
then y* € S1, vy "4 = [y,2] € S1NK = {1} (K <G = [y,2] € K), y° = y and
z € Ca(SNSy).

ii) If 2™ = y,u € S,v € K, then z* = y. Indeed, (z*)"'y € S; but (z*) 'y =
(x*) "tz = ((z*) v 2w € K, so (z%) Tty = 1.

#i1) N = N¢(P) is p-nilpotent, with N N K as a normal p-complement. Let = €
P,y € NNK; then ™' (y 'ay) € P and (z™ 'y 'z)y € K, from which 2™ '2¥ = 1,
yeC=Cg(P)and NNK CC.But N/JC ~ (N/(NNK)/(C/(NNK), a quotient
of a p-group since N/(NNK)~ NK/K < G/K, a p-group.

45. n is squarefree (if n = p*m, k > 1, then @(n) = (p — 1)p" " 'p(m) and p divides
both n and ¢(n)), so the p-Sylows are cyclic of prime order. G is p-nilpotent, where
p is the smallest prime dividing |G| (Theorem 5.31, 7)), G = C,K. If |[K| = m,
since (m, ¢(m)) = 1, by induction K is cyclic. Cp acts by conjugation on K; but p{
p(m) = |Aut(K)|, so Cp centralizes K, and G is cyclic. Conversely, if (n, ¢(n)) # 1,
then pz\n for some p, n = p?>m, and we have the non cyclic group Cp x Cp x Cpy.

46. The subgroups realizing the F-conjugation between A and A = B also realize
that between C' and CY.

47. Obvious for m = 1. By induction, A; is F-conjugate to A, by the element
hiha - hm—1 =h. If y1,y2,...,yr and U1, Us, ..., U, realize the F-conjugation be-
tween A; and A,, by h, and z1,z22,...,2s and Vi, Va,..., Vs the one between A,,
and Ap41 by hp, than x1,22,...,2, and 11,73, ..., T, realize the F-conjugation
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between A; and A,, by hhmy = hihe - - hm—1hm, where n = r + .S and

- yi, sel<i<r _JU, sel<i<r
Tl zie,ser+1<i<n’ "7 | Vikn,ser+1<i<n.

48. The normalizer Ng (V) of the Klein group V = (z, z) in G is isomorphic to S*,
and in this group the three involutions are conjugate. Similarly, Vi = (y, z), and
in Ng(V41) the three involutions of Vi are conjugate. Let 2" = 2, h € Ng(V), and
2F =y, k € Ng(V1); then z* = y.

o

49. Let 2° = g 'zg, and let g = y~'97. It follows 2° =y~ “yxy~ 'y, (yzy ') =

yxy~ ', so that yry ' =1 and = = 1.

50. We have y° = 2z " " = z~lyz, and by the previous ez. y = 1.

51. By the previous ex., rxtzo =1 = ac"zx"a:, and xz? and x%x are both equal to
2

()"

52. If v, is inner, and 2°7 = x, then a '2°a = z, and = = 1 (es. 49). This may

also be seen from the fact that the o~, are all conjugate to o: given a, there exists

b such that a = b°b™*; then oy, = 7507,:1.

53. Let N = N¢(H); o induces a f.p.f. automorphism of N, and let P, the invariant
p-Sylow of N. H C P; because H < N, and by the maximality P, = H. If Sis a
p-Sylow of G containing H, we have H = N NS = Ng(H). S being a p-group, this
implies H = S.

54. Let S7 = S; then ST =577 =577 =(57)%,50 57 = S.

55. If © € Cg (), then (S®)* = (5%)® = 5%, and S = S. It follows Ca(a)S < G
and S is normal there and so unique, and Cg(a)NS is Sylow in Cg(a). If z € Cg(a),
then (Ca(a) N S)® = Ca(a)®* NS* = Ce(a)N S, and Cg(a) NS AG.

56. If © € D, then = = bcbc- - - be. The mapping interchanging b and c is a f.p.f
automorphism of order 2, but D is nonabelian.

58. If NNH = {1}, then NNH? = NYNHY = (NNH)? = {1} for all g € G. Hence
an element of N fixes no point an therefore belongs to K.

61. i) HN/N ~ H/(HN N) and N are solvable, and therefore so is HN.

62. H # G because 0 # 1. If a ¢ H, then (ah)® = a *h = (ah)™ = h™'a™}, s0
a ‘ha = h™', and H < G. The automorphism induced by conjugation by a € G
inverts the elements of H, and the one induced by ¢ on G/H inverts the elements
Ha,a g H: (Ha)° = Ha® = Ha™* = (Ha)™*. Hence H and G/H are abelian, and
G is solvable.

63. Since o # 1, there exists g € G such that ¢° = gz with = # 1. For all g € G,
the mapping h — g~ 'hg is an automorphism of F. Let h € F, h = g 'hig; then
h=he = (g~ hig)® = (g°)'hg%) = (92)'ha(ge) = 2~ g~ hage = o~ ha, and
z € Cg(F) C F, so that 2% = z. It follows, g"2 =(¢°) = (gz)o = ¢°z° = g%z =
gz - = gz, and g"’c = gz for all k. If k = o(0), g = g¢°" = gz™ and 2" = 1, so
o(z)|k. Hence o(x) # 1 and it divides both o(o) and |G|.
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64. 1) = 1) A solvable simple group is of prime order, and therefore abelian. iz) = 1)
If G has odd order, by assumption it is not simple. If it is abelian, it is solvable;
otherwise, it admits a proper normal subgroup N. But N and G/N have odd order
and so are solvable by induction, and it follows that G is solvable.

66. H exists (the second term of a composition series), and by the Frattini argument
we have G = HN¢(Q) = HQ = H, which is absurd. It follows that g does not exist,
and G is a p-group.

67. N minimal normal is transitive and is an abelian p-group, and therefore regular
and of order equal to the degree.

68. The action of the group on the cosets of a maximal subgroup is primitive. Ap-
ply the previous ex. Another proof: with M maximal, and N minimal normal and
N ¢ M we have [G: M] =[MN : M] =[N : MnN N], adivisor of |[N|. If N C M,
by induction, [G/N : M/N] is a power of a prime, and so is [G : M].

69. If the indices are not coprime they are powers of the same prime p. It follows
that if ¢ # p, then ¢ divides the orders of the two subgroups.

70. Let N be minimal normal. a) If N C &, then a maximal subgroup M/® of G/P
has order coprime to the index. By induction, there exists a p-Sylow S®/® normal
in G/® and therefore S<G. b) If N € &, let M be maximal not containing N. Then
G = MN,so0[G:M]=[MN:M]=I[N:MnN]a power of p, so p { |M| and
therefore |[M N N| =1, |G| = |M||N|, and N is Sylow.

71. In the factor group w.r.t. G’ the cosets of the x; commute, the order of their
product is the product of their orders, and therefore they are all equal to the iden-
tity, i.e. G’. In other words, x; € G’ for all i. The same argument applied to G’ takes
the x; to G”, and so on.

72. Let 5152 - St be the product in some order, and let N be a minimal normal
subgroup, |[N| = p*. By induction, the product of the Sylow subgroups S;N/N is
the whole G/N, hence the product of the S; N is G. Moving the various copies of N
close to the p-Sylow S; containing it, we have S;N = S; and G is the product of
the Sl

73. H' = GG HY = GG eyclic, and (H'/H” = G /G /(G /G
~ G71/G, cyclic, so H" = {1}. Now H/Cg(H") is abelian (isomorphic to a
subgroup of Aut(H")), and therefore H C Cy(H") and H" C Z(H'). It follows
H'/Z(H") cyclic (isomorphic to the factor group (H'/H")/(Z(H")/H") of the cyclic
group H'/H"); hence H' is abelian so H” = {1}. But H” = G*/G"**.

74. i) If p is the smallest divisor of |G|, G is p-nilpotent (Theorem 5.31, i)), G = SK,
K is solvable by induction, G/K is solvable (cyclic), and so is G.

i) The derived series has abelian quotients with cyclic Sylow subgroups and so
these quotients are cyclic. In particular, G'/G"” and G”/G"" are cyclic. By ez. 73,
G" = G", and solvability implies G” = {1}, so G’ is also cyclic.

75. Let H be maximal solvable, N = Ng(H). If N # H, let p||N/H|, p prime,
and let K/H < G/H of order p. K/H is solvable (it is cyclic), H is solvable, and
therefore K is solvable, against the maximality of H.
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76. In S? a subgroup of order p is a C), generated by a p-cycle, and is self centralizing.
G/C} is cyclic (automorphisms of Cp), hence G is metacyclic and therefore solvable
(ex. 74). Moreover, since G normalizes C)p, G is a subgroup of the normalizer of C,,
whose order is p(p — 1). Conversely, if G is solvable, let N be minimal normal; N is
transitive (Theorem 3.8), so p||N|. But N is a p-group, so |[N| = p.

77. If G C H, we have the result. If G ¢ H, then G"H = G and G"H/G" ~
H/(HNG"), abelian, from which G’ C G, G’ = G' and G' = {1}.

78. If a p-Sylow has order p", there exists a composition series in which the last n
composition factors have order p: ... D Hy O Hy O ... D Hypy1 = {1}. Then H; is
Sylow, it is subnormal because it appears in a normal series, and therefore is nor-
mal, and G is nilpotent. Conversely, if GG is nilpotent, G has a normal subgroup for
each divisor of its order (ez. 26), and if p;,, piy,- .., Pi, is a sequence of the primes
dividing |G| then G has a normal subgroup H of order p,,...,Dp:,, and so of index
pi,; H has a normal subgroup of index p;,, etc.

79. Induct on the length of n of the derived series of the group G. If n = 1, G is
abelian and therefore finite, and so is G/G’ which is abelian and torsion. Hence G’
is f.g., and by induction it is finite, and so in G.

80. We prove that A is maximal. Let A C M; then there exists z = ab*a’ € M,
a,a’ € A, b* # 1, (z) = B, and since A C M, we have b* € M, and so also b € M,
from which ABA C M and M =G.

81. ¢) Obviously A C Cg(A). If A C Ca(A),let ¢ € Cg(A)\A4; then (A, z) D A and
is abelian. Hence, if A maximal abelian, then A = Cg(A). Conversely, if A = Cg(A)
and A C M, with M abelian, then M C Cg(A), so Cg(4A) = A C M C Cg(A),
which is absurd;
1) the Fitting subgroup F' = F(G) contains all the normal abelian subgroups;
3t) if F' is abelian and G is solvable, then F' = Cq(F'); apply 1).

82. [G : N¢g(Q)] = [G : M]|[M : N¢(Q)], [G : Ng(Q)] = 1 mod g¢; similarly,
[M : Ng(Q)] = [M : Nu(Q)] = 1 mod g, and so also [G : M] = 1 mod q. But
[G : M] = p, a prime, and p = 1 mod g implies g|(p — 1), which is absurd because
p < g. As to solvability, let [M : Q] be maximal in G/Q; then [G : M] = p, every
maximal subgroup of G/Q has prime index, and by induction G/Q is solvable, and
Q being solvable so is G.

83. i) Let L = HN K # {1}; then, for g € G, we have g = hk and LY = L"* =
L¥ C K. Hence {1} # (L?) C K and (L) is a proper normal subgroup of G.

1) Assume by contradiction that G is simple. Let @ be a Sylow g-subgroup,
N = Ng(Q). If Q@ < N, then p||N|, and for a certain Sylow p-subgroup P, {1} #
PN N is Sylow in N. It follows G = PQ = PN, but by 4) this is not possible. Then
N = @, and so Cg(Q) = N; by Burnside, G has a normal g-complement, G = QK
K = P < G contrary to G simple.

84. Every group is a quotient of a free group, and quotients of solvable groups are
solvable.
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8.6 Chapter 6

1.If A = (as,;) and A* = (b;,;), with bases e; and the dual €;, then [p(&:)](ps(e;)) =
€:(e;) = di,5, and since pj} (61) >onbuien e ps(ej) = >, arjej, we have [p;(e;)]
(ps(ej)) = Zh bh,ian,; = 0;,;5. The result follows.

2. WY is invariant: if f € W and v € WO, f(ps(v)) = (pi~ " f)(v) = 0, because
~1f € W. It follows that either W° = {0} or W° = V, and from the dimension
formula we have the result.

3. The kernel is the set of integral multiples of .

6. Let N be minimal normal in the p—group P. Then N is the unique minimal nor-
mal subgroup (N C Z(P) and has order p, and is unique because Z(P) is cyclic). If
1# x € N, and p is faithful, then = & ker(p) and therefore, for some i, & ker(p;);
hence N & ker(p;). If p; is not faithful, its kernel must contain N, excluded.

7. From Zle n? = p?, with n; = 1 and n,|p?, it follows n; = 1 all 4, and the group
is abelian.

. 1) ¢ = >7_, aiXi, where the x; are irreducible characters (Theorem ?7?). If the
«; are integer, then ¢ is the character of the representation obtained by summing
a; times xi, ¢ = 1,2,...,r. If ¢ is a character, (¢, x;) = a; is the multiplicity of x;
in ¢, and so is an integer.

it) [¢9,x] = ¢, xu]; apply i).

9. If x is the character of the representation as a permutation group of the given
group G, then it splits in a representation of degree 1, on which x is worth 1, plus
one of degree |G| — 1. If v is the character of the latter then xy =1+ v.

10. We have:

(XA xA) = |Zx |Zx =(6x) =1,

se€G seG

recalling that A(s) is a root of unity. Apply Theorem 6.6, 7).

11. S* has five conjugacy classes, i.e. the classes 1, (1,2), (1,2)(3,4), (1,2,3) and
(1,2,3,4). Besides the two representations of degree 1 (unit and alternate), we have
the representation of degree 3 on the hyperplane W (Ez. 77, 2), so that the sum of
the squares of the degrees gives 12 +12+3% +a? +b? =24, a’ + > =13, and a = 2
and b = 3:

1 (1,2) (1,2)(3,4) (1,2,3) (1,2,3,4)
yi 1 1 1 1 1
Y2 1 -1 1 1 -1
X3 2
ya 3 1 -1 0 -1
X5 3

The product of x4 and x2 (previous ez.) yields the values of xs5: 3, -1, -1, 0, 1,
and column orthogonality allows us to complete the table:
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1 (1,2) (1,2)(34) (1,23) (1,2,34)
yi 1 1 1 1 1
2 1 -1 1 1 —1
xs 2 0 -1 0
xa 3 1 -1 0 -1
xs 3 -1 -1 0 1

12. Let x; # 1 be an irreducible character of G, i = 2,...,r. Then (1§ — 1g, x:) =
(1%, x:)— (e, xi) = m:—0, and m; # 0 for some i because, being 1§ # 1¢, some x;,
i # 1, must appear in 1§. Moreover, (1§ —1¢,1¢) = (1%,1¢)—(lg,1¢) = 1-1=0.
This proves that 1§ — 1 is a character (ez. 8).

14. i) We know that g ~ g%, but g £ g% and therefore we have two representatives
of the conjugacy classes of H (that in this case contain only one element) contained

in a class of G. It follows that, on the class of g, the value of p is |[Ca(g)|( icn T

ch(g)‘) =5-(g+ 654) = e+¢€*. Similarly, on the class of €2 the value of u© is € + €.
Since there are no elements of order 2 or 3 in H, the value of u€ on these elements
is zero. Since (p S ) o (112 + 12(6+64)(6 +et) + 12(62 +e3) (2 +€)) =
60(144 + 12(e + € —|— e +et + 4)) = (144 +12-3) =3, u€ is not irreducible.

it) (1%, x3) = 6o (1-5- 12) Ls (H *X3,X3) (1%, x3)— (x3,x3) = 1—1 =0
if x # x3, (1 — X,X) = (% x) — (x,x) = m — 1, where m is the number of times
x appears in p@. It follows (ea:. 8) that MG — x3 is a character; its values on the
ﬁve classes are 7, -1, 1, e + €*, €2 + €3, in this order. Since (& — x3,u€ — x3) =

oo (T-7+15+20+ 36) =2, u — x3 is not irreducible.

iii) (1€, x2) = 4 (48— 12(e+e4) —12(e+¢€*) = .} (48—12-—1) = 1, from which
(n® = x3 — X27X2) (17, x2) — (x3,x2) — (x2,X2) = 1+ 0—1=0, and similarly
for the product with xs. If x is irreducible and different from x2 and from xs, the
value of the product with x is (1, ), which is an integer because ¥ is a character.
The values of ,uG — X3 — X2 on the five classes are 3, -1, 0, e+ e* + 1, 2 + > + 1,
in this order, and the product of this character by itself is 610 (94154+36) =1, so
that it is irreducible; let it be x4.

iv) Interchanging € and €? in the values of x4 we obtain the fifth row of the table:

1 (1,2)(34) (1,2,3) (1,2345) (1,3,5.2,4)

i 1 1 1 1 1
Y2 4 0 1 -1 -1
X3 O 1 -1 0 0
x4 3 1 0 « I¢]
x5 3 1 0 Jé] a

where a = e+ €* +1 = 1+2\/576:62+63+1: 172\/5.

14. The matrix of p; is a permutation matrix whose trace x(t) is the number of
points fixed by ¢ under conjugation; hence x(t) = |Cg(¢)|. The number m; of times
in which the representation p;, with character x;, appears in p is:

1
me= g ;x(t)xz' = Zkgx s (s) = | Zkg b o),

since x(s;) = |Cal(s;)| = ‘G‘ , and the last sum equals > xi(s;), which, being equal

to my, is an integer.
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8.7 Chapter 7

2.4) 27 gy e = (e7%2)7 " - [(7 y)7 (27 y) 7Y, a product of two elements of
(G, w). 4) (272" = (x°Tx~ ) (xT2 )" . 44d) If 7 is trivial on G/H, then (Hg)° =
Hg® = Hg, forall g € G,s0 ¢°g”" € H and [G,7] C H.

4. Under the first action there is only one nontrivial crossed homomorphism, i.e.
flo)=c1=fQ1)= floco) = f(o)°f(c) =c-c =1, and this is principal because
f(o) = aa = ba = c. If the action is trivial, f(c) = a is a crossed homomorphism:
1= f(oo) = f(0)° f(6) =a-a=1. Similarly for b and c.

5.14) Set H = [G,7]; if g € G, then g € Hg and 7 fixes Hg; by Corollary 7.2 there
exists hg € Hg with hg € G™. It follows g € HG", G = HG™ = G"H. i) The
inclusion [G, 7, 7] C [G, 7] follows from the fact that [G, ] is w-invariant. As to the
other inclusion, observe that for g € G, it follows from i) that ¢ = ha with h € [G, 7]
and € G™. Then ¢°¢g~ "' = (hx)? (ha)™' = h°h™* € [G, 7, 7).

7.If cp = ﬁ(bl), co = ﬁ(bz) and ¢ 2, [f1], C2 i [fg], since ¢1 + c2 = ﬂ(bl + bg) we
have the 1-cocycle of 7 in A

flo) = (b1 +b2)7 — (b1 + b2) = (b7 — b1) + (b3 — b2) = f1(0) + f2(0)

where f1 and f2 are determined by b; and b2. Then the class determined by ¢1 + c2
is [f1 + fz], which is the sum [fi] 4 [f2]; it follows that § is a homomorphism.

Let us now show that the sequence is exact at C™, the exactness at the other
points being already known. If ¢ € Im(8™), then ¢ = B(b) with b € B™, so that
f(o) =b7 —b="b—0b=0, and therefore ¢ determines the class [0]. Hence,

Im(B™) C ker(9).

Conversely, let ¢ € ker(d); then f : 0 — b° —bis a 1-cobord of 7 in A, and therefore
for some a € A, we have b —b = a” — a, from which (b—a)° =b—aorb—a € B™.
But 87 (b—a) = B(b—a) = B(b) — B(a) = B(b) = ¢, since a € A = ker(S). Hence

¢ € ker(d) comes under 8 from the element b — a, and therefore:
ker(8) C Im(8™).

It is clear that H'(m, A) is not the only group that makes the sequence exact: if G is
any group, then the product H' (7, A) x G also makes the sequence exact. Moreover,
from the previous proof we see that if 8™ is surjective, the image of ¢ is {0}.

8. The sequence is exact at H'(m, A). Indeed, if [f] comes from ¢ € C™, then
f(o) = b% — b, and therefore it is a 1-cobord of 7 in B. It follows Im(§) C ker(«a). If
af is a cobord, its image under g is such that Sa(f(c)) = b7 —b = 0, since Sa = 0.
Hence 3(b)7 = B(b) and B(b) € C™. Setting ¢ = 3(b), ¢ determines an f such that
a(f(o)) = b° —b. Now d(c) = [f], by definition of §, and therefore [f] comes from
c € C™. Hence ker(a) C Im(d).
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The sequence is exact at H'(w, B). From a([f]) = [af] LN [Baf] = [0] it fol-
lows Im(a) C ker(8). An element of the kernel of 3 is of type [8f], where 8f is a
1-cobord: B8f : 0 — ¢ — ¢, ¢ € C. By the surjectivity of 3, ¢ = 3(b) and therefore
Bf(o) = B(b)° —B(b) and B(f(0) —b°+b) =0, i.e. f(o)—b"+b € ker(8) = A. Then
there exists a, € A such that a(as) = f(o) — b’ + b, the correspondence f' : 7 — B
that associates with o the element f(o) — (b% — b) is a l-cocycle equivalent to f.
Now g : ¢ — a, is a l-cocycle 1 — A, and ag : ¢ — a(g(o)) = alas) = f'(0).
Hence ag = f' e alg] = [ag] = [f'] = [f], so that ker(3) C Im(«). The exactness at
the other points has already been observed.

14. A simple calculation shows that ac ry + a7y = aor.n + ad .. As for the second
part, we have f'(0) = 27 —z+ f(0), Vo € , for some z € C. Let f'(0) = 3(b') and
z = B(b); then:

B) =27 —z+ f(o) = B(17) = B(b) + B(bs) = B — b+ by),
and so b, —b° +b — b, € ker(3) = A. Then there exists a, € A such that b, =
ao +b° — b+ by, from which
by =077 — bt bor +aor =b o VT =0T =0T £ b 4 al b —b+ b —ar,

and therefore a,- = a} + a-. Setting al, , = b7 — b, — V', we have

a —p 7b/T7b/T
:aa,r+bUT7b+b0'77a;7bg‘r+b‘r*b;*CL-;—*bT+b7b-,-
= ao,r — Ay — Q7 + bor — by — br
:bO'T_b;_bT

= Qor,
as required.

15. If [g] = [0], g is of the form (7.15); if f(o) = co = B(bs), setting fi(o) = bs
yields B(fi(0)) = f(o) and fi(o1)— f1(0)" — fi(7) = g(o,7) = h(o7) —h(o)™ —h(7).
Thus fi — h is a 1-cocycle of 7 in B. We have:

Blfr =] = [B(fr — h)] = [Bf1 = Bh] = [Bf1] = [f],

and therefore, if [f] € ker(d), then [f] € Im(8), and we have the first inclusion
ker(8) C Im(B). Conversely, if [f'] € H'(n, B), for the g determined by 8 we have
f'(o7) — f'(0)" — (1) = g(o, 7). But the left hand side is zero (f is a 1-cocycle),
and so also the right hand side, and therefore g(o,7) = 0. Thus §[3f'] = 0, and we
have the other inclusion Im(3) C ker(9).

16. If [g] € Im(d), then [g] = d[f], ag(o,7) = f(oT) — f(0)" — f(7), and therefore
[ag] = [0]. By definition, [ag] = alg], and thus [g] € ker(a).

Conversely, let afg] = [0], i.e. [ag] = [0]. Then gh is of the form (7.15), and Sh
is a cocycle of 7 in C' since

Bh(oT) — Bh(o)" — Bh(r) = Bag(oT) = 0,

because Ba = 0. Moreover, the image of [3h] € H'(w,C) is precisely [g], so that
[g] € Im(5). Hence the sequence is exact at H?(m, A).
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17. If g € Z?(m, A), we have Blag] = [Bag] = [0], because Ba = 0, and therefore
Im(a) C ker(B).

As to the other inclusion, let g € Z?(, B) be such that 8[g] = [0]; then [Bg] = [0]
and Bg(o,7) = h(o,7) —h(o)" —h(7), where h : @ — C. ( is surjective; let us choose
for each o an element of B whose image under 3 is h(o) (i.e. let us choose a repre-
sentative for the class h(c)). In this way we define a function f of 7 in B such that
Bf(c) = h(c). We have:

Bylo,7) = Bf(or) = Bf(o)" = Bf(T).

By definition, the function ¢’ defined as ¢'(o,7) = g(o,7) — f(o7) + f(o)” + f(7)
is a 2-cocycle equivalent to g. If f1 yields another choice of representatives, a g”
equivalent to g is obtained; hence the class [g] is the same. Now, 8¢’(c,7) = 0, and
so ¢'(o,7) € ker(8) = Im(a), ¢'(6,7) = a(as,~). The function g1 : # x 7 — A given
by (0,7) — ao,, is well defined (« is injective), and it is a 2-cocycle because ¢’ = ag,
and the latter is a 2-cocycle and « is injective. Hence, [ag1] = [¢'] = [g], and by
definition [ag1] = a[g1]. It follows [g] = a[g1] € Im(a), so the sequence is exact at
H?(r, B).

19.For o € H, 1p\(0) = tp(H) = 0 (¢ is a crossed homomorphism and ¢(1) = 0), so
o € H implies tpA(0) = a’ —a = 0, i.e. a° = a. Hence a € H. Now a’ = 1(a°"), and
a = v(a™); it follows tpA(0) = t(a” —a), and ¢ being injective, pA(0) = a7 —a™
ie. ¢(cH) = a’ — a, with a €, and ¢ is principal.

21. From the exact sequence 0 — Z — R — R/Z — 0 we have the exact sequence:
H'(7,R) — H'(n,R/Z) — H*(r,Z) — H*(r,R).

But the first and the last terms are zero because R is divisible and torsion free; it
follows H?(w, Z) ~ H' (7, R/Z). The action of 7 being trivial, the crossed homomor-
phisms are homomorphisms, and we have the result. Moreover, R/Z is isomorphic
to the multiplicative group of the complex numbers of modulus 1. It follows that if
7 is cyclic of order n, then H2(7r, Z) is also cyclic of order n.

22. If g(o,7) = h(o1) *h(o)h(r) is a coboundary, let k(o)™ = h(c). Then g1 =
k(o1)"'k(o)k(7) is also a coboundary, and g7 = g.
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